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PREFACE. 



The following summary view of tba first fninCiples of al- 
gebra is intended to be accommodated to the method of in- 
struction generally adopted in the American colleges. 

The books which have been published in Qreat Britiun on 
mathematical subjects, are principally of two claMes, — One 
conBists of extended treatises, which enter into a thoiough in- 
restigation of the particular departments which are the ob- 

Sets of their inquiry. Many of these are excellent in their 
nd ; but they are too Toluminous for the use of the body 
of students in a college. 

Tht other class are expressly intended for be^nnera ; but 
many of them are written in so concise a manner, that im- 
portant proofs and illustrations are excluded. They are 
mere texUbookt, cOntainmg only the outliats of subjecta 
which are to be explfuned and enlarged upon, by the pro- 
fessor in his lecture room, or by the private tutor in his 
chamber. 

In the colleges in this country, there is generally put inle 
the hands of a class, a book from wliich they are expected «/ 
thenuehet to acquire the principles of the science to which 
they are attending : receiving, however, from their instructor, 
any additional assistance which may be found necessary. An 
elementary work for such a purpose, ought evidently to c<m- 
tain the explanations which are requisite, to bring the sub- 
jects treated of within the comprehension of the body at 
iJie class. 

If the design of studying the mathematjcs were merdy to 
obtain such a knowledge of the practjcuJ parts, as is required 
for transacting buBiness ; it might be sufficient lo commit to 
memory some of the principal rules, and to make the qiera- 
tions familiar, by attending to the examfdes. In this me. 
chanical way, the accountant, the navigator, and the land 
surveyor, may be qualified for their respective employment^ 
with very little knowledge of the princ^>U» that lie at the 
foundation of the calculations which they ore to make. 

But a higher object is proposed, in the case of those who 
ore acquiring a liberal education. The muin design should 
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be to call into exercise, to discipline, and to invigorate the 
powers of the mind. It is tlie logic of the mathematics which 
constitutes their principal value, as a part of a course of col- 
legiate instniction. The time and attention devoted (o them, 
is for the purpose of fonning toimd rtaionert, rather than ex- 
pert mathematicians. To accomplish this object it is neces- 
sary that the principles be clearly explained and demonstra- 
ted, and that ue several parts be arranged in such a manner, 
as lo show the dq^ndence of one upon ajwther. The whole 
should be so conducted, as to keep the reasoning powers in 
ooDlinual exercise, irithout greatly fatiguing them. No 
other sdsjoct affiirds a better opportunity fw exem^difying the 
rules of correct thinking. A more finished specimen of clear 
and exact logic has, perhaps, never been proauced, than the 
Elements of Qeooietry by Euclid. 

It may be thought, by some, to be unwise lo Ibnn our gen- 
eral habits of arguing, on the model of a scieoce in which 
the inquiries are accompanied with ahiobUe eertofnty; while 
the commoa business of life must be conducted upon probable 
evidence, and not upon principles which admit of cc»nplete 
demonstration. There would be weight in this objection, if 
the attention were confined to the pure mathematics. But 
when these are ctxmected with the physical sciences, astro- 
nomy, chemistry, and natural philosophy, the mind has op- 
portunity to exercise its judgment upon all the various de- 
grees of probabibty which occur in the concerns of life. 

So far as it is desirable to form a taste for mathematical 
studies, it is important that the books by which the student is 
fitst introduced to an acquaintance with these subjects, should 
not be rendered obscure and forbidding by their conciseness. 
Here is no opportunity to awaken interest, by rhetorical ele- 
gance, by exciting the passions, or .by presenting images to 
the imagination. The beauty of the mathematics depends 
on the ihstinctness of the objects of inauiry, the symmetry of 
their relaticHiB, the luminous nature of tae arguments, and the 
certainty of the ccDclusionfi. But bow is this beauty to be 
pertetved, in a woi'k which is so much abridged, that the 
chain of reasoning is often interrupted, impcvtaut demonstra- 
tions onitted, and the transitions from one subject to another 
m abrupt, as to keep their cormections and dependencies out 
of viewf 

It may not be necessary to state every proposition and its 
proof, with all the formality which is bo strictly adhered to 
oy Euclid ; as it is ncd essential to a It^cal argument, thai 
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PRETACE. T 

it be ezpresBed in regular and entke eyllogisouL A atep at 
a demonstration may be safely omitted, wheu it is so simple 
and obvious, that oo one posseesing a moderate acquaintance 
with the subject, couldfail to supply it for himself. But thin 
liberty of omissloD ought .not to be extended to cases in 
which it will occa«on obscurity and embarrassment. If it 
be denr^e to give of^rtunity for the mind to diq^y and 
mlarge its powers, by surmounting obstacles ; full scope 
may be found for this kind of exercise, especiaUy in the 
higher branches of the Mathematics, from difficulties which 
wm unavoidably occur, without creating new ones for the 
Bake of perplexing. 

Algebra requires to be treated in a more plain and diffusa 
manner, than some otbei parts of the mathematics; becausQ 
it is to be attended to, early in the course, while the mind of 
the learner has not been hubituated to a, mode of thinking 90 
•betntet, as that which will now become necessary. He has 
also a noD langwtge to tearn, at the same time he is settling 
the priae^des upon which his future inquiries are to be caa> 
duoted. Theao inincipLefl ought to be established, in the 
iQO*t clear and satisfactory manner wliich the nature of the 
etae will admit of. Algebra and geometry may be conaider- 
ed aa lying at the foundation of the succeeding branches of 
the mathematics, both pure and mixed. Euclid and others 
have given to the geotoetrieal part a degree of clearneBs and 
predaioD which would be very desirable, but ie hardly to ba 
expected, in algebra. 

For the reaaaos which have been mentioned, the matmei 
in which the. following pages are writtea, it not the mo«t 
concise. But tlie work is necessarily limited in extent of 
subjecL It is &r from bemg a ctmjdett treatise of algebra. 
It IB merely an introduction. It is intended to cimtaiu aq 
much matter, as the student at college can attend to, with 
advantage, during the short time allotted Ui thifl particular 
study. There is generally but a small portion of a class, 
who have either leisure or inclination, to pursue mathemati- 
cal inquinea much fortlier than is ueceaaary to nuualaiu an 
honorable standing -in the iustitutinn of which they ara 
memb^s. - Those few who have an unusual taste for thia 
ticinue, and aim to bec<Mne adepts in it, ought to be refer- 
red to separate and complete treatise«^ on the different 
branehes. No one who wishes to be thorougtdy versed i^ 
mathematicfi, should look to compendiums and eltupvi^aty 
books f« anjr thiof more iliac the first principles. Aa soon 
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as these axe acquired, he should be g^uided in his inquiries b^ 
the genius and spiiit. of original autiiora. 

In the selection of materials, thoee articles have been 
takeo which have a practical application, and which are pre- 
paratory to succeeding parts of the mathematics, philosophy, 
and astronomy. Tlie object has not been to introduce ori- 
gmal mailer. In the mathematics, which have been cultiva- 
ted with success from the days of Pythagoras, and in which 
the principles already established are sufficient to occupy the 
»nost active mind for years, the parts to which the student 
ought ^s( to attend, are not those recently discovered. Free 
use has been made of the works of Newton, Maclaurin, 
Saunderson, Simpson, Euler, Emerson, Lacroiz, and others, 
but in a way that rendered it inconvenient to refer to them, 
in particular inetancea. The prc^r field for the disf^y ol 
mathematical getmid, is in the region of invention. But 
what is requisite for an elementary ^ork, is to collect, ar- 
range and illustrate, materials already provided. However 
humble this employment, he ought patiently to sulnnit to it, 
whose object is to instruct, not those who have made consid- 
erable progress in the mathematics, but those who are just 
commencing the study. Original ducoveries are not for the 
benefit of beginners, though they may be of great importance 
to the advancement of science. 

The arrangement of the parts is such, that the explanation 
of one is not made to depend on another which b to follow. 
The addition, multiplication, and division of powers, for in- 
stance, is placed after involution. In the statement of gen- 
eral rules, if they are reduced to a small number, their ap- 
Slications to particular cases may not, always, be readily un- 
erstood. On the other hand, if they are very numerous, 
they become tedious and burdensome to the memory. The 
rules given in, this intioduclion, are most of them compre- 
henrive ; but they are explained and applied, in subordinate 
articles. 

A particular demonstration is sometimes substituted for a 
general one, when the application of the principle to other 
cases is obvious. The examples are not often taken from 
philosoplucal subjects, as the learner is supposed to be fo- 
milior with n<Hie of the sciences except arithmetic. In treat- 
ing of negoHve quantities, frequent references are made to 
mercanti^ concerns, to debt, and credit, &o. These are 
merely for the purpose of illustration. The whole doctrine 
of neg^attves is made to depend on the atngle principle, that 
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they lire quantities to be nditracted. But the student, at 
this early period, is not accustomed to abetraction. He re- 
quires particular examples, to catch his attention, and aid his 
conceptions. 

The section on proportion, will, perhaps, be thought use- 
less to those who lead the fifth Book of Euclid. That is suf- 
ficient for the purposes of pure geometrical demonstration. But 
it is important that the propositions should also be presented 
under the algebraic forms. lu addition to this, great assis- 
tance may be derived from the algebraic notation, in demon- 
strating, and reducing to system, the laws of proportion. The 
subject instead of being broken up into a multitude of. dis- 
tinct proposition^ may be comprehended in a few general 
principles. 
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INTRODUCTORY OBSERVATIONS 

OS THE 

MATHEMATICS IN GENERAL. 



Art. 1. Mathbhatics w the sciewx <^ dUAirriTr. 

Any thing which can be nuilliplied, divUed, or meaewed, is 
called quon^. Thus, a Uae is a quantity, because it can 
be doubled, tieUed, or halved; and can be tueaaured, by 
applying to it another hoe, as a foot, & yard, or an ell. 
Weight is a quantity, which can be measuied, in pounds^ 
ounces, and graine. 7We is a species of quantity, whoee 
measure can be eiipressed, in hours, minutes, and eeconds. 
But color is not a quantity. It cannot be eaii^ with prc^ri- 
ety, that one color is twice eis gieat, oi half ae great, aa 
another. The operations of the wind, such as thqught, 
choice, desiie, hatred, &c. are not quantities. They are lA- 
capable of mensuratlcm.* 

2. Those parts of the Mathematics, on which all tfa« 
others ace fouoded, are .SrithmetU, .Slgebra, and Geomehy. 

3. AiuTHH&TiG is the science of lutmherg. Its aid m 
required to cranplete and a|^y the calculatimis,' in almost 
every other department of the mathematics. .r 

4. Algebra ia a method of computiiig by Uttert and other 
symbcJs. Flitxionb, or the Difierential and Integral Cal- 
culus, may be considered as belonging to the higher branches 
(tf algebra, f 

5. Geohbtrt is that part of the mathematics, which treata 
of tnagmlwU. By magnitude, in the appr(^riate sraise of 
the term, is meant that species of quantity, which is extend- 
ed; that is, which has one or more of the three dimensions, 
length, breadth, and ihUkneaa. Thus a line ia a magnitude, 
because it is extended, in length. A svrfact is a magnitude, 
having length ai)d breadth. A solid is a magnitude, having 
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2 MATHEMATICS. 

length, breadth, and thickness. But motion, though a quan- 
lity, is not, strictly speaking, a magnitude. It bae neither 
length, breadth, nor thickness.* 

6. TRiaoivoHtTRr and Coinc Sectionb are Ivanches of 
(he mathematics, in which the principles of getHnetryare 
applied to truaigUs, and the sections of a cone. 

7. IlJaUiematics aie either pure or mixed. In pure mathe- 
matics, quantities aie considered, independently of any Eub- 
plances actually existing. But, in taixcd mathematics, the 
relations of quantities are investigated, in connection with 
some (rf the properties of matter, or with reference to the 
common transactions of business. Thus, in Surveying, 
mathematical principles are applied to the measuring of 
land ; in Optics, to the properties of light ; end in Astrmio- 
my, to the motions of the heavenly bodies. 

8. The science of the pure mathematics has long been 
distinguished, for the clearness and distinctness of its princi- 
ples ; and the irresistible conviction, which they cany to the 
mind of every one who is once made ocquunted with them. 
This is to be ascribed, partiy to the nature of the subjects, 
and partiy to the exactness of the definitions, the axioms, 
and tue demonstrations. 

9. The foundation of all mathematical knowledge must 
be laid in definitiong. A defmiiwm is an explanation of what 
is meant, by any word or phrase. Thus, an equilateral tri- 
angle is defined, by saying, that it is a figure bounded by 
three equal sides. 

It is essential to a complete definition, that it perfectiydis* 
tinguish the thing definea, from every tlung else. On many 
subjects it is difficult to give such precision to language, that 
it shall convey, to every hearer or reader, exacUy the same 
ideaa. But, in the mathematics, the principal terms may be 
so defined, as not to leave room fm the least difference of 
apprehension, respecting their meaning. All must be agreed, 
as to the nature of a circle, a square, and a triangle, when 
they have once learned the defimtions of these figures. 

Under the head of definitions, may be included explana- 
tions of the ckaracten which are used to denote the relations 
of quantities. Thus the character V ^ explained or defined, 
by Baying that it signifies the same as the words square root. 

10. Tlie next step, after becoming acquainted with the 
ineiming of mathematical terms, is to bring them together, in 

* Some wiiccn^ koweTcr, um nuguiude u vfnmjvaaa* with qiwntiiy. 
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MATHEBUTIC8. 3 

the fitrm of propositions. Some of the relations of quaotitie? 
require no process of reasoning, lo render them evident. To 
be understood, they need only^ to be proposed. That a 
square is a different figure from a circle; that the whole of a' 
thing is greater than one of its parts ; and that two straight 
lines cannot enclose a space, are propositions so manifestly • 
true, that no reasoning upon them could make them more 
certain. They are, therefore, called self-evident truths, or 

11. There are, however, comparatively Eew mathematical 
truths which are self-evident. Most require to be proved by 
a chain of reasoning. Propositions of this nature are dencHO- 
inated theorenu ; and the process, by which they are shown 
. to be true, is called demonatration. This is a mode of argu- 
ing, in which, every inference is immediately derived, either 
from definitions, or from principles which have been previ> 
ously demcmstrated. In tJiis way, complete certainty is made 
to accompany every step, in a long course of reasoning, 

rllB. Demonstration is either dvect or tm&recl. The for- 
mer is the common, obvious mode of conducting a demoD- 
Btratire argument. But in some instances, it is necessary to 
rescvt to indirect demonstration ; which is a method of es- 
tablishing a proposition, by proving that to suppose it not 
true, would lead to an absurdity. This is frequently called 
ndnctio ad absvrdum. Thus, in certain cases in geometry, 
two Unes may be proved to be equal, by showing that to sup- 
pose them unequal, would involve an absurdity. 

13. Besides the principal theorems in the mathematics, 
there are also Lemmas and CoroUwiea. A Lemma is a pro- 
portion which is demonstrated, for the purpose of using it, in 
the demonstration of some other proposition. This prepara- 
tory step is taken to prevent the proof of the principal theo* 
rem frtma becoming compUcated and tedious. 

14. A CoroUan/ is an inference from a preceding proposi- 
tioQ. A Scholium is a remark of any kind, suggested by 
Konething which has gone before, though not, like a corolla- 
fy, immediately depending on it. 

16. The immediate object of inquiry, in the mathematics, 
IS, frequently, not the demonstration of a general truth, but 
& method of performing some opemtion, such as reducing a 
vulgar fraction to a decimal, extracting the «ube root, or 
ioflcribing a circle in a square. This is called solving a prob- 
lem. A theorem is something to be proved. A problem is 
Bometbing to be done. 
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4 MATHEMATICS. 

16. When that which is required to be done, is eo easy^, a* 
to be obvious to every ooe, without an explanation, it is call- 
ed a pothilaU. Of this nature is tbe drawing of a straight 
line, tima one point to another. 

17. A quantity is said to be ^iMit, when it is either sup- 
posed to be already kaowa, or is made a condition, in the 
statement of any thecffem or problem. In the rule of t»o- 
poction in arithmetic, ftx iostauce, three terms must be given 
to enable us to iind a fourth. These three terms are the 
data, upm which the calculation is founded. If we are re- 
quired to find llie number of acres, in a circular island ten 
miles in circumference, the circular figure, and the l^igth of 
the circumference are the datiL They are said to be given 
by nipponfton, that is, by the conditions of the problem. A - 
quantity is also said to be given, when it may be directly and 
easily v^errtd from something else which is given. Thos, if 
two numbers are given, their «um is given; because it is ob- 
tained, by merely adding the numbers together. 

In Geometry, a quantity ma^ be ^ven, either in po*if Jon, 
or Ru^tuftide, or both. A line is given in position, when ita 
rilvM&oa and direction are known. It is given in magnitude, 
when its length Ib known. A circle is given in pontion, when 
the place of its centre is known. It is given in nu^niluds, 
when the length of its diameter is known. 

18. One proposition is confron/, or contradictcny to another, 
when, what is aj&rmed, in the one, is denied, in the other. 
A proposition and its contrary, can never frotJi be true. It 
cannot be true, that two given lines are equal, and that they 
are not equal, at the same time. 

19. One proposition is the coaetrte of another, whoi tho 
order is inverted ; so that, what is gwen or supposed in the 
first, becomes the concUuion in the last ; and wnat is given 
tn the last, is the conclusion, in the first Thus, it can be 
proved, first, that if the wides of a triangle are equal, the tm- 
gUt are equal ; and secondly, that if the anglet are equal, 
the tides are equal. Here, in the first proposition, the equal- 
ity of the tidea u gtren; and the equtuity of the angle* »- 
/erred: in the second, the equality of the angles is given, and 
the equality of the lidet inferred. In many instances, a pro- 
position and its converse are both true ; as in the preceaing 
example. But this is not always the case. A circle is a 
figure bounded by a curve ; but a figure bounded by a curve 

f .snot of course a circle. ' 
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so. The pnetical uf^lications of the mathematin, io the 
common coacoma of busjoese, in the useful ktIk, and in the 
various braachee (tf phydcaJ BciencB are obnoit inmimerable. 
Mathematical principles are Decenary in .Uieromttie (ranMc- 
timt, for keeping, arranging, and aettlHig accounts, a^ustiog 
the prices of coimnodtties, and calculating the pro&tf « trade : 
'in jfTamgalion, for directing the coucoe of a ahip on the ocean, 
adapting the poodon of h^ Bails to the direction oi tite wind, 
Giiduig her latitude and longkude, and deterrainiDg the bear- 
ings and distances of objects on Aote : in Suneumg, tat 
measunug, dividmg, and laying out j;Toand% taking the ueva- 
tion of hilU, and fixing the hmmdaneB of fields, estates, and 
public territories : in CieU EngmMiing, for cwutnicting 
Dridgee, aqueducts, locks, &c. : ia Jlleehamet, for undemand- 
ing the laws of motion, the composition of forces, the etpuh- 
brium of the mechanical powers, and the structure of ma- 
chines : in ArekUecture, for caJculeting the comparative 
strength of timbess, the pressure which each will be retjuked 
(o sustain, tlie fomn (tf arches, the proportions of columns, &c. : 
in Ji'oilifieatum, for adjusting the position, lines, and an- 
gles, of the several ports of the works : in Gunnery, for regu- 
lating the etevatioa of the camion, the force of the powoier, 
and (he velocity and range of the shot : in Optics, for tmdng 
tlie direction of (he rays of light, understanding the forma- 
tion of intages, the laws of vision, the separation of ctriors, the 
nature of the rainbow, and the construction of mieroscopes 
and telescopes : in Aitromam^, fix computing the distance^ 
magnitudes, and revolutions of the heavenly bodies ; and the 
influence of the lav of gravitation, in raising the tides, die* 
turixng the aoUons of the moon, causing' tlie return of the 
comets, and retaining the (Janets in their orbits : in Gmgra- 
fbff, for determining the figure and dimensions of the cuth, 
the extent of oceans, islauds, continents, and countries ; the 
latitude and longitude of places, the courses of rivers^ the 
height of mountains, and the boundaries of kingdoms : in HU- 
toy, for fixing the chronology of remarkable events, and 
estimating the strength of armies, the wealth of nations, the 
value of their revenues, and the amount of their populaticn : 
and, in the concerns of Goeemaimt, for app<Mi<Hung taxes, 
arranging schemes of finance, and regulating natitmsl ex- 
penses. The mathematics have also important applications 
to Chemistry, Minwali^y, Music, Paintmg, Sculpture, -and 
indeed to a great proportion <rf the whole circle (u art* and 
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21. It is lrue> that, in many of the teanebes which hkvfl 
been tnenti<»ied, the ordinary bumness is frequently Iraiw.i 
acted, and the mechanical operations perfonned, by persons 
who iiave not been regsliu'ly instructed in a course of mathe- 
matics. Machines ore framed) lands are surveyed, and ships 
are steered, by men who have never thoroughly investigated 
the principles, which lie at the foundation of their respective 
ails. The reason of this is, that the methods of proceeding, 
in their several occupations, have beea pointed out to them, 
by .the genius and labor of others. The mechanic often 
works by rules, which men of science have provided for his 
use, and of which he knows nothing more, than the practical 
ai^lication. The mariner calculates his longitude by tables, 
for which he is indebted to mathematicians and astronomers 
of no ordinary attfunments. In this manner, even the ab- 
struse parts of the mathematics are made to cootribute their 
ud to the common arts of life. 

23. But an addilicMial and more important advantage, to 
persons of liberal education, is to be found, in the enlorge- 
ment and improvement of the reasoning powers. The mind, 
like the body, acquires strength by exertion. The art of 
reasoning, like other arts, is learned by practice. It is per- 
fected, (Wily by long continued exercise. Mathematical stu- 
dies are peculiarly fitted for this discijdine of the mind. 
They are calculated to fmn it to habiu of fixed attentkm ; 
d sagacity, in detecting a(H>histry ; of caution, in the admis* 
siou oi proof ; of dexterity, m the arrangement of arguments ; 
and of skill, in making all the parts of a long continued pro- 
cess tend to a result, in which the truth is clearly and finnly 
established. When a habit of close and accurate thinking 
is thus acquired, it may be applied to any subject, on whkB 
^ man of letters or of business may be called to emf^oy his 
talents. " The youth,** says Plato, " who ore furnished with 
mttthetuatical knowledge, are prompt and quick, at all other 
sciences.'' 

It is not pretended, that an attention to other objects of 
inquiry is rendered unnecessary, by the study of the mathe- 
matics. It is not their dSce, to lay before us historical &c(s ; 
to teach the principles of morals ; to store the foncy with 
brilliant images ; or to enable us to speak and write with 
rtietorical vigor and elegance. The beneficial eSects which 
they produce on the mind, are to be seen, principally, in the 
regnlation and increased energy of the reaaomtw ^mnri . 
These they are calculated to call mto frequent and vigoroui 
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exercise. At the same time, mathematical studies may be 
BO conducted, as not often to require ezceBsive exertion and 
fatigue. Beginning with the more simple subjects, and as- 
cendint; gradually to thoee which ore more complicated, the 
mind akjuires strength as it advances; and by a succeasion 
of steps, rising regularly one above another, is enabled to 
surmount ihe obstacles which lie in its way. In a couise of 
mathematiLS. the ports succeed each other in such a con- 
nected series, ihat the preceding propositions are preparatory 
to those which fbllow. The stuaent who has made himseu 
master of the former, is qualified for a successful investiga- 
tion of the latter. But he who has passed over any o( the 
ground superficially, will find that the obstructions to his 
fiiture progress are yet to be removed. In mathematics as in 
war, it should be made a principle, not to advance, while any 
thing is tefl unconquered behind. It is important that the 
student should be deeply impressed with a conviction of the 
necessity of this. Neither is it sufficient that he understands 
the nature of one proposition or method of operation, before 
proceeding (o another. He ought also to make himself /o- 
vuHar with every step, by careM attention to the examples. 
He must not expect to become thoroughly versed in the sci- 
ence, by merely reading the main principles, rules, and obser- 
vations. It is practice only, which can put these completely 
m his possession. The method of studying here recom- 
mendea, id not only that which promises success, but that 
which will be fi>und, in the end, to be the most expeditious, 
and by far most pleasant. While a superficial attention oc- 
casions perplexity and consequent aversion; a thorough 
investigation is rewarded with a high degree of gratification. 
The peculiar entertainment which mathematical studies are 
calculated to furnish to the mind, is reserved for those who 
make themselves masters of the subjects to which their 
attention is called. 
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flOTATlON, NEQATIVE aUANTITlESi AXIOMS, fco. 
Art. 23. ALGEBRA may he defined, a gekcbu. mstmoo 

or IMTESTIGATINO TUE KELATEONa OF OUANTITIES, BI LKT- 

TERB, AMD OTHER SYMBOLS. Tliis, il miifit bc acknowledged, 
ia an imperfect account of tlie subjoct ; as every account 
musl necesBarily l>e, which is comprised in ihe coinpaea ol a 
definition. Its real nature is to he learned, rather hy an 
attentive examination of ila parts, than from any summsry 
description. 

The solutions in Algebra, are of a mote gaural nature 
than those in common Arithmetic The latter relate to par- 
ticular numbers; the former to wliote elatsts of (|ii8Utiiies. 
On tliis account, Algebra has been lenned a kind of vaivtntJ 
lAnlhtMlU. The generality of its solutions b principally 
owing to the use of lettert, instead of numeral figures, to 
express tlie several quantities which are snbjecLed lo calcula- 
tion. In Arithmetic, wlien a pr(^Icm ia solved, the answer 
is limited to the particular nunibera which are specified, in 
the statement of the question. But an Algebraic solution 
may be equally applicable to all other quantities wliich have 
the same relations. This important advantage is owing to 
the diiTerence between the custcunary use of figures, and the 
manner in which letters are employed in Algebra. One of 
the nine digits, invariably expresses the same number: foul a 
letter may be put for any number whatever. The figure 8 
always signifies eight ; the figure 5, five, &c. And, though 
one of the digits, in connection with others, may have a local 
value, diflerent from ils simple value when alone; yet Ike 
same ambmation always expresses the same number. Thus 
363 has one uniform signification. And this is the case with 
every other combination of figures. But in Algebra, a letter 
may stand for any quantity which we wish it lo represent. 
Thus b may be put for 2, or 10, or SO, or lOOO. It must no' 
be understood fi-om this, however, that the letter has no de 
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Mnninate value. Its value is fixed for the occasion. Foi 
the present purpose, it lerauns unaltered. But on a different 
occasion, the same letter may be put for any other number. 
A calculation may be greatly abridged by the use of let- 
ters; especially when very large numbers are concerned. 
And when several such numbers are to be combined, as In 
multiplication, the proceeti becomes extremely tedious. But 
a single letter may be put for a large niimber, as well as 
for a small one. The numberB £6347297, 68347823, and 
27463498, for instance, may be expressed by the letters, b, e, 
and d. The muhiplying them together, as will be seen 
hereafter, will be nothing more than writing them, one after 
another, in the form of a word, and tlie product will be sim- 
ply bed. Thug in Algebra, much of the labor of calcula- 
tion may be saved, by the rapidity of the operations. Solu- 
tions are sometimes effected, in tlie ciHnpass of a few lines, 
which, in common Aritlmietic, must be extended through 
many ptigee. 

34. Another advantage obtained from the notation by let- 
ters instead of figures, is, that the several quantities which 
are brought into calculation, may be preserved ^tmct from 
each other; though carried through a number of complicated 
processes ; whereas, in arithmetic, they are so blended to- 
gether, that no trace is left of what they were, before the 
operation began. 

35. Algebra differs farther from arithmetic, in making use 
of vnknoan quantities, in carrying on its operations. In 
arithmetic, all the quantities which enter inio a ''Jilculation 
must be known. For they are expressed m numbers. And 
every number must necessarily be a determinate quantity. 
But in Algebra, a letter may be put for a quantity, before 
ils value has been ascertaineid. .^nd yet it may have such 
relations to other quantities, with which it is connected, as 
to answer an unportaot purpose in the calculatioiL 

NOTATION. 

26. To facilitate the investigations in algebra, the several 
steps of the reiisoning, instead of being e^^preseed in words, 
are translated into the language of signs and symbols, which 
may be considered as a species of skort-kand. This serves 
to place the quantities and their relations distinctly before 
the eye, and to bring them all into view at once. Tliey are 
thus more readily compared and imderstood, than when re- 
2' 
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moved at a distance from eacli other, as in tlie i 
mode of writing. But before any one can avail himself (rf 
litis advantage, he must liecome perfectly familiar willi the 
new languiige. 

27. Tlie qwmtitUs in algebra, aa lias I>eeD already ob- 
served, are generally cxpessed by letters. The_^Mt letters of 
the Alphabet are used to represent known f]uanlities; and 
the loit letters, those wliich are iinfcnoim. Sometimes the 
(]uaniitieR, instead of being expi^essed by letters, are set down 
lit figures, as in common arithmetic. 

28. Besides the letlers and figures, there are certain clinr- 
iiclers used, to indicate Ibe relalioju of the quantities, or the 
o;>eralion« which are perfonned with them. Among these 
nre the signs -f- and — , which are read plus and niinvs, or 
more and less. The foinier is prefixed to nuantities wliich 
are to be added; (lie latter, to those whicii are to be sub- 
tracted. Thus o-|-6 signifies that fc is to be added to a. It 
is read a plus b, or a added to 6, or a aiid 6. If the expres- 
sion be a-6, i. e. a minus 6; it indicates that A is lobe tiub- 
tract ed from a. 

29. The sign -|- is prefixed to quantities which are con- 
sidered as (^^lative or posUtve; and the sign — , to those 
which are isupposed to be negative. Foi' the nature qf this 
distinction, see art. 54. 

All tlie quantities which enter into an algebraic process, 
are coirsidered, for the purposes of calculation, as either posi- 
tive or negative. Before the first one, unless it be negative, 
l!ie sign is generally omitted. But it is always to be under- 
stood. Thus a~\-b, is the same as -|-a-f-6. 

30. Sometimes both -f- and — are prefixed to the same 
letter. The sign is then said to be ambigvous. Thus a+6 
signifies that in certain cases, compiehended in a general so- 
lution, b is to be added to a, and in other cases subtnicted 
from it. 

31. When it is intended to express the differenrc between 
two quantities without deciding which is the one to be sub- 
tracted, the character ji or -w js used. Thus a-^, or o«6 
denotes the diilerence between a and 6, without determining 
whether a is to be subtracted from b, or b from a. 

32. The equaUtu between two quantities or sets of quanti- 
ties is exjH'esaed by parallel lines =. Thus a-\-b=d sig- 
ni&es that a and 6 together ore equal to d. And a-\-d=c 
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=b-\-gt=h mgnifiea that a and d equal c, which ia equal to 
i and y, which are equal to k. So 8+4=16 -4=10+2= 
7+2+3=12. 

S3. When the first of the two quanUties compared, ia 
greater tlian the other, the character^ is placed between 
thein. Thus a^ signifies that a ia greater than b. 

If the first is less than the other, the character <[ is used ; 
as a<ib; i. e. a is less than b. In both cases, the quantity 
towards which the character opens, is greater than the other. 

34. A numeral figure is often prefixed to a letter. This 
is called a co-effident. It shows how often the quantity ex- 
pressed by the letter is to be taken. Thus 2b signifies twice 
o; and 9b, 9 times b, or 9 multiplied into b. 

The co-efficient may be either a whole number or a fi^M> 
tion. Thus ib is two-thirds of b. When the cOi^flicient ia 
not expressed, 1 is always to be understood. Thus a is the 
same as In; i e. once a. 

35. The co-eflicient may be a letleTf as well as a figure. 
In the quantity mb, m may be considered the co-efiicieiit (^ 
b; because 6 is to be taken as many times as there are units 
in ni. If m stands for 6, then ntfr is 6 times b. In Sake, 3 
may be considered as the co-efficient of abc; 3a tlie co-effi- 
cient of be ; or Sat, the co-efficient of c. See art. 42. 

36. A nmple quantity is either a single letter or number, 
or several letters connected together without the signs + 
and-. ThuB a, ah, abd and 8fi aie each of them simple 
quantities. A compound quantity consists of a number of 
sunple quantities connected by the sign + or — . Thus a+ 
6, d-y, b - (J+Sfc, are each compound quantities. The mem- 
bers of which it is composed are called terms. ' 

37. If there are (wo terms in a compound quantity, it is " 
called a bmomiaL Thus 0+6 and a - 6 are binomials. The 
latter is also calie4 b. rttidual quantity, because it expresses 
the difllerence of two quantities, or the remainder, after one is 
taken from the other. A compoimd quantity consisting of 
three temi3, is sometimes called a trinonaal; one of four terms, 

a quadrmotaiid, &c. 

38. When tbe several members of a compound quantity 
are to be subjected to tbe same operation, they are fiequenU 
Iv connected by a line cdled a trnicu/um. Thus a-b-fc 
sliows that the tntm of b and c ia to be subtracted from a. Bui 
a - &+c signifies that b only is to be subtracted from a 
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while c is to be added. T he w i m of c and d, sabtmcted 
from the sum of a and 6, is a+b - c-f-d. The marks used 
for parentheses, (), are often substituted instead of a Li ne, for 
a vinculum. Thus j; - {a+c) is the same as a; - a-J-c. The 
eqnaiity of two sets of quantities is expre^ed, without using 
a vinculum. Thus a-\'b=c-{-d signifies, not that b is equal 
to c; but that the sum of a and b is equal to the sum of c 
and d. 

$9. A single letter, or a number of letters, refH^senting any 
quantities with their relations, is called an algebraic expreS' 
gum; and sometimes a formula. Thus a~{-b-\-Sd ia an 
algebraic expression. 

40. The character x denotes multipUcaHon. Thus axb ' 
ia a multiplied into b: and 6x3 is 6 times 3, or 6 into 3. 
Sometimes a point is used to indicate multiplication. Thus 
a.b is the same as axb. But the sign of multiplication is 
more commonly omitted, between simple quantities; and 
the letters are connected together, in the form of a -word or 
qrllable. Thus ab is the same as a. 6, or axb- And bcde 
is the same as ftxcX'^X'- When a compound quantity is 
to be muld^ed, a rincuJum is used, as in the case of sub- 
traction. Thus the sum of a and b multiplied into the sum 
of c and d, ia a-\-b X c+rf, or (a+b) x (c+d). And 
'6-1-2) x5is8 X Sor40. But 6 + 3x5 is 6+10 or 16. 
tVhen the marks of parentlieses are used, the sign of multi- 
plication is frequently omitted. Thus (x+if) (x - y) is (z+jf) 
X (z-y.) 

41. When two or more quantities are multiplied together, 
each of them is called a factor. In the product ab, a is a 
factor, and so is 6. In the product xXa+m, x is one of the 
factors, and o+m, the other. Hence every co-ejidaa may be 
coDiiidered a factor. (Art. 35.) In the product Sif, 3 is a 
factor as well as y. 

43. A quantity is said to be resolved into factors, when any 
factors are taken, which, being multiplied together, will pro- 
duce the given quantity, "rtus 3oo may he resolved mto 
the two factors 3d and ft, .because iaxbiBSab. And 5amn 
may be resolved in'o the three factors 5a, and m, and n. 
And 48 may be resolved into the two foctors 2 X 24, or 3 X ' ^> 
or 4x12. or 0x8; or into the three fectors 2x3x8» or 4X 
■ 6x3, &c. 
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45. The chanetet -f- is nsed to show that the qtuuitity 
which precede! it, ia to be £md t d , by t h at w hicb foUowsi 
Thus (H-c is o divided by e : and a-\-b-i-€-^ is the soib 
of a and 6, divided by the som of c and d. Bat in algebra, 
dtvisiDii is more commonly expressed, by writing the divisor 
under the dividend, in the form of a vulgar fraction. Thin 

, is the same aa a-i-b : and j^r ie the difference of c anJ ( 

divided by the sum of d and h. A character prefixed to the 
dividing line of a fractional expression, is to be understood 
as referring to all the parts taken collectively ; that is to the 

whole value of the quotient. Thus a- —^ signifies that 

the quotient of h-\-t divided by »-|-n is to be subtracted from a. 

And —, — X ^^^— denotes that the first quotient ia to be 

midtiplied into the second. 

44. When four tiuantities are propOrlioruU, the proportion 
is expressed by points, in the same manner, as in the Rule of 
Three in arithmetic. Thus a:bi:c:d signifies (hat a has to 
bf the same ratio which c has to d. And ab:cd:: a-\-m : 
b-fn, means, that afr is to cdj as tlie sutn of a and la, to the 
sum of b and n. 

A5. Algebraic <manlities are said to be (dike, when they 
are expressed by the eaine lettert, and are of the same power: 
and vnlike, when the letters are diflerent, or when the same 
letter is raised to different powers.* Thus oft, Stib, -ab, 
and -Gab, are like quantities, because the letters are the 
some in each, although the signs and coefficients are difler- 
ent. But So, &y, and ibx, are unlike quantities, because 
the letters are unlike, although there is uo difference in the 
signs and co-efficients. 

46. One quantity is said to be a midliple of another, when 
the former tonlidtu the latter a certain number of times with- 
out a remainder. Thus 10a is a midtiple of 3a; and 24 is 
a multiple of 6. 

47. One quantity is said to be a meaavre of another, wheu 
the former is amtamed in the latter, any number of time% 
without a remainder. Thus 36 ia a measure of \5b; and 7 
is a measure of 35. 



* For the notalioe of pewtn ftnd tvett, tee tbe tc 
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' 48. The value of an expresniHi, is the itiunber or quantity, 
fior which the expression stands. Thiu the value of 3-f-4 b 
7; <rfSx4isl2; of V » «• 

49. The KECiPRocAL of a guanlibf, u the fuolttnt urimv 
from dividing a ukit by that quantity. Thus the teciprocu 

*"? 

50. The relations of quondtiee, which in ordinary language, 
are signified hy words, are represented in the algebraic nota- 
tion) oy f^fns. The latter mode of expressing these tel»- 
tions, ought to be made so familiar to the mathematical 
atudrait, that be can, at any time, substitute the one for the 
other. A few examples are here added, in which, words 
are lo be G<Hiverted into signs. 

1. What is the algebraic expression for the following 
statement, in which the letters a, b, c, &c. may be Buj^Mised 
. to represent any girea quantities 1 
■ The product of a, b, and c, divided by the diSerence of e 
and d, is equal to the sum of b and c added lo 15 times h. 

Ans. —j=b+e^-l5h. 

8. The product of the diflerence of a and h into the stun 
of b, c, and d, is equal lo 37 times m, added to the quotient 
nf b divided by the sum of h and b. Ans. 

3. The sum of a and b, is to the quotient of b divided by 
C ; as the product of a into C, to 12 times A. Ans. 

4. The sum of a, ^ and c, divided by eix times their pro- 
duct, is equai to four times their sum diminished by d. Ans. 

5. The quotient of 6 divided by the sum of a and b, ia 
equal to 7 Umes d, diniinislied by the quotient of 6, divided 
by 36. Ans. 

51. It is necessary also, to be able to reverse what is dmie 
ia the preceding examples, that i^ to translate tbe algebraic 
dgns into common language. 

What AviU the following expressions become, when worda 
are substituted for the signal 

1. 2i-=oJ(r-6m-| — ~. 
h ' a+e 

Ans. The sum of a and b divided by A, is equal to the 
product of a, b, and c diminished by 6 times m, and iocieased 
by the quotient of a divided by the sum of a aud c 
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5. a-* ■ jj:^_tax^r+4 _f.^. 

53. At the close of an algebraic process, it b frequenll; 
necessary to restore the numbers, for which letters had been 
substituted, at the be^uning. In dcnng this, the sigD of mul> 
tq^ication must not be (nnitted, as it generally is, between 
foelora, expressed by letters. Thus, it a aUmds for 3, and b 
for 4 ; the product oA is not 34, but 3x4, i. e. IS. 
In the fidlowing examjries. 
Let a=S And d=6. 

6=4 m=6. 

e=% n=10. 

a+OT , fcc-n _3+8 I 4x8 - 



Th«n, 1, 



Sd 2x6^ Sx6 

8.H£J-fccm« + '^"\'"=— 
c— am 5a 

« I.- J I ab~Sd S6n-'6c , b 



cdm 4a-\-icd a 

53. An algebraic expression, in which numbers have been 
substituted for letters, may often be rendered much mora 
siiufJe, by reducing several terms to one. This cannot 
generally be done, while the letters remam. If a-[-b is used 
for the sum of two tjuaDtitles, a cannot be united in the somit 
t«rm with b. But if a stands fw 3, and b for 4, theu a-\-b 
=:3-|-4=7. The value of an espreseion, conaieting of many 
leims may thus be found, by actually performing, with the 
numbers, the operations of addition, subtraction, mulUplica- 
Uun, &C. indicjUed by the algebraic characters. 

Find the value of the following expressions^ in which the 
letters are suppoeed to stand for the siune numbers, as in tlift 
preceding article. 

I. .?i).fl+mn=!^4.>+8xlO=9+3+80=9S. 
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«-«i»+j^^8»=3x4x8+|^+tXlO= 



^ OXd+£, ^j^_j4-6Xm--J_ . 

tt~d n-bc 

5. t^^+m - c b +¥zb<EII= 

POSITIVE AND NEGATIVE QUANTITIES* 

54. To one who has just entered on the >tudy of dgebra, 
there ia generdly nothing more per^rfexing, than the use d* 
what are called negoHvt quontitiee. He supposes be is about 
to be introduced lo a ciaes of quantities which are entirely 
new ; a sort of mathematical noUtiagt, of which he can form 
DO distinct conception. As positive quantities are real, he 
concludes tliat those which are negative must be magkutry. 
BtiC this is owing lo a misapprehension of the term negative, 
as tised in the mathematics. 

55. A NEGATIVE (iuantitt is ohe which tskequiked 
TO BE SUBTRACTED. ^Vhen several quantities enter into 
a calculation, it is frequently necessary that some of them 
should be added together, while olhers are lublracted. The 
former are called affinnalive or positive, and ore marked with 
the sign + ; the latter are termed negative, and distinguished 
by the sign -. If, for instance, the profits of trade are the 
subject of calculation, and the gam is considered positive ; 
the I(ts* will be negative; because the latter must be Miitraetai 
from the former, to determine the clear profit, if the sums 
of a book account are brought into an algebraic process, the 
debt and the credit are distinguished by opposite signs. If a 
man on a journey is, by any accident, necessitated to return 
several miles, this baclcward motion ie to be considered nega~ 
the, because that, in determining his real pogress, it must 
be Bubtmcled from Uie distance which he has travelled in 
the opposite direction. If the OMent of a body from the earth 
be called positive, its deteent will be negative. These are 
tmly different exampl«e of the same general principle. In 

* On tho nibJTct orcega(iTcounnti(ie>,Bee fevion's UniTanal Arithmcl)^ 
Muoraa nn tlie Ne^tiva Sign, Mamlleld'i MBlhemalieal Eluayt, and Mao 
fauinn's, Simpiton'a, Eulcr'a, Saundeison'a, and Lutllain's Algebra. 
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•aeb of the instances, one of the quantities is to be wMnietatf 
from the other. 

S6. Tbe t«mis positive and negative, as used in the mmtbe- 
matic^ are merely rdaiiee. They imply that there is, either 
in the nature of the quantities, or in their circumstancee, or 
in the purposes which they are to answer in calculation, 
s<xne such opporiiion as requires that one should be natracttd 
from the other. But this opposition is not that of existence and 
non-existence, nor of one thing greater than nothing, and 
another leas than nothing. For, in many oases, either oc 
the signs may be, indifferently and at pleasure, applied to 
the very same quantity; that is, tbe two characters may 
change places. In determining the progrefis of a Mp, for 
instance, her easting may be marked 4- , ^nd her westing — ; 
OS the westing may be -^ , and the easting — . Alt that is 
necessary is, that the two signs be pre&ted to the quantities, 
in such a manner as to show, which are to be added, 
and which subtracted. In dilTerent pjocesaes, they may 
be difierently applied. On one occasion, n dowiw^ mo- 
tion may be called positive, and on another occasion negative. 

67. In every algebraic calculation, some one of the quan- 
tities must be fixed upon, to be cmjsidered positive. All 
other quantities which will incretue this, must be poeilive tdso. 
But those which will tend to dinunith it, must be negative. 
In a mercantile concern, if the $loek is supposed to be poritive, 
tite projiti will be positive ; {<a they iiKr«aM the stocfr ; they 
are to be added to it. But the lotia will be negative ; for 
they dimaiisk the stock ; they are to be tvblmcted from it. 
When a boat, in attenwting to ascend a river, is occasionally 
driven back by the current ; if the progress itp tbe stream, to 
any particular point, is conadered positive, every succeeding 
instance of forward motion will be positive, wime the bttdti 
itard motion will be negative. 

58. A negative quantity is frequently greater, than the 
positive one with which it is comiected. But how, il may 
be askod, can the former be ttAtraeted-fTom the latterl The 
greater is certainly not containtd in the less ; how then can 
It be taken out of it 1 The answer to this is, that the |;reate[ 
may be supposed first to exhatut the les^ and then to leave 
a remainder equal to the difference between the two. If a 
man has in his possession 1000 dollars, and has contracted a 
debt of 1500; the latter subtracted from the former, not 
only ejEhaustR the whc^e of it, but leaves a balance of 500 
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•gainBt him. In commoa language, be is 500 debars worse 
thoQ nothing. 

69. In this way, it frequently haji^DB, In the course of an 
idgebraic piocees, that a negative quantity ia brought to gtoad 
«I«K. It bss the sign of nditraction, witbout being con- 
oeeted with any other ouantity, from which it is to be sub* 
tracted. This denotes tuat a previous subtraction has left a 
nmainder, which is a part of the quantity subtracted. If 
(he latitude of a ship which is 20 degrees north of the equator, 
IB considered positive, and if she s^ south 35 degrees ; her 
motion first dinmmhet her latitude, then reduces it to luxA- 
ing, and finally gives her 5 degrees of totrih latitude. Tlw 
dgn - prefixed to the 25 degrees, is retained before the 6, 
to show that this is what remains of the smilkuard motion, 
after balancing the 30 degrees of north latitude. If the mo- 
tion southward is only 15 degrees, the remainder must bo 
-4-5, instead of — 5, to show that it is a part of the ship's 
northern latitude, which has been thus for diminished, but not 
reduced t» nothing. The balance of a book account will be 
positive or negative, according as the debt or the credit is the 
greater of the two. To determine to which side the remain- 
der belongs, the sign must be retained, though there is no 
other quantity, from which this is again to be subtracted, or to 
which It is to be added. 

60. When a quantity continually decreasing is reduced to 
nothing, it is sometimes eud to become afterwords fes* than 
notAfog. But this is an exceptionable manner of speaking.* 
No quantity can be really leas than nothing. It may be di- 
minished, tjll it vanishes, and gives place to an oppot&e quan- 
□ty. The latitude of a ^ip crossing the equator, is first 
made less than nothing, and afterwards contrary to what it 
was befwe. The nntn and south latitudes may therefive 
■je properly distinguished, by the signs -4- and — ; all the 
potatire degrees being on one side of 0, and all the negative, 
HI the other ; thus, 
+6, -f 5, -1-4, 4-3, +2, -{-1, 0, - 1, - 3, - S, - 4, - 5, &c. 

The numbers belonging to any other series of opposite 
.iuantities, may be arranged in a similar manner. Bo that 
J may be conceived to be a fcind of dmdtng point between 
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■dupudfio' the *Bke of avoiding* ledidiu eireumlDcation ; asvesay "ilieiv 
rueV* iMtead of saying "the ttinh rolle round, and brinn the son intoTHW. 
Tito UH of it in Ihia manner, ii wamnlad bjr Newion, &il«r and othen. 
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poujlJTB md negfitiTe nnmben. On a ihEnnooMter, the de- 
grees Amt may be comidered pomtive, uid tboae 6eb« 0^ 
oegadTB. 

61. A quuitky is BomethneB said to be riAtntUd /nm O. 
By this is meant, tb^ it belongs on the negative ade of 0. 
But a quantity is said to be addtd to 0, wMn it beloi^ cm 
the pontive side. Ilns, in speaking of the degrees of a 
thermometer, G^-6 means 6 degrees «&0M ; aai 0-6, 6 
degrees Aelm 0. 

AXIOMa 

6S. The object of mathematical inquiiy ii^ generally, to 
investigate some unknown quantity, and discover how gnat 
it is. This is ^cted, by comparing it with some other 
quantity or quantities already known. Tite dimensions td 
a stick of timber, are found, by applying to it a measuring 
role of known length. The xeeighl of a body is ascertaine<( 
by placing it in one scale of a balance, and observing how 
many pounds in the opposite scale, will equal it. And any 
quantity is delerminecf, wh«i it is found to be equal to some 
known quantity or quantities. 

Let a and b be known quantities, and y, me which i> iin> 
known. Then y will become known, if it be discovered tc 
be equal to the sum of a and 6 .* that is if 
y=a+b. 

An expcessioa like this, representijig the equality between 
one quantity or set of quantities, and another, is called ao 
tquatiM. It will be seen hereafter, that much of the business 
of algelM^ consists in finding equatiooj, in which some un- 
known quantity is shown to be equal to others which are 
known. But it is not often the fact, that the first compari- 
son of the quantities, furnishes the equation required. It 
will generally be necessary to moke a number of additions^ 
subtractions, mullipllcations, &c. before the unknown quanti- 
ty it discovered. But in all these changes, a. constant equaUty 
must be preserved, between the two sets of quantities com- 
pared. This will be done, i^ in meJdne the alterations, we 
are guided by the following tuiimt. These are not inserted 
here, tor the purpose of Ming proved ; for they are self* 
evident ^Art. 10.) But as they must be continually intro* 
duced or mipUed, in demonstrations and the solutions of 
problems, ther are [daced together, for (he coDveuieaee ct 
reference. 
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eS/'Anom 1. If the same qoontity er equnl quailtitiet Iw 
added to equal quantitiea, their $vm» will be equu. 

t. If the same quantity or equal quantitiee be nitntud 
from equal quaolitleB, the remamden will be equaL 

3. If equal quantities be muUtpIied into the same, or equal 
quantities^ the productt will be equal. 

4. If equal quantities foe dmded by the same or equal 
quantities, the fuotunfi will be equal. 

5. If tlie same quantity be both added to and miblrwtia 
from another, the value of the latter will not be altered. 

6. If a quantity be both mtUHplied and dmded by another, 
the value of the former will not oe alteied. 

7. If to unequal quanlitiee, equals be added, the greater 
will give the greater sum. 

8. If from unequal quantitiea, equals be subtracted, the 
gteato: will give the greater remainder. 

9. If unequal quantities be multiplied by equals^ the 
greyer will give the greater product. 

10. If unequal quantities be divided by equals, the greater 
will give the greater quotient. 

11. Quantities which are respectively equal to any other 
quantity are equal to each other. 

1 3. The whole of a quuitity is greater than a port. 

This is, by no means, a conwlete list of the self-evident 
propositions, which are furnishea by the mathematics. It is 
not necessary to enumerate them all. Those have been 
selected, to which we shall have the most frequent occasion 
to refer. 

64. The investigations in algebra are cairied on, princi- 
pally, by means of a eeries of equation$ and proporlvmt. But 
mstead of entering directly upon these, it will be necessary 
to attend in the first place, to a number of proceasea, on 
which the management of equations and proportions de- 
pends. These preparatory operations are sinular to the cal- 
culations tmder the common rules of arithmetic We have 
addition, multiplication, division, involution, Slc is algebra, 
as well as in arithmetic. But this application of a common 
name, to operations in these two branches of the mathemat- 
ics, is oRea the occasion of perplexity and mistake. The 
learner naturally expects to find addition in algebra the same 
as additim in arithmetic. They are in fact the same, in 
many respects : in aU respecU perhaps, In which the steps of 
the (Hie will admit ot a direct comparison, with (hose ot the 
other But addition in algebra is more extetaive, than in 
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arithmetic. The nms observation may be tande concerning 
several other <q>eratiotui in algebra. They are, in many 
points of view, the same ta those which bear the same names 
in arithmetic. But they are frequently extended farther, and 
comivehend processes which ore untnown to arithmetic. 
This is commonly owing to the introduction of negative 
quaatities. The management of these requires steps which 
are unnecessary, where quantities of one class only are c<xi- 
G«med. It will be important, therefore, as we pass along, to 
mark the difftrmict as well as the rei4milance, between arith> 
metic and algelwa ; and, in some inslonces, to gtvs a new 
defiilitioo, accommodated to the laU«r. 



Art. 65. In entering on an algebraic calculation, the fiiM 
thing to be done, is evidently to colhet tlit mataijiU. Seve- 
ral distinct quaatities are to be concerned in the process. 
These must be brought (ogether. They must be connected 
in some form of expression, which will present them at once 
to oar view, and show the relatione which they have to each 
other. This collecting of quantities is what, m algebra, is 
called ADDITION. It may be defined, tsk connECTiNO or 

SEVERAL ItUANTITIBS, WITH THGIK SIQHB, IN OHE AUIKIEAIO 

KXFKESEIOV. 

66. It is common to Include in the definitkNa, ** uniting in 
one term, such quantities, as will admit of being united,** 
But this is not so much a part of the addition itself, as a 
rtdnction, which accompanies or fc^oWs it. The addition 
may, in all coses be performed, by merely connecting the 

Juantitiea 1^ their pnn»r signs, ^nius a added to &, is evi- 
ently a and b : that is^ according to the algebraic notation, 
o-f-A. And a added to the sum of h and e, is o-f^-H- ^^ 
a-\-bt added to e+d, is a+b-\-e-\-d. In the same manner, if 
the sum of any qoantittes whatever, be added to the sum of 



jb,Coo*^lc 



23 ALGEBRA. 

any others, the ezpreBaion for the whide, wDl contain sll 
ibese qtuintiUee connected by the sign -f-. 

67. Again, if the differOKe of a ttnd b be added to c ; the 
sum will be a~b added to e, that ia a-b-\-t. And if a-& 
be added to c-d, the sum will be a-b+c-d. In one of 
the compound quantities added here, a is to be diminished 
by 6, and in the other, c is to be diminished by d; the turn 
of a and c must therefore be dimtniBhed, both by b, and by 
d, that is, the expression for the sum total, nnist contain - b 
and ■'d. On the same principle, all the quantities which, in 
the parts to be added, have the negative sign, must relam this 
sign in tlie anioimt. Thus a-\-ib-e, added to d-h m, is 
a^U-c+d-h-m. 

68. The sign must be retained also, when a positive quan- 
tity is to be added, to a single negative quantity. If a be 
added to — b, the sum will be — b-^a. Here it may be object- 
ed, that the negative sign prefixed to b, shows that it is to be 
mbtracted. What propriety then can there be in adding it t 
In reply to this, it may be observed, that the sign prefixed 
to b while standing atone, signifies that 6 is to be subtracted, 
not from a, but from some other quantity, which is not here 
expressed. Thus — b may' represent the los», which is to be 
subtracted from the stock in trade. (Art. 55.) The object 
of the calculation, however, may not require that the value 
of this stock should be specified. But the loss is to be con- 
nected with a pf<^ on some other article. Suppose the 
profit is 2000 dollars, and the loss 400. The inquiry then, is 
what is the value of 3000 dollafs jnofit, when connected with 
400 dollars loss? 

The answer is evidently 2000-400, which shows that 
3000 dollars are to be added to the stock, and 400 gubtractea 
from it ; or which will amount to the same, that the difference 
between 3000 and 400 is to be added to the slock. 

69. QuAHTITlKS ARE ADDEO, then, BT WRITING THEH ONE 
IVTER ANOTHER, WITHOUT ALTERING THEIR SIGNS ; observ- 
ing always, that a quantity, to which no sign is prefixed, ia 
to be considered positive, (Art. 29.) 

The suju of a-^m, and b-8, and Zh^Sm-^-d, andA-n 
and r-\-Sm—y, is 

a-fm^.h - 8-f 24 - 3in+d4- A - n+r+Sm - y. 

70. It ia immaterial in what order the terms are arranged. 
The sum of a and b and c is either a-{-b~\-e, or o-|-c-|-fe, or 
o4-^-a. For it evidently makes no diJfTerence, which of the 
quantities is added Jirtt. The sum of 6 and 3 and 9, is the 
same aa 3 and 9 ana 6, or 9 and 6 and 3. 
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And a-(-m - n, is th« same as a - n-(-m. For it is plnJnly 
of DO consequence, whether we &tat add m to a, and after- 
wards subtract n; or first suUract n and thea add m. 

71. Though connecting quantities by their signs is all 
which is agential to addition ; yet it is desirable to make the 
ez[Hresaion as simple as may be, by rtdudng ttveral terau to. 
one. The amount of So, and 6b, and 4a, and 56, is 

3o+66+4a+56. 
But this may be abridged. The first and third terms may 
be brought mto one; and so may the second and fourth. 
For 3 times a, and 4 times a, make 7 ,times a. And 6 IJmes 
h, and 5 timen 6, mnke 1 1 times b. The sum when reduced 
is therefore 7a-|-116. 

For making the reductions connected with addition, two 
rules are given, adapted to the two cases, in one of which, 
the quantities and signs are alike, and in the other, the quan- 
tities are alike, but the signs are uoUke. Like quantities 
are the same powers of the same httert, (KrL 45.) But 
as the addition of powers and radical quantities will be con- 
sidered in a future secUon, the examples given in Hub [dac^ 
will be all of the first power. 

73. Case I. To REDtrcE several terms to one, when 

THE QUAKTITIES ABE ALIKE, AND THE SIGNS ALIRE, ADD THE 
co-efficients, ANNEX THE COMMON LETTER OR LETTERS, 
AND PREFIX THE COMMON SIGN. 

Thus to reduce 36-|-76, that is -f 3£-|-7& to one term, add 
the CD-efficients 3 and 7 ; to the sum 10, annex the common 
letter b, and prefix the sign -|-. The expression will then 
be -\-\0b. That 3 limes any quantity, ana 7 limes the same 
quantity, make 10 limes that quantity, needs no proof. 

Exampla. 

be Ssy 76-1- xy ry-^-StAh edx}f-\'3img 

She Ixy 6b+Sxy 3n/-|- abh 2cdxy+ mg 

9bc xy 26-|-2xjr Gry+iabh 6edxy+7mg 

Sbe 2sy 6b-\-5iy ^'T/+ obh 7cd^+8mg 

\5bc 23b-|-llxy I5c4xy+\9mg 

The mode of proceeding will be the same, if the signs are 

Thus-36c-tc-66c, becomes, when reduced, -96e. 
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And-ax-Sac-SaiT=-6(u. Or thus, 

~Sbe - ax -2ofc- my -Socfc-Stdy 

- 4c -Sax - ab-Smtf - ach- bth/ 

-Qbe ~9ax -Tofr-Smy -5ach-7b^ 

-96c -10aA-12»nf 

73. It may perhaps be asked here, as in art. 68, what pro. 
^etj there ia, in atUmg quantities, to which the nepuve 
sign ia prefixed ; a sign which denotes tnbtractum ? Toe an- 
swer to this ia, that when the negative aign is applied to sev- 
eral quantities, it is intended to indicate £at th :Be quantities 
ate to be subtracted, not Jrom each olher, but from some other 
quantity marked with the contrary sign. Suppose that, in 
estimating a man's property, the siim of money in his pos- 
session is marked -f-i and the debts which be owes are mark- 
ed-. If these debts are 200, 300, 500 and 700 dollars, and 
if a is put for 100; they will together be-2a-3o-5a-7o. 
And uie several tenne reduced to one, will evidently be 
- 17a^ that ie, 1700 dollars. 

74. Case II. To reduce sevebal teems to one, when 
tbe quantities are alike, but the signs unliee, take 
the less co-efficiert from the greater; to the dir- 
febbnoe, asnex the cohhok letter or letters, and . 
prefix the sign of the greater co-efficiekt. 

Thus, instead of 6a- 6a, we may write 2a. 

And instead of 7t - 2fc, we may put 56. 

For the simple expression, in each of these instance^ is 
equivalent to the compound one for which it is substituted. 
To -1-66 +4b 5bc '2fen -dy+em Sk- At 

Add -46 -66 -76c ^9&» 4dy- m 5k+4dx 



Sum-|-26 - 26e Stftf+Sm 

75. Here again, it may excite surprise, that what appears 
to be subtraction, should be introduced under addition. But 
according to what has been observed, (Art. 66.) this subtrac- 
tion is strictly speaking, no part of the addition. It belongs 
to a consequent reduction. Suppose 66 is to be added to 
«-46. The sum is 0-46+66. (Art. 69.) 

But this expression may be rendered more simple. As it 
now stands, 46 is to be sublracled from a, and 66 added. 
But the amoimt will be the same, if, without subtracting any 
thing, we add S6, making the whtrfe a-f 26. And in alfaim- 
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: Bar ituuuces, the halanct of two or more quantities, may be 
subsUluted for the quantities themselves. 

77. If two equal quantiijes have amtrary rigru, ther de- 
stroy each other, and maybe cancelled. Thu8-('6t-66 
=0: And 3x6-18=0: Aud 76c-7tc=0. 

Let there be any two quaotilies whaterer, of which a is 
the greater, and b the less. 

Their sum will be o-^b 
And their difTerence a~b 

The Bum and difference added, will be 2o+0, or simfrfy 
So. That is, if the mm and difference of any two quantities 
be added together, the whale will be Imce the greater quan- 
tity. This is one instance, among multitudes, of the rapidity 
with which general truths are discoTered and demonstrated 
in algebra. (Art. 33.) 

78. If several positive, and several negative quanfjtiea are 
to be reduced to one term ; first reduce those which are pom- 
tive, next thoee which are negative, and then take the Ter- 
ence of the co-efficients, of the two terms thus found. 

Ex. 1. Reduce l3b+Gb^b-4b-bb-7i,ioonettnn. 
By art. 72, 136+66-t- 6= 206 > 
And -ib~5b-7b=~mi 

By art. 74, 20fr-166=4fc, which is the value 

<rf all the ^ven quantities, taken together. 

Ex.2. 'BxdueeSxy-xy-\-2xy-1xy'{-43y~6xii-\'7xs.~6xy, 

The positive terms ore Sxy The negative terms are - xjf 

3xy — 7xif 

ixy -9ay 

"Jxy -Siy 

And their sum is 16xy -SSxjf 

Then 1 6xy - tSxy = - 7xy 
£x. 3. Sad-Gad+ad+7ad~2ad+9ad-8ad-4ad=0. 

4, iidnn-abm-{-'tabm~Sabm-{-7abm= 

5. axy-'Taxy-\-Saxy-axy-Saxy-{-9a3y= 

79. If the letters, in the several terms to be added, are 
different, they can only be placed after eo ;h other, wiih their 
proper dgos. They cannot be uuited in one sim}de term 
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If 4K and - &. Mid 3s, ud 17&, and - H and 6. be niiM ; 
their sum will be 

46-6y+Sx+17A-5ii+6. (Art. 69.) 

Oifierent letters can no more be united in the some teim, 
then dollara end ^neas can be added, bo as (o moke a 
sin^e eutn. Six guineas and 4 dtrilars are neither ten guineas 
DOT ten dollars. Seven hundred and fiye dozen, are neilher 
It hundred nor 1% doeen. But, in such cases, the algebraic 
signs serve to show bow the different quantities stand related 
to each other ; and to indicate future operations, wliich are 
to be performed, whenever the letters are converted into 
numbers. In the expresson a-|-6, the two terms cannot be 
united in one. But if a stands for IS, and if, in the course 
of a calculation, this number is restwed ; then a-|-6 will be- 
come 154-6, which k equivalent to the suigle term 21. In 
the same manner, a - 6, becomes 15-6, which is equal to 9. 
The signs Iceep in view the relations of the quantities till an 
opportunity occurs of reducing several terms to one. 

80. When the quantities to be added contain several terms 
which are alike, and several which are unKJle, it will be con- 
venient to arrange them in such a manner, that the aunilar 
terms may stand one under another. 
To Sbc-9d+2b^Sy'i These may be arranged thus : 
Add-36c+s-M-ffcg S 36c-6rf+at-9y 
And 2<^.y+3«+i ^ -3ic-3il + «+t; 

fid -f y+tlx +b 

The sum will be - Trf + SA - «y+4x-l-frj+ 5. 

ExangJtt. 
1. Add and reduce afr-f-8 to cd-S and 5a&-^ti-|-S. 
The sum is 6aJ>-^7-\-ed-im. 

t. AAA x+Sy ~dx, to 7 -x-&^kn. 
Ana. Sy~dx-l•,^-hm. 

3. Add abm-Sx-i-bm, to jf-x-|-7 and 5x-6y-t-9. 

4. AddS«iH-6-7«y-8, to 10a^;-9+5om. 

5. Add 6aAy+7d- l+mxy, to 3aA!(-7d-l-17-mai( 

6. Add 7ad-h-\-Sxy-ad, to 5ad+h-7xy. 

7. AAASab-Zay-\-x,U}ab-<^'[-bx-h. 
8 AAA Zby-Sax+ia, to ibx-by+a. 
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SUBTRACTION. 



Art. 81. ADDITION is iHringing quantities together, to 
find Uieir amount. On the contrary. SUBTRACTION » 
riRDiNo THE DIFFERENCE or two (tDinTiTiES, oB sets 

or QUiXTITIBB. 

Particular rules might be given, for the several cases in ■ 
subtraction. But it is more convenient lo have one general 
rule, founded on the principle, that takiag auoy a ponfwe 
quanlitj, from an algehraic expression, is the sonie in effect, 
ajB annexmg an equal negative quantity ; and taking away 
a negative quantity is the same, as annexing an equal poei- 
tire one. 

Suppose -{-fc is to be subtracted from o-f-i 

Taking away +6, from 0+6, leaves a 

And annexing — b, to o-f-fc, gives o-f-fc— ft 

But by axiom Sth, a-\-b - 6 is equal to a 

That is, loJong tluay a potUiee term, from an algebraic 
expiesuon, is the same in effect, as oniuxin^ an equal fuga- 
tks term. 

Again, suppose -6 is to be subtracted friHn a-i 
Taking away - 6, from 0-6, leaves ffl 

And annexing -f-^ to o-i> gives a-b'i-b 

But a-b-\-b IS equal to a 

That is, foxing ouoy a negative term, is equivalent to on- 
namg a posiHve one. If an estate is encumbered with a 
debt ; to cancel this debt is to add bo much to the value of 
the estate. Subtracting an item from one side of a book ac- 
count, will produce the same alteraUon in the balance, us 
adding an equal sum to the opposite side. 
To place this in another poml of view. 
If n is added to b, the sum is by the notation b-^m > . 
But if in is subtracted from b, the remainder is b — m) 
80 if m and h are each added to b, the sum is i-|-m-j-& ) 
But if iR and h are each subtracted flwn b, the ^ 

remainder is ft-n-A j 
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The imly diflerence then between adding* a podtire qnan« 
tity and subtracting it, is, that the sign is changed fr«n 4- 
10-. 

Again, if m-n is subtracted from b, the remainder ia, 
6 - m+n. 
For the las the quantity subtracted, the greaier will be the 
remainder. But in the expression m-n, m is diminished l^ 
n; theref(»'e, b—m must be inertiued by n; so aa to become 
h—m^n: that is, m— n ie subtracted from 6, by changing 
-j-fflinto-m, and— ninto 4-^ And then writing them after 
6, as in addition. The explanation will be the same, if there 
are itvtral quantities which have the negative sign. Hence, 

8S. To PEBrORM atTBTRACTIOIT in ALGEBBA, CMANSE THE 
SIGNS or ALL THE QtTATITITIEB TO BE BUBTB&CTED, OR 81IF- 
F.OSE TUEH TO BE CHARGED, FROM + TO ^ OB FROM - TO -(-i 
AITD THEN PROCEED AS IN ADDITION. 

The signs are to be changed, in the tufctroAend only. 
Those in the minuend are not to be altered. Although the 
rule hdre given is adapted to every case of subtraction ; yet 
there may be an advantage in giving some of the exam^es 
in distinct classes. 

83. In the first place, the signs may be aiikt, and the min- 
uend greater than the subtrahend. 

From +38 I6b 14da -26 -16b -I4da 

Subtract 4-I6 nb 6da -16 -126 -6da 

OifTerence +12 46 8da - 1 2 - 46 -8da 
Here, in the first example, the + before 16 is supposed 
to he changed into -, and then, the signs being unlike, the 
two terms are brought into one, by the second case of re- 
daction in addition. (Art. 74.) The two next exaidples 
are subtracted in the same way. In the three last, the — iit 
(he subtrahend, is supposed to be changed into +. It may 
be well for the learner, at fiist, to write out the examples ; 
and actually to change the signs, instead of merely con- 
ceiving them to be changed. When he hasbec«ne ^miliar 
with the operation, he can save himself the trouble of tran- 
scribing. 

This case is the same as subtraction in ariUanttie. The 
two next cases do not occur in common arithmetic. 

84. In the second place, the signs may b« alike, aud the 
miBuead lui than the subtrahend. 
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Sub. 4-286 \6h \4da -06 - 16fe ~i4im 

Dif. - 4 36 - 46 - 8(Ia +12 46 Sds 

The same quantities are ^ven here, as in the [vecediiif 
article, ft>r the purpose of comparing them togelfcer. But the 
minuend and subtrahend are made to change plneee. Tb* 
mode of subtncling is the aanpe. In thii class, a grealer 
quuitity is token from a Uti : in the preceding, a legs from a 
rrealcRi By comparing them, it will be seen, that there is no 
difTerence in the answers, except that- the Hgru are opposite. 
Thus 166- 1 16 is the same as 136-166, except that one is 
■4-46, ftnd tbie athex - 46 : That is, a greatra- quantity sub- 
tracted ftom a lesf^ gives the same result, as a lest subtracted 
^m a greater, except that the one is poativ^ and the other 
fiegative. See Art. 58 and 59. 

85. In tbe' third place, the tigtu Eoay be imi^. 

From -f 36 ' +166 +14da -38 -166 - I4db 
Sub. . -16 -126 - 6d<» +16 +134 + 6da 

rii£ +44 , 386 ZOda - 44 - 386 - 2CUa 

Prom these examples, it will be seen that the t^ermc* 
between a podtive and a negative quantity, may be greattr 
Aaa either of the two quantities. In a thermometer, the dif- 
ference between 38 degrees above cypher, and 16 below, is 
^ degrees; The difference between gaining KXK) ddlare in 
trade, and losing 500, is equivalent to 1500 dollars. 

86. Subtraction may be proved, as in arithmetic, by adding 
the remainder to tiio subtrahend. The sum ought to oe equal 
to the minuend, upon the obvious principle, that the difference 
of two quantities added to one of them, is equal to the other 
This serves not only to conect any pturljcidar erm, but to 
verify the general nue. 

fVvMn its-\ h+Six Ay- ah nd~7hy 

Sub. -xji+l djk-96« . 5%-ea& find- iy 



Dif. 3xy-8 ~4%+fia& 

From $a6m- xy 
Sub. -7a6in+6xjf 

Rem. 10a6«i-7xy 



From $a6m- xy -17+4(u ais+ 76 3a&+ax^ 

Sub. -7a6m+6xjf -SO- ax -4ax-{-^Mi -7aA+a3y 
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8Ti When. (Iier« bi« mmtoI ter»9 dUa, th^ fluy h* ti^ 
due^ as in KddHioo. 

1. FrtHii ab subtiaDt Sam-\-an^^7am-\-tam-{-0(mL 
Aba ab~3am-am-^am-iam-9am=ldt~\9am. (Art. 73.) 

t. From y, subtract -a- a— a— 0. 
Am. if+a+a+&+_a—y+4^ 

8. Fr(Mn(ur-6c-|-3az-|-7bc,mibtract 4ie-S«c-|-6e^-4(U; 
An& ta!~bc+Sax-{^tbc-41x+Zax-be~iax=t<a+be. 
(Alt. 78.) 

88. When the btierv in the minuend ore difierent fiom 
thoee in the subtrahend, the latter are subtoacted, by first 
changing the signs,, and then placing the several lenns one 
aAer another, as in addition. (Art. 79.) 

From Sab-[-S~my+dh, subtract x-dr-^4ti^-kmx. 
Abb. Sab+9-my+dh-x+dr~4ky+bms. 

88; b. The ugn - , placed before the mtu-ka of poraitAeri^ 
which include a number of quantities, r^uirea, that when 
these marks are removed, the mgns of oil the quantities thus 
included, should be changed. 

T\ima~(b~c+<i) iMnifiesthat the quantiUea 6, -c, and 
4^ are to be subtracted tarn a. The exptession will then 
Meome a-b-^c-d, 

i. \Sad+iy:^d-{7ad-xy+<l+hm~ry)=Qad+9xg~hm 

3. 7abc~8+7x-(3abe-e-dx+r)=iabc+7x+dx-r. 

4. Sad-\-h-iy'{7y+Sk-mx+4ad-ky~ad)= 

5. 6«m-dy+8-(16-|-3(/y-84-o»-e+'") = 

6. 7^-2i+6-(4+i-<9+a4-3t)= 

88 c. On the other bond, when a number of ^tuuitltiea an. 

introduced within tttemarksof parenthesis, with— ' *' 

alely ptaceding; the signs must be changed. 

Thus -m+ft- ifa+%= - (w- fc+(fc- Sfc.) 
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mnxmatuoKis. 



unurmjcATios.* 



Abt. 89. In addition, one quaatity is oMneetad widl an- 
other. It ia freqiMotly the case, that the quantities bmi^t 
together are eqiuil; tttatis, a quantity ia added to Am^ 

As a-\-a=2a a-(-a-{-a-|-(i=4a 

a-{-(H-a=33a ■ a-\-a-\-a-\~a-\-a=5a, &c. 

This repeated additinn of a quantity to itself, is what was 
originally called muItqiUcatioa. But the term, as it is now 
used, has, a nwre extensive sigiiification. We have frequent 
occosioa to repeat, not only the vhoU of a qnimtity, but a 
certain fortia^pt it If the stock of an incorporated com- 
pany ia divided into shares, one man may own ten of them, 
another five, and another a part only of a share, say two- 
fifths. When adividend is mode, of a certain sum on a 
dtaret the first is entitled to ten times this sum, the second lo 
/^ times, and the third to only two-Jlftfia of it. As the a^ 
{Mrtioning of the ^vidend, in each of these instances, ur 
upon the same principle, it is called multiplication in the 
last, as well as in the two first. 

Again, suppose a man is obligated to pay an annuity of 100 
doUan a year. As thia is to be lubtraded Irom his estate, i( 
may foe refvesented by - a. As it is to be subtracted year 
s^er year. It will become, infour year8,-a— a— a-a= — 4a. 
This nptaitd tvbtrmction ia also colled multipUcation. Ac- 
cording lo the view of the subject ; 

90. MlII.TlPLn>0 BT VVrHOLE KttUBER IB TAKIIfO THK 
MOLTIPLIOAHD AS UAITT TIMES, AS THERE JJtE UNITS IN TBE 
HULTIFLIEK. 

Multiplying by 1, is takmg the multiplicand once, as a. 
Multiplying t^ 2, ia taking the multiplicand twice, as a-\-m, 

* Nemon'a UniTensl AiilbiMUe, p. 4. Mimi«s on the Nentire Sig^ 
8m. n. Camu^ ATitbmBii& Book II. Chap. 3. Eulcr's Algibnu See. I 
B.OhiqklL BMBp*M^iJc*lMa,SM, IV M»«lfcnriii, SMiBderaop, tamii*. 
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I ALGKBRJL. '■ 

^ l^ S, is taking tha muUplicoBd Iftrw Hum, m 
f o, &e. - 
DitTLTiVLTina Br a FRACTION ib takikg a csaTAin 

PORTION OF THC HCLTIPLICAND AB HAKT TWEB, AB THBBB 
ARK UKE PORTIONS OF A UNlT IN. THE HBLTIPLIER.* 

Multiplying by {, is takmg ^ of tiie multiplicand, once, as ^a. 
Multiplying by j, is takmg f of tbs AtutipUcand, tuic^ as 

MaltipdlyiQ^ by )■ u taking f of the iQuUildicaiiid, Are* timet. 

HeBce, u the multiplier is a unit, the product is eqad (a 
the mul^licaod : If tne multiplier is greater than a unit, tb« 
|HY)duct is greater thtm the mulliplicajoB: And if the multipli- 
er is len tliao a unit, the product is less ihaai the multiplicand. 

Multiplication bt a NEOATIVE aoAHTiTr, has thb 

SAME RELATION TO H11LTtFLIGATI0^ B( A PO B I TITC QUANTITY, 

WHICH SUBTRACTION has to addition. In the one, the 
sum of the repetitions of the multiplicand is to be add*d, tq 
the other quantities with which this multiplier is connecteA 
In the other, the sum of these repetitions is to be tubtraetetl 
from the other quantities. This subtraction is perfumed at 
the time of multiplying, by chcmging the sign of the pro- 
duct. See An. 107 and 108. 

91. Every multiplier is to be considered a number. 'Wi^ 
sometimes speak of multiplying by a given \eagkt or measJf^^ 
a sum oimona/, &c. But this is abbreviated lanaimge. If 
construed hterolly, it is absurd. Multiplying is taking either 
the whole or a part of a quantity, a certain manber y times. 
To Gay that one quantity is repeated as many tim^ as an- 
other is heaey, ia nonsense. But if a part of the weight of 4 
body be fixed upon as a wiif, a quantity may be multiplied 
by a numbsr equal to the number of these ports contained 
in the body. If a diamond is sold by weight, a paiticulat 
price may be agreed upon for each gram. A grain is here 
th$ utdt ; and it is evident that l^p value of the diamond, is 
equal to the given price repeated as many times, as there are 
grains in the whole weight. We say concisely, that the price 
is multiplied by the weighf : meaning that it is multiplied by 
a Numier eqtiu to the number of grams in the weight. In a 
similar maimer, any quantity whatever may be supposed to 
be made up of parts, each being considered a tmit, and any 
Dumber of these may become a mtilti[dier. 

* 8«e Hole C. 
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HULTIPUCATION. £8 

9S. As multiplying it taking the whcde or a pan of a 
quantity a certain number of tmies, it is evident that the 
pro^t, must be of the same nature as the muUiptieand. 

If the multiplicand is an abstract number; the product will 
be a number. 

If the multiplicand is weight, the product will be weight. 
If the multiplicand is a Une, the product will be a line. Se- 
peatmg a quantity does not alter its nature. It is frequently 
said, that the product of two lines is a naface, and that the 
product of three lines is a toUd. But these are abbreviated 
expressions, which if interpreted literally are not correct. 
See Section xxi. 

93. The multiplication of JraeHon$ will be the subject of 
a future section. We have first to attend to mtdtiplication 
by positive whole numbers. This, according to the defini- 
tion (Art. 90.) is taking the multiplicand as many timei, as 
there are units in the multiplier. Suppose a is to be multi- 
plied by 6, and that 6 stands for S. There are then, three 
units in the multiplier 6. 7%e multiplicand must therefore 
be taken three times ; thus, a-^-a^a=3a, or 6a. 

So that, mttlt^lying fuo letten together U nolhit^ more, 
than urtfiRg them one after the other^ either with, or without 
the sign of multiplication between them. Thus b multiplied 
into c is 6XC) or be. And x into y, is xXjf> or x.y, or icy. 

94. If more than two letters are to be multiplied, they 
must be connected in the saniB mannei. Thus a mto b ana 
c, is cba.' For by the last arlicle, a into b, is ba. This mo- 
duct is now to be multiplied into c. If c stao^ for 5, then 
ba is to be taken five times thus, 

ba-\-ba-\-ba-\-ba-\-ba=Sba, or cba. 
The same explanation may be applied to any number ot 
letters. Thus, am into xy, is amxy. And bh into mra;, is 
bhmrx. 

95. It is immaterial m Ibhat order the letters are arranged 
The product ba is the same aa ab. Three times five is equal 
to five times three. Let the number 5 be represented by as 
many points, in a horuontal line ; and the number S, li^ as 
many points in a perpen^tular line. 



Here it is evident that the uhole itumber of points la equal, 
either to the nnmb« in the horit&ntai row three times repeat- 
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84 ALGEBRA. 

od, or to the number in the perpea£adar rovr Jive times re- 
peated; that IB, to 5x3) or 3 xd- This explanation may be 
extended to a series of factors consiflting of any QiunberB 
whatever. For the product of two of the factors may be 
considered as one number. Tliia may be pkced before or 
after a third factor : the product of three, before or after a 
iburth, &c. 

Thus 84=4x6 or 6x4=4x3x2 or 4x2x3 or 2x3x4. 

The product of a, b, e, and d, is abed, or acdb, or dcba, or bade. 
It will generally be coorenient, however, lo place the letters 
in ttlphrdtetieal order. 

96. Whsn the letters ratx ruuerical CO-EFFI- 
CIENTS, THESE MUST BE HQLTIPLIED TOCETHEB, AKD 
PRETIXED TO THE PSODITCT OF THE LETTERS. 

Thus, 3a into 2b, is Gab. For if a into & is a6, then 3 times 
a into b, is evidently Sab: and if, instead of multiplying by 
b, we multiply by tteice b, the product must be tnice as great; 
that is 2x3a6 or 6a&. 

Mult. ga6 12% Sdk 2ad 7bdh Say 

Into Sxy Itrx tm/ IShmg x 8mx 

Prod. 27abxy Sdhmy Ibdhx 

97. If either of the fact^s consists of figures only, these 
must be multiplied into the co-efficients and letters of the 
othei factors. 

Thus &ab into 4, is ISofr. And 36 into 2t, is 72z. And 
34 into %, is 34%. . 

96. If the multiplicand is a compound (Quantity, each of Ua 
terms must be multiplied into the uultipUer. Thus b-\-e-\-d 
into a is ab-\-ac-\-ad. For the whole of the multiplicand is 
to be taken as many limes, as there are tmits iri the multi- 
pUer. If then a, stands for 3, the repetiUons of the multipli- ' 
cand are, 

b+c+d 

b+c+d 

b-\^+d 



And their smn is 3b-\-Sc+Sd, that is, ab+ae-\-ad. 
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MULT1PUCATI0^. 3& 

Miilt. d-\-2xy ih+m 3/(1-1-1 SAm+S+A- 

lalo ib Sdy my 4b 

Prod Sbd+Sbxy 3hlmy+tmf 



99. The precediDg inatancea must not be cMifouaded 
with those in which eeveral factor$ are coDoected by the 
eigaXt oi by a point. In the latter case, the multiplier u 
to be wriltea before the other factors mtkotit bang rqttateJ. 
The poductof bxdinto a,iBabxd, and mttabxad. For 
bxdia bd, and this into a, is obil. (Art. 94. )• The expression 
bxd is not to be coneidered, like b+d, a compound ^nantity 
coDsisting of two terms. Different terms are always 8epar:\- 
tedby+or-. (Art. 36.) The product of fcxAxmXy in- 

■ to 0, is ax^X^X^^Xy or abkmy. But 6-}-A-f'>H-!' '°*^ "» 
is ab~{~ah-\-am-\-ay. 

100. If both tlie factors are compound quantities, each 
term m the multiplier vwat be multiplied into each in the mubi* 
pKcand. 

Thus a-\-b into e+d is ac-^-ad-^bc-^bd. 

For the units in the multiplier a-\-b are equal to the units 
in a added to the tmits in b. Ther^ore the product produ- 
ced by a, must be added to the product produced by 6. 
Tlie product of c-{-d iolo a is ac-|-ad > . «~ 
The product of c+d into b is bc+bd J *^ "^• 
The product of c-\-d into a-\-b is therefore oc-|-ad-|-tc-|-firf. 

Mult, ix+d 4oy-|-36 a-j-1 

Into 2a+hm 3c +rx 3x-f 4 



Prod. e<u:+2ad+$hmx+dhm 3ax-|-3x-|-4«+4 



Mult. 2fc-|-7 into Sd+\. Prod. l2dh+4Zd+2h+7. 
Mult. dy-i-"+A into 6m-{-4-|-7y. Prod. 
Mult. 74-664-od into 3r-|-4-|-2A. Prod. 

101. When several terms in the product are alike, it will 
be expedient to let one vnder the other, and then to unite 
them, oy the rules for the reduction in addition. 
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Mult. b+a 6+C+2 a+ y+t 

Into b-i-a 6+c+S 8M-2*+7 

bb+iA bb+bc-\-2b 

-|-ai-(-aa be -\-ve-\-flc 

+8i 4-3C+6 



Pro* bb+Sab+aa bb+ibc+5b+ct+5c+6 



Mult. Sa+d+i into 3a-|-9(^). Prod. 
Mult. b+cd-^2 into Sb-\-4cd+7. Prod. 
Mult. S^f 3z+A into axt^X^z. I^^. 

lOS. It will be easy to see that when the multiplier and 
multiplicand consist of any quantity repeated a» a fictor, this 
foctor will be repeated in the product, oa many times as io 
the miiltipUer and multiplicand together. 
Mult. aXoxa Here a is repeated thru times as a factor. 
Into dXd Here it is repeated fmce. 



Prod. axaXf^XoXti- Here it Is repeated ^ve timet. 

The product of bblA into bbb, ia bbbhbbb. 
The product of 2xx3icX4« into Sxx^x, is ixX^Xi*X 

104. But the numeral co-tfficimts of several fellow-factora 
may be brought tt^ther by multiplication. 

Thus 2fflx3i into 4ax5t is 2fflX36x4ax56, or IZOaabb. 
For the co-efficients aiefactori, (Art. 41.) and it is imma- 
terial in what order these are arranged. (Art. 96.) So that 
2oX3iX4ax56=2x3x4x5XaX«X6x6=I20oaM. 
The product of Sax46A into 5mx6y, b S60abhmy. 
The product of 4tx6<' into Sx-|-1, is ^bdx+2^d. 

105. The examples in multiplication thus far have been 
confined to positive quantities. It will now be necessary to 
consider in what manner the result will be affected, by mul- 
tifdying positive and negative quantities together, ^Ve shall 

That -|- into -(- produces -\- 
- into -j- 
4- into — — 
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UULTtPUCATION ft 

All iiteoB may be comprised in ona^nelvl nde, wliich H 
will be importaat to have always fomfliar. If the itaMS or 

THE riCTORS ARE ALIKE, THE SlOIf OF THE PKODUGT WILL 
■E in-IR«ATtTB ; BDT ir THE ttGtn or THE FACTORS AKK 
UNLIKE, THE SIGN OP THE PRODUCT WILL BE NEOATITE. 

106. The fir&l case, that of'-}- into -)-, needs no forlher 
niusiratioti. 1^ second is - into -^, that is, the multipli- 
cand is negative, and the multipber podtive. Here -a 
into -\-4 is - 4a. For the repetitions of tne multiplicand are^ 

•>a-«-a-aa:-4a. 
"Muh. b-Sa ta-m h-Sd~4 a-S-Td-x 

Into 6y 9h+x Hy Sb+h 



Prod. eby-lSay * 2&y-6dj/-a/ \ 

107. Iq the' two preceding cases, the affinnative sign pr** 
fixed to the muttipLer shows, ttiat the repetitions of the muL 
tiplicand are to be added to the other quantities with Tt^ict) 
the multiplier is connected. But in the two remaining cases, 
the negative sign prefixed to the multiplier, indicates that 
the sum of the repetitions of the multiphcand are to be mb 
Iracted from the other quantities. (Art. 90.) And this sub- 
traction is performed, at the time of raultiplving, bv making 
the sign of the product opposite to that of the multiplicand. 
Thus -\-a into - 4 is - 4a. Foe the repetitions of the multi- 
plicand are^ 

-f-a-|-fl-|-a-i-a=+4a. 

But this sum is to be subtracted, from the other quantities 
with which the multiplier is ccmnected. It will then become 
-4a. (AA. 82.) 

Thus in tbeaxwesBion 6-(4xa,) it is mamfbst that 4x0 
ie to be subtracted from b. Now 4xa is 4a, that ia 4*40. 
But to subtract this from b, the sign -|- must be changed 
into~. So that 6~(4x<>} is 6-4a. And ax -4 is there, 
fore —40. 

Again, suppose the multiplicand is a, and the multiplier 



(6 - 4.) As (6 - 4) is equal to 2, the moduct will be equal 
to 2a. This is less than the product of 6 into a. To <d>Uiin 
then the jwoduct of the comiiouad multiplier (6 - 4) into a, 
we nmst lubtract the product of the negative ]Mirt, ftom that 
^ the pomtifc part, - 
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And the product 6a- 4% is the same as tlie product So. 

Therefore a into -4, is -4*. . 

But if \he mulliplier had been (6-}-4,) the two product* 
miiBt have been tuideS. 

And the prod, Ga-{-4a is the some m the product 10a. 

This showa at once the difference between muitiplyiug hf 
ft potitwe factor, and multiplying by a negative one. In the 
former case, the sum of the repetitions of the multiplicand is 
to be added to, in the latter, subtracted fi'om, the other quan- 
tities, with which the multiplier ie connected. For every 
negative quantity must be supposed to have a reference to 
wme other which is positive; though the' two may not 
always stand in connection, when Uie multiplication is to b« 
peifcrmed. 

Mult, a+b- idy+hx-i-i 3A+S 

Into b-s mr-^A ad-6 



Prod. a6+W-<w-J(r ^ Sadh+Sad-lSh-lQ 

108. If two negatkes be multiplied together, the product 
will be afBrmative :-4x-o=+4a. In this case, as in the 
{seceding, the repetitions of the multiplicand are to be jtifc- 
Iraeted, because the multiplier has the negative sign. These 
repetition^ if the multiplicand ia -a, and the miutipIier-4, 
are— a— a— a-a=-4a. But this is to be subtracted by 
changing the sign. It then becomes -|~4a. 

Suppoee-a is multiplied into (6-4.) As 6-4=2,the 
woduct is, evidently, lake the multi[dic&iKl, that ie, -So. 
But if we multiply - a into 6 and 4 s^xtnUety; ~a into6 
is -6a, and -a into 4 is -4a. (Aft.106.). As in the multi- 
plier, 4 is to be subtracted from 6; so^ in the product, -4a 
must be subtiacted from - 6a. Now - 4a becomes by sub< 
traction -|-4a. The whcAe product then is - 6a-|-4a which is 
«qual to - 2a. Or thus, 



And the i«od. - 6a-f 4a, is equal to the jmfaiAt . - 9& 
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HULTWUCATIDN. M 

' h » ofken eoiujdared a cnal myxteiy, t)nt the product of 
nro DegatiTes shonU be aannative. Bat it unouDta to tK>> 
thing mon thui this, tbmt the gubtntction of a negative qiun- 
lity, IB equivalent to the additiffli of an affirmative one; 
(Art. 81.) and, therefore, that the repeated subtraction of a 
negative quantity, is eqwvalent to a repeated addition of an 
affirmative one. Taking off frcan a man's hands a debt of 
(en doUars every mtmth, is adding ten doDars a month to the 
value of hia property, 

Midt. a~4 M-Ay-Sx Sii^-fr 

Into 36-6 4i-7 6x-l 

Prod. 3«*-18fc-6a+24 ' id«a;y-6ia:-3<^6 



Multiply Sad-aA.-7 into 4-<^-^. 
Mdti[tfy %-4.3m - 1 into 4J-Sx+S. 

1 09. As a negative muhifdier changes the eign of the quan- 
tity which it multiplies; if there arc teveral negative fectors 
to be multiplied together. 

The tiBo first wiU make the product potilwe; 
. The (Atnf will make it nejfatwe; 

T):te fourth will make it p9tUwe, &c. 
T1un-ax-i=4-ab 1 TIim factors. 

+<a>cdx-e=-abcdei [^e. 

Thai is, the product of any even number of negative fac- 
ters is pofiftoe ,- out the product of any odd number of nega- 
ted faclora ia aegatiM. 

Thus-aX — a=<ia - Aiid-ax —oX~<iX'*-a=aaaa 

-aX^aX-a=-<KM -«x-'»X-<»X-<»X-a=-<MKWK' 

The product of several factors which are all porittee, is in- 
variably positive. 

110. Positive and negative terms may frequently btdaace 
each other, sn a« to disappear in the product. (Art. 77.) A 
star is aoinetimeB put in tlie place of a deficient term. 
Mult, a-b ffiiR-yy - Mth{-ab-\-bb 

liuo a+b inm-\-yy a-b 

aa~iib I aaa+aab+M 

+ab-bb ' -aab-abb-bbb 

Prod.M *-U «M • * -bbb 



111. VortaaOf purposes, it is si^cient iparely U) i 
' ihs multiplication of compound quantities, without actuaUy 
multiplying the several tetms. Thus the product of 
a-f-4-i-c into hr^m-\-y, ja (o+fc+c) X (M-m+y.) (Art. 40.> 
The product of 

a4>ffi into A-f-c and (f-|-^ is (a-|-m)x(M->=)X(<'+!fO 
By this method of representing multipBcation, an impiHtaiit 
ndvantage is often gained, in preserving the factors distinct 
from ench other. 

When the several terms are multiplied in form, tbe exprea 
aion is said to be expaadtd. Thus, 

{a-\-b)x{<!-\-^ becomes vhBaexptalieAM-^-ad-\-bc-^'bd 

113. mth a given multiplicand, tlie lees the mnltifdier, 
the less trill be the product. If then the multiplier be 
reduced to nofAtng, the product will be nothing. Thus axO 
=0. And if DO one of amf mtndttr of fellow-fkcton, the 
product of the whde will be nothing. 

Thus, o6xcxMxO=3o6c(ixO=0. 
And (a+6)x(<H-'i)x(&-m)xO=0. 

113. Although, for the sake of illuslxating the diflferent 
points in multiplication, the subject has been drawn out into 
a considerable number of particulars; yet it will scarcely be 
necessary for the learner, after he has becmne familiar with' 
the examples, to burden his memory wiUi any tbii^ more 
than the following general rule. 

MULTIPLT TBE LETTERS AND 00-EPFtCIENT3 OF EACH TERH 
IN THE HULTIFLICAND, INTO THE LETTBBS ANnCO-EFFICIEHTS 
OF EACH TERM IITTHE UTFLTtrLIER; AND PREFIX TOEAOHTERM 
OF THE PR0D1TCT, THE SIGH REQUIRED BT THE PRinCIPLE, THAT 
LIKE 8I0ICS PRODOCE-f-, AND DIFFERENT SIQIf B - . 

1, Mult. fr4-3fr-2into4a-66-4. 

2. Mult. 4(iix«X2inio3m!/-I4.A. 

31 MulL {7ofc-y)x4int«4irx3x5X'*- 

4. MulL (6o6-M+l)x2iQto(8+4r-I)xA 

6. MulL 5oy-[-y-4+fcinto (d+x)xOi+y-) 

6. MulL 6ax~lik~d) into (fe4-l)x(M-l.) 

7. MulL 7as-i+kx{i-*)viao -(r-|-3-*ii.) 
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Aet. 114. IN mulUpIicaUoD, vt hava two foctora gtveo, 
and ue required to find their {woduct. By multi^ying tb* 
&ctore 4 uid 6, we (^tain the [ffoduct 34. But. it is fre. 
quently necessary to reverse this [wocess. The number 24, 
and me of the factors may be given, to enable us to find the 
other. The operadon t^ wluch this is eSected, is ealled 
JHtirioa. We obtain the number 4, by dividing' S4 by 6. 
The quantity to be divided is called the dividend ; the giem 
ftetot, the oivtoor ; and that which is reqiartdf the quotient 

115. DIVISION IS riirmNa A QCOTIEHT, WHICH MULTI- 
PLIED INTO THE DIVISOR WILL PRODVCB THE DIVIDEHD.* 

In multiplication the mtdt^lier is always a number. (Art, 
*.) And tha product is a quantity of the same kind, as thiJ 

iltiplicand. (Art. 92.) The product of 3 roda into 4, is IB 
rods. When we come to division, the product and «iA«r of 
the factors may be ^ven, to find the other : that is, 

The divisor may be a number, and then the i|Uotient will 
be a quantity of the same kind as the dividend ; or, 

Hie dMnr may be a quantity of the sune kind as tba 
dtvidend ; and then the quotient will be a number. 

Thus 13 rodt-^i=S rods. But 12 rods-^SroiU=i4. 

And is n>ds-i-%4=:irod. And 13 nds-l-H rodtisti 

in the first case, the divisor being a number, shows into 
how maoj/ parts the dividend is to be separated ; imd the quo- 
tient shows what these parts are. 

if IS rods be divided mto 3 parts, each will be 4 rode Ioq^ 
And if IS roda be divided into 24 parts, each will be ha^ a 
rodloog. 

In tSfi oih» case, if Uie divisw isleu than the dividend, 
the former shows uito what parts the latter is to be divided ; 
Hi^ the quotient shows how many of these parts are contaiiwd 



* TIm fWMlate -ii Imm PVpoMl w U faMlqdii in tb* ^DOthol, ■■ 
Milf ih* MM k algebn. 
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in die dlTidend. In other vfirds, division in (bis cbm eon> 
naU ID finding how often one quantity it conUuaed m onofAer. 

A line of 3 rods, is contained in one of 13 rods, Jow (me*. 

But if the divisOT is greater than the dividend, and jet a 
quantity of the same kind, the quotient diows viuA fart at 
the divisor is equal to the divideiid. 

fThuB one hajfof 24 rods is equal to IS rods. 

116. As the product of the divisor and quotient is equal to 
the dividend, the quotient may be found, by resolving the 
dividend into two such factors, that one of them ehall be the 
divisor. The other will, of course, be the quotient. 

Suppose lAd is to be divided by a. The fector a aqd hi 
will produce Uie dividend. The first of these, being a divi* 
sor, may be set aside. The other is the quotient. Hence, 

When the oitisor is rotnn) as a factor w the mti- 

DSHD, THE l>:VI8I0n IS FERFORHED BY CANCELLIHO TBIS 
fACTOR. 

Divide tx Sh drx hm/ dJuty abed abxj/ 
By c d dt hm dy b ax 

QuoL X X hx by 

in each of tlieee examples, the letters which are common 
to ihe divisor and dividend, are set aside, and the other let- 
ten f<mn the quotient. It will be seen at once, that the [ko* 
duct of the quotient and diviaor is equal to the dividend. ' 

117. If a tetter is rioted in the dividend, care must be 
taken that the factor rejected be only equal to the divisw. 
Div. aab bbx aadddx aammyy aaaxxxh yyg 
Bf t b ad amy ttmsx yy 

QuoL a( addx ahx 

In such instances, it is obvious that we are not to reject 
cMry letter in the dividend which is the same with one in the 
divimr. 

118. If the dividtMl oaasA^tt amg JmOm dUtmr, ex. 
(Hinging one at them is dividing by iL 
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Diy. a{b+d) aib+d} (t+»)(e+rf) {J^)x(i-*)» 
By a b+d i+» d-h 

Quot. b+d a e+d (*-|-y)X* 



la all these inetaneea the prodoet of the quotient and Avi- 
«or is equal to the divideBd by Art. 111. 

119. In perfivming multiplication, if the &clon contain 
naaural figvrei, these &re multiplied into each other. (Art, 
96.) Thaa3ainto76is 21a6. Now if this process is to be 
menedf it is evident tliat dividing the number in the product, 
by the number in one of the factors, will give the number in 
the other factor. The quOient of %lab~-Sa is 76. Hence, 

In division, if there are numeral co-tffidenU prefixed to the 
letters, thx co'^ideat of the dtcidmd tmut be dkided, bif thteo* 
^dent of the dtoiaor. 

TUv. 6ab IMsy iSdhr IZzy S4drx SQ&m 
By Zb 4ds dh 6 34 m 

Quot.3a 25r drx 

120. When a rample &ctor ia multiplied into a ton^nnrnd 
one, the former enters into eeery term of the latter. (Art. 
98.) Thus a into h-\-d, is tA-^ad. Such a product is easily 
resolved &gain into iu original &ctors. 

Thus ab+ad=ax{b+d). 

<A-\-ac+ah=:ax {b+c+h). 
pmh-{-anix-^aniy=amx{fi^x-\-y). 
4ad+8iJt+ 1 2Mi-[-4ay 3= 4a X (d+^A+Sffi+y). 
Now if the whole quantity be divided by one of these fiuton, 
according to Art 118, the quotient will be the other factor. 
Thus, {oi>+ad)-i^=b+d. And {ta>+ai[)^{b+i)=:,a. 
Hence, 

If the divisor is contcdned in every term of a ampoMid divi- 
dend, itmiut be canceUed in each. 

Div.* ab-^-ac bdh-^bdy a<A+ay drx-f*d&x-(-4it|r 

By a bd a ' dx 



And if there are co-<^Idmti, these must be divided, in each 
term aiaa 
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QuoL fa+4e ihx+Z 



ISl. On the othn* hand, t/* a eo> y ti m rf t ^ 

tag mtg factor tn tvery term, be dwided 6y the oAer ^mmlitm 
tmmttt d &y their rignt, the quotient wHl be that factor. See the 
fint part of the preceding article. 

DiT. oh-lf-ac-\-ah amh^ama-{-cain} ^ab-^-^ay a}aa-\-ahif 
By H-c+ft H-*+!/ H-2y «-!-» 

Qoot a • 4a , 

Its. Id divtaion, bb 'well as in multiplication, the caution 
must be observed, not to confound temu vitb faclon. See 
Art 99. 

ThuB(ot+(ic^-i-o=6+e. (Art 120.) 

But labxac)-^a=iiaabc-i'a=abc. 

And fai+acj— (fr+cJ=o. (Art. 181.) 

But (oi><«=)-r{&><c)=aa6c-j-6e=ao. 

Its. IH Division, THE BANE RULE IS TO BB OSSERrSD 
BESPECTIKQ THE SlflNS, AS IIT UOLTIPtlCATION ; THAT IS, 
IF THE SITISOR AND DIVIDEND ASE BOTH POSITIVE, OK 
lOTH HEGATIVE, THE (JUOTIENT HCflT BE POSITIVE : IT 
OlfE 18 POSITIVE Ain> THE OTBEB ItEOATITE, THE QUO- 
TIENT HOST BE NESATIVE. (Art 105.) 

This is manifest from the consideration that the product of 
the divisor and quotiuit must be the same as the dividend. 

+aX-6=-at{ 1 ~ab^.b=+a 

-ax -b=i+ab J \ -\-ab-i--b=:-a 

IMt. ab« 8a-10ay Sax-Ban 6amxdh 
Bf -a -ia Sa -Sa 

"(^not -bx -4+9s -SmxiOs-SMB 
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124. IPTBSLKTTEItBOFTHSIHTIBoaUCltOTIORroinnt 
IN THE DIVIDEND, THE DIVISIOK IB EZFRESSED Br WSITlRa 
THE DITI80R UnDER THE DITIDERD, IM TBS FOMt OF A TDL- 
GAS FRACTION. 

Thus «i/-7-a= ^; aiid(d-z)>j — 4= — r 

This is a method of denotiag divisioD, rdther than an actual 
performiDg^ of the operation. But the purposes of division 
may irequenUy be answered, by Uiese fracliooal expressions. 
As they are of the same nature with other vulgar fractions, 
ihey may be added, subtracted, muItipUed, &c. See the 
next section. 

125. When the dividend is a compound quantity, the divi- 
sor may either be placed uader the whole dividend, as in the 
preceding instances, or it may be repeated under each term, 
taken separately. There are occasions when it will be con- 
venient to exdiange one of these forms of exprenicai for the 
other. 



a+b 
And <h\-b divided by i, is mtfaei —a~t ib^ i% half the sum 

of a and b; or^-l-e^ ^'^'^^ ^ '^^ ^^'^ °^ half a and half fr. 

For it is evident that Jut^the twn of two or more quantities, 
is equal to the ram of llmr halves. And the same principle 
is applicable to a third, fourth, 6fth, or any other portion of 
the dividend. 

So also a~b divided by 2, is either ?~ > or - _ -. 

For haJf the difference of two quantities !s equal to the dif- 
Jerence of their halves. 

a-26+A a 36 A 3a -c Sa e 

^ m =S-m+m *"^'^7*="::i-^ 

136. If SMM of the letlers in the divisw are in each term 
of the dividend, the firactional expression may be rendered 
more simple, by rejecting equal ^lors from uie numeratoi 
and denominator. j^. 
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DtT. at dim ofan-Soy a^-&» tarn 

Sy M iy ab by 3xf 

oft b hm~&y am 

QaoL — «- — 



Tbese reductions are made upon the principle, that a eiven 
diviBor is cootained in a given dividend, just as manv time^' 
iia double the diviGoi in double the dividend ; triple tne divi- 
sor in triple the dividend, &c. Bee the reduction of ftsctions. 

IS7. If the divisor ie in Bome of the terms of the dividend, 
but Qol in all ; those which contain the divisor majr be divi- 
ded ae in Art 116, and the others set down in the baa of a 
fiactioQ. 

Thus (aM-d)-i« is either 2^, or ^-, or t-f^. 

Div. diiy-\-rx-hd Zah^ad+x bta+Sy ^my~{-dh 

By- X a -b Zm 






128. The quotient of any quantity divided by iitel/ or Us 
equalj is obviously a unif. 



a+b-Sk' 

Sao 

QuoLa4-l aiy-l 4-3(2 



Div. OK+s 3U-3d 4axy~4a^8ad 3ab-\-3~Gm 
By « Sd 4a S 



Cor. If the dividend is gnoier than the divisor, the quo- 
tient must be greater than a untl .- But if the dividend is la$ 
than the divisor, t}» quotient moat be Uii tlum a vait. 
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.1 IKTidelSa6y+6a6x-18&&»t-}-24^ by 6&. 

S Divide I6a-lS+6y+4-20a<{a:+in,by4. 

5. DiridB (a - 2A) X (3H-») X a^. by (a - 2A) x (3m+y) 
4. DivideaM-4a(I-|-3a!r-a, byA4l-4d+^-l■ 
5. Divide M-r!/+«i-4imf-6+'(i, by -0. 

6. Divide amy +3mj( - mijf+om -d,by- dmy. 

7. Divide ar<i-6a-4-2r-/Kf+6, by aorrf. 

8. Divide Gas - 8-|-3iy+4 - Ghy, by 40^. 

129. Prom the nature of division it ia evident, that the 
value of the quotient depends both on the divisor snd the 
dividend. With a given divisor, the greater the dividend, 
the greater the qnotient. - And with a given dividend, the 
greater the divisor, the less the quotient. In several of the 
Bucceeding parts of algebra, particularly the subjects of frac- 
tions, ratios, and proportion, it will be important to be able 
to determine what change will be produced in the quotient, 
byincreasing or diminishmg either the diviwr or the ^vidend. 

If the given dividend be 24, and the diviaor 6 ; the quotient 
will be 4. But this same dividend may be supposed to be 
multiplied or divided by some other number, before it is 
divided by 6. Or the ^maor may be multiplied or divided 
by some other number, before it is used in dividing 24. In 
each of these cases, the quotient will be altered. 

ISO. In the first place, if the given divisor is G<mtained in 
the given dividend a certain number of times, it is obvious 
that the same divisor is contained. 

In dotAU that dividend, tmce as many times ; 

In Iripk the dividend, thrice as many times, &c 

That is, if the diviaor remains the same, mtii^ymg the 
^oidend by any quantity, is, in effect, mtiltt;>lytii^ the qmriieat 
by that quantity. 

Thus, if the constant divisor ia 6, then 24^=4 the 
quotient. 

Multiplying the dividend by t, 3x24-f..6=:Sx4 

Multiplying by any number n, nx2444=nx4 
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131. Secondly, if the given divisor ia contamed in tlie 
given dividend a certain nuinbei of times, the sante divuw 
u contained. 

In half that dividend, half ae many times ; 

In one third of the dividend, one third aa mas]' times, &c. 

That is, if the divisor remains the same, dfeiilfur Ae dM- 
imd by any other quantity, is, in efl^t, ^mding uu quoHaU 
by that quantity. 

Thus 244-6=4 

Dividing the dividend by S, jS4-^6=ii 

Dividing by n, J^4-±-6=i4 

I3S. Thirdly, if the given divieoi is contained in the given 
dividend a certain number of times, then, in the same divi- 
dend, 

TWce that divisor ia contained only hd^ as many times ; 

Thru timti the diviscw is contained one third as many times. 

That is, if the dividend remains the same, mu&iplying the 
diviaor by any quantity, is, in effect, dwitimg the fputimt by 
that quantity. 

Thus £4-^=4 

Multi[^ying the divisor by 2, 24-^3x6=1 

Multiplying by n, 24-J-tt X 6 = ; 

133. Lastly, if the given divisor is contained in the given 
dividend a certain number of times, then, in the same divi< 
dend. 

Half that divisw is contained tmee as many times ; 

One third of the divisor is contained thrice as many times. 

That is, if the dividend remains the same, Striding the t&i. 
lor by any other quantity, is, in effect, miUt^th/ing (Ae quotietu 
by that quandty. 

Thus 34-^6=4 

Dividing the divisor by S, S4-^^=3x4 

Dividing by n, 24-H6=nX4 

For the method of performing division, when the divisor 
and dividend are both compound qmaatitiee, see one of the SA- 
lowing sections. 
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FRACTIONS.* 

Akt. 1S4. EXPRESSIONS in the fonu of fraclioDa occur 
more frequently in Algebra than in arilbmetic. Moat in* 
stances in division belong to this class. Indeed the nuntera* 
toi of every fraction may be considered as a £vidend, of 
Mrhich the denominator is a ^mor. 

According to the common definition in arithmetic, the 
denominator shows into what parts an integral unit is sup- 
poeed to be divided ; and the numerator shows how many 
of these parts belong to the fraction. But it makes no dif- 
ference, whether the uhoU of the numerator is divided bf 
the denominator ; or only one of the integral imits is divide*^ 
and then the quotient taken as many times as the number of 
units in the numeratw. Thus } is the same as ^f-{-|. 
A fourth part of three declare, is equal to thiee fourths oT one 
dollar. 

135. The vaivt of a fraction, is the qtwtieBt of the uume- 
rator divided by the denominator. 

From this it is evident, that whatever changes aie mada 
in the terms of a fiaction ; if the quoHetU is not altered, tha 
value remains the same. For any fraction, therefore, wa 
may substitute any other fraction which will give the same 
quotient. 

Th«Bl="*=l*5=?^=6-±?,&c. For the quotient in 
2 6 860 4drx 3+1 ^ 

0Rch ot these instances is 3. 

136. As the value of a fraction is the quotient of the nu- 
merator divided by the denominator, it is evident from Art. 
Its, that when the numerator is equal to the denominator, the 
ralue at the fraction is a unit ; when the numerator is lesi 

* Bonday>t Moihenuitics, Oamu^ Arithmetic, Emerson, Bulcr, Suindci'soii, 
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thui the denominator, the value ia leu than a unit; asd when 
tbe numerator b greater than the deDominalot, the value u 
greotet' (Aon a mit. 

The calculations in fractions depend on a few general 
principles, which will here be stated in connexion with each 
other. 

137. If the denoimnatw of a fraction remmai fAe lame, tmd- 
lip^finj- the noherator by any guonltty, is tmiitiobpng tht 
Value by lAof qiumtity ; <md dindmg the numerator, u dmdmg 
the value. For the numerator and denominator are a divi- 
dend and divisor, of which the value of the fraction ia the 
auotieat. And by Art. 130 and 131, multiplying the divi- 
end is in effect multiplying the quotient, and dividing the 
dividend ia dividing the quotient. 



IliUB in the fractions 



a6 jab 7tAd loft , 



The quotientB or values are b, Sb, tbd, ib, &«. 

Here it wiU be seen that, while the denominator ia not 
altered, the value of the fraction ia multi[^ed or divided by 
the same quantity as the numerate. 

Cor. With a given denomioator, the greater the bume- 
ratcNr, the tteaXet will be the vahe of die fraction ; and, on the 
other han^ the greater the value, the greater the numerator. 

138. If the numerator remains the same, muif^Iytng the d^ 
tuminatOT by any qacmiity, is dividing the value by that quantity ; 
and (fotinig (u denotmnotor, is multiplying toe value. For 
multiplying the divisor is dividing the quotient ; and diving 
the diviBM is multiplying the quotient. (Art ISS, 133.) 

The values are 4a, Za, 8a, 24a, &c. 

Cor. With a given numerator, the greater the denominatai^ 
die Use will be the value of the frEu:tton ; and the less the 
value, the greator the denominator. 

139. From the last two articles it foUowa, that diotdin^ the 
tutmerator by any quantity, will have the saaie effect ott the 
value of the fraction, as muiliplying the denonmator by that 
quantity ; and mulHplyiMig the numerator will have th« same 
effect, as dividing the denomnator. 
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FKAOnOMS. «| 

140i It U aieo evident fram the preceding urtielea, that ir 

THE MIHERATOK AND DEROHIKATOR BE BOTH HCI-TIPLIED, 
OR BOTH DITIDED, BY THE MHB QCAKTITT, THE TALDB OP 
TBE rKACTION WILL HOT BE ALTERED. 

bx abx Sbx ibx iaitx . _ . . , 

'^"» T ='S = Si =jb=-i^ > *^- ^°' "* "'^^ ^'^ 

these instaDces the quotient is x. 

141. Any integral quantitymay, without altering its value, 
be thrown into the foita of a fraction, by multiplying tfa« 
Quantity into the proposed denominator, and taking the pro- 
auct for a nnmeraltw. 

_, a tA ad-\-ak 9adh . « , 

1 4S. There is nothing, perhaps, in the calculation of algc- 
bruc fraction^ which occa^ons more petplexity to a learner, 
than the positive and negative ligm. The changes in these 
are so frequent, that it is ueceseary to become familiar with 
the principles on which they are made. The use of the aga 
which is prefixed to the dividing line, is to show whether the 
value of the whok fraetum is to be added to, or subtracted 
from, the o^er quantities with which it is connected. (ArL 
' 43.) This Bign, therefore, has an influence on the aevenil 
terms taken collectively. But in the numerator and de- 
nominatOT, each sign aSecls only the single term to which it 

The value oT-ris'o. (Art 135.) But this will becone 

negative, if the sign - be prefixed to the fraction. 

— "»6 — «i 

Thus S+-J =tf-f o. Buty— j=j(-a. 

So that changing the sign vbich is before the wbcde fta^ 
lion, has the effect of chan^ng the value from positive to 
negiUlve, or from negative to positive. 

Next, suppose the ngn or signs of the tmmtntor to bo' 
changed, 

ByArt.l8S,^=+a. But ^=-«. 
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And T — =+fl-C; But ■ r^ — =-«-{-«. 

That i^ by changiag all tbe signs of the aumenUor, the 
value of the fraction iia changed from poEdtive to begatiTe^ or 
the contrary. 

Again* suppose the eign of the denomjnafor to bo changed. 

Ae before -r =+* But — jr=:-«. 

143. We have then, this general [HropodtioD; If the 

8IQn FREFIXED TO A rB&CTIon, Oa ALL THE SISHS OW THK 

imilERATOR, OR ALL THE SlOItS OF THE DEMOMIHATOK BE 

OHahsed; the talue of the jractioit will SK OHAAWS 
fsoif positive to negative, oe from hecative to pobi- 



From this is derived another important princifde. As each 
of the changes mentioned here is from posiUve to negative, 
or the contrary ; if any too of tliem be made at the same 
time, they wiU balaace eaek other. 
Thus by chan^ng the sgn of the numeratoE, 

— =+a becomes Z__= - a, 
h 

But, by changing both the numerator and denominaUr, it 
beci»Be8-^l~-=:-U(t, where the positive value is restored. 

— 
By changing the sign before the fraction, 
y4-2? =;t(-fo becomes s -_= y - 0. 



But by changing the sign of the numerator atso^ it beconnes 
y-Jl_ where the quotient -aisto be tubbraettd from y, 

or which is the some thing, (Art. 81,) -^a is to be added, 
making y+a t6 at first. Hence, 

144. If all the biors both of the nuHERATOR mo 

JItHOHIRATOR, OR THE BIGflS OF ONE OF THESE WITH THE 
glQIT PREFIXEn TO TBE WBOLK FRACTIOR, IE CHAKMD AT 
THE SAHE TIME, THE VALUE OF THE FRACTION WILL ITOT *B 
ALTERED. 
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^ _, 6 -6 6 -S ^ 

Hence the quotient in diruioa may be Bet down in different 
ways. Thua (a-c)-fA,»ei'l»er-j+— , «'r-r- 

The lattei method ialhe mort. common. See the ezain 
flea in Art 127. 

^DUC33aN OF FRACTIONS 

l^. From tlie ^mciplea which have been stated, on de 
rived the rules for the reduction of fractions, which ace sub* 
ataotidly the same in algebra, as in arithmetic. 

A FRACTIOIt HAT BE KEDecDII TO LOWER TKBMSy lY DITI- 
nine BOTH THE nnMERATOaAnDDENNIIKATI>B,Br ANTQDUT- 
TITT WHICH WILL DIVIDE TIEH WITHOUT A RKHAIHDEJa. 

Acceding (o Art. 140, tlu»wiU not alter the value of tba 
fiaction. 

_, ofc a , , Sdm Sm . . Tdf I 

Ti'us-^=-- And-g^=^ ^^t;;^^-/ 

la. the' last exan^ile, both parts of Ibe fraction are dividad 
by the tuunenUor, 

If a letter va in eom/ term, both of the numerator «id d»' 
nominate, it may be caae^ed, for this is Jm^ng by that 
letter. {Art. ISO.) 

If the numerator and denominate be divided by the gnat- 
tat eemnitm mcwore, it k evident thai the fhtctim mA be , 
vednced to the l»wt»l terms. Fot the method of fti^g tb«-' 
greatest common measure, see Sec. xvi. 

146. FeACTlONSOrDIFrEOGRTIMEmiHUIATOUHABBCAE-. 
DDCBD TO A COHHOIt DEKOKTNATOK, BT HVLnPtnHa EACH 
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NUMERATOR IRTO ALL THE DSNOHIHATOR8 BXCEPf ITS OWN, 
FOR A NEW HUUERATOX; AND ALL THE OEH0MIRAT0R8 TO- 
GETHER, FOR A COHHON DEMOHINATOR. 

£]c. l.Beducenaii(l~,and- to a commoo denomioator. 
b d y 

cxl>xy='^by } the three numeretofs. 

mxbx^=™>d } 

bxdxy=b^ the common deniRninatoi. 

The fractions reduced are */, and z^, and y-^— 
bay bay bay 

Here it will be Seen, that the reduction conraets in multi- 
plving the numerator and denominator of each fraction, into 
all the Other denonunalms. This does not alter the 'ralue. 
(Art 140.) 

8. Reduce*, and ?^i and 51 
3m g y 

8. Reduce *,and -, andl±l. 
3 . X d+k 

1 



, After the fractions have been reduced to a commui de> 
nominator, they may be brought to lower terms, by the rule in 
the last article, if there is any quantity which will divide the 
denommator, and ail the numeratorB without a remainder. 

An integtr and a fraction, are eaaly reduced to a common 
JeaominaLor. (Aru 141.) 

Thus a aud ■ are equal to.- and ~, ot — and — 
1 c e c 

Anda,6.JU 1 are equal to ^ *?2. ^ *? 
my my my my my 

147. To RBBDCB AN IHFROFER FRACTION TO A HIXBO 



Thui eH^!!±i»»+"H-f 
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Reduce — --' ^-^ ■ ~— , to a roirod quantity. " ' -- . 

Fw the reduction of a mixed mumtiiu to an impnipar frae- 
tioa, see Art. 150. And for the reductioQ of a eompomd 
traetion to a simple one, see ArL 1^ 

ADDITION OP FRACTIONS. 

148. In adding fractions, we may either write them one 
after the other, wUh their signs, as in the addition of integeia^ 
or we may incorporate them into a single fraction, by the fcd- 
lowing rule : 

Reduce the fractionb to a cohuon dbhohihatok, 
make the siflns before theh all fosittte, and then add 

THBtR nUHERATOEt. 

The common denominator shows into what parts the inte- 
gral unit is supposed to be divided ; and the numerators show 
the numbtr of these parta belonging to each of the fractions 
(ArL 134.) Therefore the numerators takm togethtr ebav 
the whole number of parts in all the fractiooa. 

Thus, ;^=;j^4.^- JLaij=jj+^+j- 

The numerators are added, accor dine to the rules for the 
addition of iutegere. (Art. 69, &c.) It is obvious that the 
auhi is to be [uaced over the common deDOminfitor. To 
avoid the perplexity which might be occasioned by the signs, - 
it will be expedient to make those prefixed to the fractions 
uniformly positive. But in doing this, care must be taken 
not to alter the vfdue. This will be preserved, if all the signs 
in the numerator an changed at the same time with tl^at be- 
fore the fracUcoL (Art 144.) 

Ex. 1. AddAand_iOf apound. Ans. -X-or-—. 
16 16 16 16 

It is as evident that -nr, and i^ of a pound, are iV of a 
pound, as that t oimces and 4 ounces, are 6 ounces. 

S. Add^andl. Finst reduce them to a eommoo deoomi- 

_ _ gJ+fe 



'Do,l,.cdbyCoOJ^IC 



-?E±±i 



Am««ia - ^±^=3^ and - i^+^d _ ikm~iJr-ia 
4." and ^^-*'_a . -*+"' _'g -M+ffei 



y -m -as -my ~mg 



a^ a-h aa-{-ai> ~i^ - bb~' ai-b^' 



8. Add ':±U}ZJZ. Ane.-6. 



148. For many pnrpowB, it ie Buffieieot to add fi 
the mme ontatMr as integers are added, by -wntvag them otw 
after another irith iheir agne. (Art 69.) 

ThiM the Bum of ^ and ^ and - —is l-f.^ - iL 
h y xm b y zm 

b the same manner, fractions and integem may be added. 

liiefiam of a and — and 3m and-— , Is a4-3nM — — — . 

ISO. Or the Integer may be ineorparattd wilJi the fraction, 
W coBTerting the fbimer into a fraction, and then addhig the 
See Art. 141. 



The mmief M«nd-~,i8 ^ — *— 

m—y m— y 

- I«eoi:pontiiig'aninteg«riritha&astiao,lstheameaBrs- 

dudng a vaxtd awotUift/ to an improper fraction. For a mixed 
quaiitily w an uttegw and a fntcUoo. In arithmetic, tb«se 
are generally placed together, without any sign between 
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them. But in fdgebra, they are distiact teraw. Tlitu ii is 

S aad i, which ia the same as 2+1. 

li'.T. 1. Reduce o-f- to an improper fraction. Ana. f^X-. 

' 2. Reduce »+d- -•:^ Ana. ^~*^_^"'""''' 

8. Reduce i+i Ana. *±1 4. Reduce 1-A 

5. Reduce b+— 



SUBTRACTION OP FRACTIONS. 

51. The methods of performing subtraction in algehra, 
depend on the principle, that adding a negative quantity is 
equivalent to subtracting a positive one ; and v. v. (Art. 81.) 
For the subtraction of fractions, then, we have the following 
simple rule. Change the fhactiom to B£ sdbtractxd, 

FROM positive TO NECIATIVE, OR THE CONTHAKT, AKO THEK 

PROCEED AS IN AODiTioH. (Art. 148.) In making the re- 

auired change, it vili be expedient to alter, in some instances, 
le signs of the numerator, and in others, the fdgn before the 
dividing line, (Art. 143,) so as to leave the uitter always 
aflkmative. 

Ex. I. Prom *, subtract ^ 
b « 

First change — , the froctifHi (o be subtracted, to ~. 

Secondly, reduce the two fractions to a common denomi- 
nator, making, — and Zz^. 
bm bm 

Thirdly, the sum of the numerators am-bk, plaoed over 
the common denominator, gives the answer, ^^^ — 

S. Ftomifci!.ubt,aclt AmStttt 
r d or 

8. From " subtract izl Ans. W7'M-fr«. 
m jf my 

6* 
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4.Prom5±W„,btr«ct52^. Ads. »Z^. 
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VBACnONS. 
„3 



Afiwrtfapattof «)B 

4-1-4-^4 



Thi» takeu S times ia | + J4.|.=^ (Art. 148 ) 

S 



Agaio, siq^oee r- is to be nudti[died hy t- 
Oaefourttaf j-U ^. (Art. 1S8.) 

This taken Stimes ia 4L'^^'^iit~ Sk* 

the fHvduct required. 

In a similar maimer, any fmctiotial mulUidlGand may be 
divided into parts, by multiplying the deiuMwnator ; and tme 
of the parts may be repeatw, by multifdying the numerator. 
We have then uie following rule : 

155. To HULTIFLT FRACTIONS, UDLTIPLT THE HDMERlw 
TORS TOOETHEB, FOR A «EW NUUERATOR, AND THE DENOHI- 
KATORS T06ETUEE, FOB A NEW DENOMINATOR. 

Ex. 1. Multiply - into— Product^—. 

OT--2 »»!/-% 



a-\-h. 4-m 

multiplying is the same, when 
ions to be multiplied together. 



4. Mult. ~F>lo V^.- 5. Mult. 

156. The method of 
Lfe more than two fractions 



For -xt i9> by the last article — , and this into " is *!^. 
id bd . y bdy 

S. Multiidy.IZ,ll_--:, -, and Product _ . 

m^ y c r-1 cmry-cmy 
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3. Mull. ?+* i and -i_. 4. Mult. ^, ^. and l. 

157. Tho multiplication may sometimes be shortened, l^ 
rejectiag equal factors, from the nmnerators aad denomina- 
tors. 

I. Multiriy - into — and — Product — . 
t- a y ry 

Here a, being in one of the numerators, and in one of the 
deuominalors^ may be omitted. If it be retained, the [m)duct 

vill be — . But this reduced to lower terms, by Art. 145, 
ary 

will become — as before. 
ry 



It is necessary that the factors rejected frcnn the numera- 
tors be exactly equal to those which are rejected ftom the 
denominators. In the laet example, a being in two of the 
numerators, imd in only one of the denominators, must be re- 
tained in one of the numerator. 

S. Multiply ^ into ^. Product "^^ 
y ak ah 

Here, though the same letter a is in one of the numerators, 
And ia one of the denominators, yet as it is not in every term 
of the numerator, it must not be cancelled. 

4. Multiply ^?±^ into* and?!!, 
ft m * fio 

If cmy difficulty is found, in making these contractions, il 
will be better to perform the multiplication, without omitting 
any of the foctots ; and to reduce the product to lower terms 
afterwards. 

158. When a fraction and an intcgtr are multiplied to- 
gether, the numerator of the fraction is multiplied into the 
integer. The denonunator is not altered ; except in cases 
where division of the denoniinator is substituted for multipli- 
'^tion of the numerator, according to Art 139. 
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Thin •x"= — Fora=Jj and*x"=— 
• If I I if > 

»>'XJXt^=^ A.d.xl=|. H»«, 

159. A VIACTIOK ISHULTIFLIBO DTTO JL QU^HTITr BQOAL 
TO ITS DBIfOMIRATOB, BT CAltCKLUHa THK DEHOHIKATOR. 

Tha8^Xt=a. For°xi=^- But the letter fr, being 

in both Uie numerator and denominator, may be eet aidde. 
(Art. 145.) 

SoJ2Lx(«-!f)=3» And^X<8+«)=M-Si 

On the same [vinciplcy a faction ia multifJied into any 
factor in its deoomiaatoi^ tqr caocelling that fecfav. 

160. From the definition of multiplication by a fracdon, it 
fdloire that what is commonly called a compouni Jraction,* 

u the fniiiet <ii two oc more fractums. Thus _ of ^ it 

txt. For,|(tf^i8Lofi taken three lime^ that i^ 

fr+Tt+Tt- But this is the same aa !. moltipliodbyr. 
w 4o 4b • 4 

(Art. 164.) 

Hence, rcdbcCn^ a compound jrnction into a fjn^ on^ U At 
tame at multip^iag fractioiu into each other. 

Er. 1. Reduce * of " . Ane. *1_ 

7 s-pa tS+iT 

1 Reduce ^ofiof H± Am »*±|* . 
S 6 Sa-m 30a-lSm 



a compoond ItawUcm u msau ■ Ihwtion i/a fiaetio)!, tod »c4 ft flMedon 
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161. Tha ^xpnamoa la, ib, ^, &c. an equiTalent to 
^ ~f 1^. For laisfof a, whichisequal to |x<>= • 



DIVISION OF FRACTIONS. 

163. To DIVIDE OHE TRACTION BT ANOTHBB, INVERT THE 
DIVISOR, AHD THEN PROCEED AS IN HQLTIPLI CATION. (Art. 

155.) 

Ei.1. Divide* by i. Ans. 'x~=^ 
b d b e be 

To understand the reason of the rule, let it be pieniised, 
that the product of anyfiactibn into the same fraction inverted, 
is alvrajre a unit 

Thus |x'-=2j=l. And_^x-5±S.=1. 

But a quantity is not altered by multiplying it by a unit. 
Therefore, if a dividend be multiplied, first into the divisor 
inverted, and then into the divisor itself the last product will 
be equal to the dividend. Nov, by the definition, (art. 115,) 
"division is finding a quotient, wUcb multudied into the di- 
visor will produce the dividend." And as the dividend mul> 
tiplied into the divisor inverted is such a quantity, (he quo> 
tieut is truly found by the rule. 

This explanation will probably be best imderstood, by at- 
tendine to the examples. In several which follow, the pn(^ 
of the oivisiw will be given, by multiplying the quotient into 
the divisor. This will present, at one view, the dividend 
multif^ed into the inverted divisor, and into the divisor itself. 

8. Kride " by 5^. An* ?,xi=BL 

Pwot %x^=-^, the dividend. 

». Divide tab,5i a™. stfxi=ati 

r ■ y r 6d 5a- 

Prod 2tB!x^=?±^. 
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- 4.DivM«<*bJ in. Am. *5x-4-=?i 

X a X ihr rx 

Proof. 2^X—=— the dividend. 
rx a X 

5. Divide i^ by M. Ans. J«£xl^=i^ 

6 •' lOj 6 18A A 

6. Divide 2Hi by 5bi 7. Divide ^^^ by _!.. 

3y « 4 »+' 

16S. When a fraction is divided by an integer, the dtnom- 
nator of the fractioais multiplied into the integer. 

Tbtu the quotient of - divided by in, is ~. 

FcMT ra="; and by the laat article, ?-i."=?X-=A- 
1 b I m m 

1 ?^=l= 



In fractions, multiplication is made to perfonn the office 
of division ; because aivieiou in the usual form often leaves a 
troidilesome remainder : but there ia no remainder in multi- 
[filiation. In many caaea, there are methods of ehorteoing 
the operation. But these will be suggested by practice, 
without the aid of particular rules. 

164. By the definition, (art 49,) "the redpncal of a 
quantity, is the quotient arising from dividmg a imit by that 
quantity." 

Thereforethereciprocalof lis l-f^:=lX-^-- Thatis, 
ad 

The reciprocal of a Jrattion i» the fracttm inverted. 

Thus the reciprocal rf is . "T^ -; the reciprocal of t 

m+y b 

L is fit or Sw ; the reciprocal of i is 4. Hence the recip- ' 
Sy 1 . * 

rocal of a fraction whose numerator is 1, is the denominator 
of the fraction. 

Tfaos the reciprocal of — is o ; of — „ is a4-b, tie. 
. a o-j-o 
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66. A ftaetion aemetoaea occurs in the nsneratw n de. 
ncHninator of onothtf fraction, as tz. It is often convement, 

in the course of a calculation, to transfer such a fraction, 
from the numerator to the den<Mnmator of the pnneipal frac- 
tion, or the contrsry. That this may be dwie witlioirt alter- 
ing the Talu^ if the fraction transferred be inverted, is evi- 
dent from the feUowiag; principles: 

IVst, Dividing by a fraction, is the same os mu^b/ktg by 
the fraction inrerled. fArt. 168.) 

Biecondly, DioiSag me numerator of a fraction has the 
same effect on the tguus, as vmUmh/iag the deaommator ; and 
multiplying the. numerator lias tb& same effect, as dividiBg 
(be deoonunalw. (Art. 1S9.) 

Thus in the expression.!? the numerator of— iamultij^ed 

into }. But the value will be the same, i^ instead of multi- 
[dying the nucoemtor, ve divide the deaomioatwbjr ^thaii^ 
multi[dy the dencnninator by |. 

Thewfoie i?=^. So L^^^ 

M-s ixCUhiV »+Jj *». M 

166. Multiplying the mtmcrotor, is in efieet multiplyiog the- 
value of the fracticm. (Art.137.) On this principle, a frac- 
tion may be cleared of a frBctional ee-efficient which occurs 
m its numerator. 

Tl™^='xl=g. ABdJ?4xl=2. 
b 6 h U y^ySy 

And iy*=Lxte=yi AndJf=il. 
m 3 Ht 3m oa SOa 

On the other hand,. 5^ix-=^- 

T» 7 » » 

And-4x?=h And_^=^ 

167. But multifdying the dmommotor, by another fraction,, 
lb in effect dividing the value ; (Art. 138.) that is, it is muM- 
plym; the value by the fraction ineerted. The principal frac- 
tion may thnribre be deared of a frsictieual e~ -'>-i— 
which occurs in its dencminatw. 
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SIMPLE EQUATIONS. 



lO b 5 b S Sb ix She 



ly 3y 



On the other hnnd, — = " 
Sx ^x 



kr.A Sy+Sdx^ y+dx And?J=-l. 

2m jm y is 

67. b. The numerator or the denonuDator of a fraction, 
may be itself a fraction. The expression may be reduced to 
a more simple form, oa the principles which hare been applied 
ill the preceding cases. 
a 

I a c ad 
^^^c=b-^d=W 
d 



And f=n? And i= 



r nr 



SECTION VII. 



SIMPLE EAUATIONB. 



Art. 168. The subjects of the preceding sections are m- 
troductory to what may be considered the peculiar povince 
of algebra, the investigation of the values of unknown quan- 
titiee, by means of eqvatums, 

Ak eqdatiok ISA phopositioh, ExntcBsma in ilsebbaio 

CHARACTERS, THE EQUALITY BETWEEN ONE QUANTITI OBSBT 
OF QUANTITIES AND ANOTHER, OR BETWEEN DIFFERENT EX- ' 
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pjtESstona roR the bahe qdjiktitt.* Thus x-)-a=&4A u> 
an equation, in vhich the sum of x and a, is equal to the Bum 
of b and e. The quantities oa (he two sides of the sign of 
equality, are Bometimes ealled the memben of the equatimi ; 
the several terms on the ie/t cooBlitutrng the frst member, 
and those on the right, the atcond member. 

169. The object lumed at, in what is called the resolution 
or reduction of an equation, is to fad tke tatue <^ the unfcnotm 

r^. In the first statement of the conditions of a problem, 
known and unknown quantities are frequently thrown 
^iHniscuoudy toother. To find the value of that which ia 
required, it is necessary to bring it to stand by itself, while 
on the others are on the oppofflte ade of the equation. But 
in doing this, care must be taken not to detlrm the equation, 
by rendering the two members unequal. Many changes 
may be made in the arrangement of the teme, without af- 
fecting the equality of the aides. 

no. The xeductiok of an equation consitrs, tdek, 

IN BRINGING THE UNSnOWH QOANTITT BT ITSELF, OH 0KB 
SIDE, AHD ALL THE KHOWN QUAHTITIES OH THE OTHER SIDE, 
WITHOUT DBBTROriNO THE EQUAIION. 

To effect this, it is evident that erne of the members must 
~ ffeaa-moch iocreasedordiiuiniehed as the other. If a quan- 
tity be added to one, and not to the other, the equality will 
be destroyed. But the members will remain eqtial ; 
If -the same or equal quantities be added to each. At. 1. 
If the same m equal quantities be si^lracted from each. Ax. S. 
If each be trmlHpUed by the same or equal quantities. Az. S. 
If each be dimded by the same or equal quantities. Az. 4. 

171. It may be farther obaerved that, in general, if tha 
unknown quantity is connected witli others by addition, mul- 
tiplication, division, &c. the reduction is made by a contrary 
process. If a known quantity is added to tlie unknown, the 
equation ia reduced by subtraction. If one ia multiplied by 
the othei, the reduction is eSected by dimsian, &c. The 
reason of this will be seen, by attending to the several cases 
in the following articles. The known quantities may be ex- 
pressed either by letters or figures. The tmknovm quantity 
IS represented by one of the last letters of the alphabet, gen- 
walqr », y, or z. (Att. £7.) The fmndpal reductioiw to 
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SIMPLE K<iUATIONS. «1 

b« ccnaMered in this sec^i, are those whiok »r« flSbcted by 
tmmifotitum, jmMpliat&m^ and (JwiMon. The>e ougbt to b« 
made perfisctly &unili(ur, oe one or nwee of (hero ww be ob- 
ceesary, in the reeolutiou of ^most aveiy equaliou. 

TEANSPOSITION. 

172. In the equation 

«-7=9, 
the QHinber 7 being connected with the unlcnowD quaotity > 
by the sign -, the one ia subtracted from the other. To re- 
duce the equation by a cmtrary [socess, let 7 be added to 
both Bides. It then bec<»DeB 

a:- 7+7=9+7. 

The equality of the membera is preserved, becatise one is 
as much increased as the other. (Axiom 1.) But on oae 
side, we have - 7 and + 7. As these are equal, tuid have 
cmiuwy ragits, th^ baUmca Mcft «tker, and may be cancel- 
lad. (Art 77.) The equation wiU then be 

11=9-1-7. 
Hare the value of x ia found. It is shown (o be equal to 
S+7, that ie to 16. Th» equation is theiefore reduced. 

known quantities on the other side. 

In, the same maimer, if x~-b=a 

Adding b to both sides x- b+6=a+i 

And cancelling (-A+6) x=»\-b. 

Here it will be seen that the last equation is the same xl3 
the first, except that & is on the opposite side, with a contra- 
ry sign. 

Next suppose y+c=(L 

Here c is added to the unknown quantity y. To reduce the 

equation by a contrary process, let c be subtracted from both 

sides^ that is, let - c, be applied to both sides. We theu have 

y+c— e=d— c 

The equality of the members is not affected, becatiae one 
is as much diuuniahed as the other. When (-)-« —c) is ccui- 
eelled, the equation is reduced, and is 
y=d-e. 

This is the same as y-{-c=d, except lfaa.t c hie been trans- 
jposed, and has received a ctHitrary sign. We bence obtain 
the following geueToI rule : 
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68 ALGEBRA. 

ITS. WeBK KVOWIf QQAltTITIES lEE CONNBCTEDITITnTint 
UNKITOWM QUA.HTITT BT THE BIOTT -{- OR - , THE KQUATIOR IS 

REDUCED Br TRANSPOSING the enow» quantities -to 

THE OTHEK BIDE, AHV PREriXtNl THE CONTRAKT BICIN. 

This is called reducing tui >-<iitttion by oddtfton or tvbtrae' 

dmt, because it is, in eSect, a. .ding or Bubtracting certain 

quantities, to or from, each of the memboa. 

Ex. 1. Reduce the equatjoa x-\~Sb-m=k~d 

Tianaposing-f 36, we have x~m=h-d~Sb 

And transposing - m, x=k —d - Sfi-j-nt. 

174. When several lermB on the same side of an equation 
are aJiJbe, they may be united in one, by the roles for reduc> 
tion in addition. (AiU 73 and 74.) 

Ei. 2. Reduce the equation «+56 - 4Am7i 

Transposing 6b -Ah x=^h - 56+4A 

Uniting 7i - 6fc in one term iF=2fc+4A. 

175. The unfenmm quantity must also be tranqwaed, 
whenever it is on both aides of tne equation. It is not mRtar 
rial on which side it is finally ^aced. For if x==.$, it is evi- 
dent that S=x. It may bb well, however, to iHing it on that 
Bide, where it will have the affirmative »gn, when the equa- 
tion is reduced. ■ - 

Ex.5. Reduce the equation Zx+fih=h+d+3x 

By transposition , 2A — A-d=Sx — 2a 

And h-d=ix. 

176; When the tame term, with the same sign, is on oppo- 
nte rides of the equation, instead of transporang, we may ex- 
punge it from each. For this is only subtracting the same 
Siantity from equal quantities. (Ax. t.) 
X. 4. Rwluce the equation x+ih+d=b-\-Sh-\-7d 

Expunging SA X'\'d=h-\-7d 

And x=b+ed. 

177. As all the terras of an equation may be transposed, 
or supposed to be transposed ; and it ie immaterial which 
member is written first ; it is evident that the rign* ofaUtiu 
ternu may be ehimged, without affecting the equmity. 

Thus, if we have x~b=d — a 

Then by transpostion -d-f (i= -a +4 

Or, inverting Ine members -x+b=~d^a. 

178, If all the terms on one rade of an eqoation be tiaafr 
posed, each member will be equal to 
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SIMPLE EQUATIONS. S9 

ThuB, if x+b=i, then x-{-6-d=0. 

It b frequently convenient to reduce an equation to this 
form, in whlcb the positive and negative tenns balance each 
other. In the example just given, x-^-b is balanced hy~d. 
For in the fiiat of the two equations, x-^-fr is equal to a. 
Ex. 5. Reduce a+3x-8=b-4-|-x-fa. 

6. Reduce y-{-ifr-Am=a-|-3u-a6-|-Ain. 

7. R«duce h+S0+7x=8 - 6A-|-6« - d+b. 

8. Reduce 6JH-Sl-4«+d=13-3ii4-d-76A. 

REDUCTION OF EQUATIONS BY MULTffUCATION. 

179. The unknown quantity, instead of being connected 
with a known quantity by the sign 4- or - , may be dinded 
by it, as in the equation _ =6. 

Here the leduetion cannot be made, as in the pieceding 
uutancei^ by transpoaitjon. But if both members be muJfi- 
plied by a, (Art. 170,) the equation will become, 
x=ab, 

JiW a fraction u timUifUed into iU denomkuOor, by removing 
tAe denominator. This has been proved from tke properties 
of fractions. (Art. 1S9.) It is also evident from the sixth 
axiom. 

Thus .,_■» fe (a+ft)x» _<fa+g» &c. For in each 
B - 3 ~ a+b d+S 

of these instances, x is both muldplied and divided by the 
same quantity ; and this makes no alteration in the value. 
Hence, 

180. Whek the unknowh quantitt is divided bt a 
ktrowit (tuantitt, the equation is kkduoed bk multi- 
plying each 8iob it thii kkowh quastitr. 

The same transpositions are to be made in this case, as in 
the preceding examples. It must be observed also, that every 
term of the equation b to be multiplied. For the several 
terms in each member consUtute a compound multiplicand, 
which is to be multiplied according to Jut. 96. 
Ex. 1. Reduce the equation ^^a=b+d 

Multiplying both ddes by c 



The im)duct is x+ac^be+ei 

And ^ x=xbe+cd~ae. 
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3. Reduce the equation 5^ — [-5=20 

Moltiplyingby 6 «-44-30=iS0 

And f =130+4 - 30=94. 

S. Reduce tlte equatiim -!L-A.d=k 

Multiplying by o-fft (Art. 100.) a;+iwq-Ji=aA-f-6A. 

And xsnah-^-bh -ad-bd, 

181. When the unknown quantity is in the denominator of 
a fraction, the reduction is made in a similar nianner, by mul- 
tiplying the equation by this denominate. 

Ex. 4, Reduce the equation (-7=8 

10 -» 
Multiplying by 10-x «4-70-7«=80-8« 

And xb4 

183. Tfaou^ it ia not genemlly iteeeMary, yet it ia often 
convenient, to remove the denominator from a fraction con- 
eisting of known quantities only. This may be done, in the 
eame manner, as the denominator is removed from a fraction, 
which contains the unkoown quantity. 

Tfike for example -=i+^ 
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Multiplying by « »=?^^.2* 

Multiplying by fc fti=fid-f?** 

Multiplying 1^ c hai=acd-i-abk. 

Or we may multiply by the product of «U the denomina- 
tors eX once. 

In the same equation -=_-{-. 

e 

Multiples by ^ o^^aW^^ 

Then by cancelling fnxa each term, the letter which U 
common to its numerate and denominator, (Art. 14S,) ws 
have bet=aed-{-abh, as before. Hence, 

18S. Ah EtlOATIOIT lf&7 BE CLEARED ov FRACTIONS ir 
MCLHPLTINa EAOB SIDE INTO ALL TBE DENOMINATORS. 
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SIMPLE EQUATION. 71 

Tbm the ©quaiiwi t = ^.-f-l - * 

a d g m 
is the same aa dgmx=abgm-^adem—adgh. 

And the equation 1— _-{-l-j-~. 

is the same as 80«=404-48-t-180. 

In clearing an equation of fractione, it will be necessary 
to observe, that the dgn-piefixed to any fraction, denotes 
that the whole value is to be subtracted, (Art. 142,) which is 
done by chan^g the signs of all the terraa in the numerator. 

» r 

is the same as ar~tbr=trx-Sbx-^ihm»-}-Gnx. 

REDUCTION OF EQUATIONS BY DIVISION. 

184. When the tJUKitowN QOAHTiTr is MULTIPLIED 

INTO ANT KlfOWH QUAHTITT, THE EQlTATtON IS REDDCED BT 
DIVIDING BOTH SIDES BT THIS KSOWW QUAWTITT. (Ax. 4.) 

Ilx. 1. Reduce the equation ax-^-b-ih^d 

By transposition <»=: d+Sk - b 

Dividing by a ,=*±5*zi. 

3. Beducethe equatiou 3x=!L-_+4i 

Cleaiing of fractions ic}uc=ah-cd-\-4beh 
DiridingbyftA «=f*zgi*± 

185. If the unknown quantity has co-efficients in Mwrol 
terms, the equation must be divided by all these coefficients^ 
connected t^ their sign% according t« Art. 121. 

Ex. 3. Reduce the equation Sx-hx=a~d 

Thatis, (Art. 130.) (3-&)xx=a-(I 

Dividing hji~b ' s^tzi. 

4. Reduce the equation ta+x=h-4 
Dividing by o+l 



a+r 
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Ez. 5. Reduce the equation x-^—^^ntl. 

Clearing of fractions 4hit-4x=ah'i-ih-4b 
Dividingbj;4A-4 ^^'A+dh-ib 

186. If any qoantity, either known or unknown, i> foond 
u a factor in every term, the equation may be dMded by it. 
On the other hand, if any quantity is a <^n»or in every term, 
the equation may be ntutep&d by it. In this vay, the factM 
.or divisor will be remored, so as to render the expreosion more 
dimple. 

Ex. 6. Reduce the equation ta+Sai=Sad-\-a 

Dividing by a x-^-Sb=6d-\-l 

And x=ei+l-ib. 

7. Reduce the equation ttl. - Ls=hzL 

* X X 

MulUplyingbyx(Art. 169.) c+l-ft=A-d 

And «=jk- <!+&-!. 

S. Reduce the equaticHi xx((H~^)~o-^=<'X(<H-0 

Dividing by a-l-6 (Art. 118.)jr- l=il 
And a;=d+l- 



187. Somefimes the conditions of a problem are at first 
stated, not in an equation, but by .means of a proportion. To 
show how this may be reduced to an equation, it will be ne- 
cessary to anticipate the subject of a fiiture section, so &r as 
to admit the [ninciple that " when four quantities are in geo- 
metrical prc^rtion, the product of the two extremes ie equal 
to the product of the two means :" a [xinciple which is at 
the foundation of the Rule of Three in arithmetic. See , 
Ari'.hmetic, 

Thus, if a:h::e: dy then ad=hc. 

Andif 3:4::6:8, than 3x8=4x6. Hence. 

188. A PBOPOKTION IB CONTEaTEO INTO AIT GQDAtlON DT 
HAKrifQ THE FKOniJCT OF TBE EXTRSHES, ONE SIDE OF THE 
RQOATIOH; AlfDTHE PRODUCT OF TBEHEARS, TBE OTHER SIDE. 
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SIMPLE El^UATfONS. :<» 

Ex. 1. Reduce to an equtition {tt'.b:iek:d. 

The profiuct of the extremes is adx 
The prmluct of the means h bch 
The equsLtion is, therefore adx=bch. 

S. Reduce to an equation a-\~b : e: : h~m : y. 

The equation is m/-(-ty=ic&-cm 

189. Oft the otuek hahd, an equation hat be con- 

VRBTED IHTO A FROPORTION, X7 BESOLVING OHE SIDE Or THE 
EQUATION INTO TWO FACTORS, FOR THE MIDDLE TERH9 OP 
THE mOPOBTIOH I AND THE OTHER SIDE IHTO TWO FACTORS, 
«X>BTHE EXTBEHES. 

As a quaotily may often be resolved into different pairs of 

factors ; (Art. 42,) a variety of pn^wrtions may frequently 

be derived from the same equation. 

Ex. 1. Reduce to a proportion abc=deh. 

The side abe may be resolved into axbc, orabxCt or acxb. 

AoddeAmaybe resolved into dx^KoTtlex^ ordAx*- 

Therefore aid:: eh: be And ae:dk::e:b 

And tA:dt.::h: c And acid::elt:b, &c, 

Foi in each of tlieee instances, the product of the extremes 

is abc, and the pcodnct nf the menna deh. 

Z. Reduce to a proportion ax-\-bxif:cd — ch 

The first member may be resolved into xx ((H~^) 
And the second into cxld — li) 

Therefore x :c: :d — h:a-{~b And d-h: x,: lo-f-i: e, &c. 

1 90. If for any term or terms in an equation, any other ex< 
pressioQ of the same value be nibiHliiUd, it i^ aianifest thu 
the equaUty of the sides will not be affected. 

Thus, instead of 1 6, we may write 2 x 8, or _ , or 25 - 9, tc. 

For these are only dillerent forms <tf expression for the sama 
quantity, 

191. It will generally be wdl to have the several steps, in 
the reduction of equations, succeed each other in the follow- 
ing order. 

First, Clear the equation of fractions. (Art, 183.) 
Secondly, Transpose and unite the terms. (Arts. 173,4,5.) 
Thirdly, Divide by the co-efficients of the unknown quan- 
tity. (Arts. 184, 5.) 



Do,l,.cdbyGoOglc 



Clearing of fractiona 343r-f 192=20»-{-SS4 

Transp. aod uniting terms 4x= 33 
Dividiugtiy 4 z=8. 

S. Reduce the equatJOD t^h=~-l-\-d 
a be 

Clearing of fractions ba!+abx~aa^abed~abch 



Dividing 



__ abcd—abch 



It Kniue. SM-?£t«=S+l!i:iH. 



bc+ab-w 

3. Reduce40-6x-l6=l£0-14;c Ans. «=13. 

4. Reduce ^JlJ+l^gO 4.'-'^. Am. «=~S. a- '. 

2 ' 3 2 ■ i,- I 

6. Rednce !+i=M)-!. 6. Reduce lri-4=3.,l- 

8^6 4 » — 

7. Reduce _? 8=6. 8. Reduce Jt.= l. ' 

9. Reduce »+i4.1=ll. 10. Reduce 1+J -i=I. 
^a^^ - a^s 4 ro- 
ll. Reduce ezi).6.=?242i 

H 

13. Reduce 

14. Reduce SI+!£j:li=5iz5+2IrJi 

16 ■ 8 8 

15. Reduce 1— '-^-.i-''^"- ' 

4 3 It 

a.Beduoe !^-l«±i^+6=?f+t 
17. Seduce !Izif-lH:i=5-6.+Ii+ii 
Id. Reduce .-?£zi(-4=!»::i-?£^fez«. 



r,o,i,,-,-rih,.CoO*^lc 



6x-4 
3 



SIMPIX EQUATIONS. 

19. Reduce «^+LfI'j±»=??±f. 

80. Reduce ^f±l : l£z£ : :7 : 4. ■ 
S 4 



SOLUTION OF PROBLEMS 

I9S. In the solution of problem^ by meana of equations, 
two Uiiogs are necessary: First, to traoslate the statement of 
the questi(ni from coinm<»i to algebruc language, in such a 
manner aa to form an equation : Secondly, to reduce this 
equation to a state in which the imknown quantity will stand 
by itself axtd its value be given in known terms, on the op- 
posite side. The manner in which the latter is ejected, has 
already been coQsidersd. The former wiH probably occasion 
more perplexity to a beginner ; because the conditicoiB of 

auestions oie so various in their nature, that the proper rae- 
lod of stating them cannot be easily learned, like the reduc- 
tioQ of equations, by a system of definite lUles. Practice, 
however, will soon remove a great part of the difficulty, 

193. It is one of the principal ^culiarities of an algebraic 
•olution, that the qwmt^ wntgkt is itMitf mfrodneed into tlie 
operation. This enables Us to make a statemeiit of the ccn 
ditious in the same tanspt, aa though the problem were already 
solved. Nothing then remains to be done, but to reduce the 
equation, and to find the a^giegate value of the known quan- 
tities. (Art 53^ As these are equal to the wihiovn quantity 
on the other side of the equation, the v^ue of tliat al«» w 
determined, and therefore the problem is solved. 

ProUem 1. A man being asked how much he gave for his 
watch». replied ; If you mmtiply the price by 4, and to the 
product add 70, and from this sum subtract 60^ the remain- 
der win be eqiul to 220 dollars. 

To solve this, we must first traowiats the eonditiuis of the 
pndilMQ, mtosuch alg^raic ezpieMione as will Conn, an et^ua- 
tion. 

Let the price of the watch be represented by ar 
This price is to he midt'd by 4, wnich makes 4x 
To the product, 70 is to be added, making 4z4'''^0 
From this, 50 is to be subtracted, making 4x-\-tO-SO 
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fC ALSIBRA. 

Here we have a number of the coa^tUma, expressed m 
algebraic terms ; but have as yet no egvatUm. We must ob- 
serve then, that by the last condition of the problem, the pre- 
ceding terms are said to be eqttat to 230. 

We have, therefore, this equation 4j;+70 - 60=230 

Which reduced gives a;=60. 

Here the value of a: is found to be 50 dollar^ which is the 
price of the watch. 

194. To wore whether we have obtained the true value of 
the letter wnich represents the unknown quantity, we have 
only to substitute this value, for the letter itself, in the equa- 
tion whicti contams the first statement of the conditions of 
the problem ; and to see whether the sides are equal, after 
the substitution is made. For if the answer thus satisfies the 
conditions proposed, it is the quantity sought. Thus, in the 
preceding example, 

The original equation is 4*-)-70-50=220 

Substituting 50 for ar, it becomes 4x50+70-60=220 
That is, 220=320. 

. Ptob. 2. What number is that, to which, if its half be add- 
ed, and trata the sum 20 be subtracted, (he remainder will be 
a fourth of the number itself! 

In stating auestions of this kind, where fractions ore 
cflDcwned, It snould be recollected, that ix is the same as 

1 ; that ix=^, &c. (Art. t61.) 

In this problem, let » be put for the number required. 
Then by the sondlUtHia proposed, x-{-^ - 20=5. 
And reducing the equation x= 1 6. 

Prob. 3. A father divides his estate among his three sons, 
in such a manner, that. 

The first has |1000 lees than half of the whole ; 

The second has 800 less than one third of the wboiB ; 

The third has 600 less than one fourth of the whole ; 

What is the value of the estate t 

If the whole estate be represented by x, then the several 

ehaies will be s 
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8IMFUE EQUATIONS. IT 

And u th«M constitute the whole eelale, they aife togetbw 
eqiial to T. 

We have then this equalitxi f - XOOO+f - 800+|- 600=«. 

Which reduced givea , «=t8800 

Pwof ^^^0° - lOOO+^ggg - 800+ggg°9 - 600=t8800. 

195. To av<»d aa unnecewaiy intrDdoctioD of xakaawn 
quantities into an equaUwi, it may be well to obeerve, in this 
place, that when the ttm w eUfftreact of two quantitiee is 
given, both of diem may be expressed by means ot the samo 
letter. For if one of the two qiiantitiee be subUacted iaxa 
their sum, it is evident the remainder will be equal to the 
other. And if the difi^rence of two quantities be subtracted 
from the greater, thq remainder will be the less. 

Thus if the sum of two numbers be SO 

And if one of them be represented by x 

The other will be equal to SO-je. 

Frob. 4. Divide 48 into two such parts, that if the less be 
divided 1^ 4, and the greater by 6, the sum of the i^iotieats 
will be 9. 

Here, if x be put for the smaller pert, the greater will be 
48-x. 



By the cutditious of the tNroblem ~-\ — ZH 



Therefore «=1^ the leas. 

And 48-1=36, the greater. 

196. Letters may be employed to express the hmm quan- - 
titjes in an equaticHi, as well as the unknown, A particular 
value is assigned to the numbers, when tliey are intioduced 
into the calculation : uid at the close, the numbers are re- 
stored. (Art. 52.) . 

"Pidb. 5. If (o a certain number, 7S0 be added, and the 
sum be divided by 125 ; the quotient will be equal to 739:^ 
divided by 46S. iVhat is that numberl 
Let x= the number required. 

a^TSO <I=739« 

A=125 A=462 
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Then by the conditions of tlie proUem £X?s=^. 

There&ie ._ M-iA 

B^inri-g.!, ..-,:- (185x73M)-(780x46a) _,.^ 

462 
' 197. WheQ the resolution <^ an equation brings out a 
ncj^otiee ejuwer, it shows tU&t the valtie of the unknown 
quantity is eontrary to the quantities which, in the slateifieat 
of the question, ^e considered positive. Bee Negative Quan- 
tities. (Art. si, &c.) 

Prob. 6. A merchant gains or loses, in a bargam, a certain 
8um. In a second bar^in, he gains 350 dollars, audi in A 
third, loees 60. In the end he finds he has gained fiOO dol* 
lars, by the three together. How much did he gain or lose 
bv thefinAl 

In this example, as the profit and loss are opposite in their 
nature, they must be distinguished br contrary signs, (Art. 
57.) If tbe pn^t is mar^d ^-j the lOSS must be — . 
Let x= the sum required. 

Hien according to the statement «-f 350 - 60=300 

And x=-90 

The negative sign prefixed to the answer, shows that there 
was a loM in the first nargsin ; and therefore that the proper 
sign of X is negative alflo. But this being determined by the 
answer, the omission of it in the course of the calculati<»i 
can lead to no mistake. 

Prob. 7. A ship sails 4 degrees north, then 13 S. then 17 
N. Uien Id S. and has finally 11 degrees of south latitude; 
What was her latitude at starting t 
Let x= the latitude sought. 

Then marking the noHliings -4-, and th& southings - ; 

By the statement a;+4-13+17-19= -II 

And *=0. 

The answer here shows that the place from which the ship 
started was aa iht equator, where tne latitude is nStbing. 

Prob. 8. If a certain number is divided t^ IS, the quo- 
timt, cUvidend, and divisor, added together, will amount to 
64. What is the number 1 
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SiA^LE EQUATIONS. 
IM «s the nondMr aooghL 
Then *+*+12=64. 



And .-2^=4?. 

13 ^ 

. PrAb. 9. An estate is difided amon^ four childrra, in such 

a'muiDerthat 
The first has 300 doUan mwe than ) of the viuAe, 
The second hee 340 dollars more than ( of the whole, 
The third has 300 dollars more than ^ of the whole, 
The fourth has 400 dollars more than j of the wh^e, 
Wtnt is the value of the estate t Ane. 4800 dollars. 

Prob. 10. What is that number which ia as much less than 
500^ as a Mb part of it is greater than 40^ Ans. 450. 

Prob. 11. There are two numbers whose difference ia 40, 
and which ore to each other as 6 to S. What are the num- 
bers 1 Ads. 340 and 200. 

Prob. 12. Three persODs, ^ B, and C, draw prizes in a 

tottery. A draws 200 dollars ; B draws as much as ^, to> 

gether with a third oi what C draws ; and C draws as much 

as A and B both. What is the amount of the three prizes 1 

Ana. 1300 dollars. 

Prob. IS. What -nuQiber is that, which is to IS increased 
' by three tunes the number, as 3 to 9 1 Ans. 8. 

Prob. 14. A ship and a boat«je descending a river at the 
same time. The ship passea'a certam fort, when the boat is 
IS miles below. The ship descends five miles, while the 
■boat descends three. ' At what distance below the fort will 
they be together X Ans. S2| miles. 

Prob. 15. What number ia that, a sixth part of which ex- 
ceeds an eighth part of it by SOi'! Ans. 480. 

Prob. 16. Divide a [Hfize of 3000 dollars into two such 
parts, that one of them shall be to the other, as 9 : 7, 

Ans. The parts are 1195, and 875. 

, Prob. 17. What sum of money is that, whose thhd part, 
fourth part, and fifth part, added together, amount to 94 dol 
larsi Ans. UOdoUars. 
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' Prob. IS. Two travelierB, A and £, S40 nulw aMUt,tntveI 
towards each other till ihey meet. Jf^ [»t)gren is 10 milea 
ao hour, and J9*b 8. How &r does each travel beforfl they 
meet) Ana. A goe§ 200 milea, and B 160. 

Prob. 19. A man spent one third ttf his life in England, 
mie fourth of it in Scotland, and the remainder of it, which 
was SO yean, in the United States. To what a^e did h«' 
hve t Ans. to the age of 48. 

Prob. 20. What number is that \ of which is greater than 
\ at it by 96 1 

Pr(^. SI. A post is Ijn the earth, 4 in tiie watw and IS 
feet abore the water. What is the lengUi of the post % 
Ana. S5 feet. 

Prob. S2. What number is that, lo whkh 10 beins added, 
I of the sum will be 66 1 — o -» 

Prcri). SS. Of the trees id an wchard, } are uiple treei^ iV 
pear trees, and the remainder peach trees, wnich are SO 
' more than \ of the whole. What is the whtJe number in 
the orchatdl Ans. 800. 

Prob. S4. A gentleman boi^ht several gatlwis of wine for 
94 didlars; and afler using 7 gaUons himself sold \ of the 
remainder for SO doUars. How many gallons had he at first % 
Ans. 47. 

Prob. SS. A and B have the 8am% income. A contracfs 
an annual debt amounting to ^ of it ; S Uves upon } of it ; 
at the end of len^rcaw^ J <eq^ to A enough to pay dS his 
debts, and him 160 doUars to qxm. What is the income ef 
eachT Ans. S80 dcdlais. 

Prc^. 26. A gentleman lived sin^e r of his whole life ; 
and after having been married 5 years more than \ of hit 
ttfe, he had a son who died 4 years before him, and who 
reached only half the agewf his father. To what age did 
the father live 1 ' Ans. 84. 

Prob. S7. What number is that, of which if t « and I ha . 
added together the sum will be 73 1 kns. 84. 

Prob. S8. A person after spendinff 100 dcJlais more than \ 
of hip income, nad remaining 35 doUars more than j of it. 
Retjpdted bis inccsne 
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SIMPLE EQUATIONS. 81 

Prcd). &9. In the compoeidan o( a quantity of gunpowder 

Tbsttifrv was 1 lbs. more than j of ihewhol^t 

llie ndphw 4j lbs. le^ thtm j of the «h(4<^ 

The chareoai 1 lbs. less tli^ \ of the pitxf, 
What was the amWrit o^fiypowArJ. ."Aiib. 69 Ifcs, 

Proh. SQ. A cask wbfch* hel& 146 galloife, *aa filled with 
B mixture of brandy, wine, tmd water. There were 15 gal, 
lou of wine more than of brands, and aa much water as the 
brandy and wine toaethor. What quantity wbj there of 

Prob. SI. Pou/pcrson3jpirchased a farm in^offlpany for 
4756 dollars ; of*which JJ^aid three times aa much as ,fi; 
C paid as much as ,3 and ^ ; and J) paid as much as Cand 
B. What did each pay ^ Ans^SlV, 051, 1268, 8219. 

Prob. 32. It is required todivids^tbenumbeT 99 into five 
8uch part& that the first may exceed the second by S, be lesa 
thao the third by 10, ^eater than the fourth by 9, and ten . ' . 
than the fifth by 16. 

Let «= the first part. 
Thenx-Sj= the aeoond, j^Jss the fourth, 

s+lOs: the third, m+U=. the fifth. 

Therefore x+«-8+!»+I0+«-9+a4^16=99. 

Aiid«=17. 
PrDb> 33. A father divided a small sum among four sons. 
The third had 9 shillings more than the fourth ; 
The second had 12 ehi&ags more than the third ; 
The first had 18 shillings more thui the second i 
And the whole sum was 6 slullings nxiFe than 7 times th^ 
sum which the youngest received. 
What was the sum divided 1 Ans. 153, 

Prob, S4, A fanner had two fiocbs of sheep, each contain- ' . 
nig the same number. Having sold fr(»n one of these 39, 
and from the other 93, he finds twioe as many remaining in ~-~ - 
the oiie as in the other. How nrnny did eaeh fiock originaQy 
contain ^ ' I ) ''i , ' / ' ' ~ 

Prob. 35, 'An vxpress, travelling at the mte of 60 mSes a 

day, had been dispatched 5 days, when a second was sent 

Bfiter him, trnvelline 76 miles a day. (n wbat time will the .. . 
cne overtake the ouber 1 Axa. 90 days. 

Prob. 36. The age of ^ is double that of B, the am of P 
triple that of f^ and the sum of oUtbwagfs 140. Wb»tM 
Ibe age of each t g, 

)c ^ 7 ).■ .. r ^ ■ - . „ 
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Prob. 37. Two piec«B of cloth, of the same price by Ihe 
yard, but of different lengUia, were bought, the one for five 
pounds, the other for G\. If 10 be added to the length of 
e.ach, the sums tcjII be as 5 to 6. Required the length of each 

Prob. 38. A and B began trade with equal sums of money. 

/ y' The first year, A gained forty pounds, and B lost 40. The 

^^ Becond year, Jl lost ^ of what he had at the end of the first, 

vspd B a^ed 40 pouni^ less than twice the sum which A 

**TAd-'4t«tJ^ W ]A**}lan *«^,«fl^to*«lUtnOiifry as A. What 

sum did eacn begin with 1 'v 'A^ SSO pounds. 

Prob. 39. What number ia that^ which being severally ad- 
ded to 36 and 5%, will make the former sum to the latter, as 

Prob. 40. Jt gentleman bought a chaise, horse, and har- 

rA^u *A = J£ neee, for 360 doUars. The horse cost twice as much as the 
% ^ , , harness ; and the chaise cost twice as much as the harness 
c u and horse together. What was the pice of each t 
*** ' Prob. 41. Out of a cask of wine, ftom which had leaked 
(pan, 31 gallons were afterwarcU drawn ; when the cask was 
found to be half AiU. How much did it hold 1 

Prob. 4S. A man has € sons, each of whom is 4 years older 
than his next younger brother ; and ihe eldest is three times 
as old as the youngest. What is the age of each t 

Prob. 43. Divide the Dumber 49 into tw» such puts, that 
the greater increased by 6, shiUl be to the less diminished by 
11, as 9 to 2. 

Prob. 44. What two numbers are as S to 3 ; to each of 
which, if 4 be added, the sums will be as 5 to 7 ^, 

Prob. 46. A person bought two ca^s of porter, one of 
which hdd just S times as much as the other ; frtma each of 
these he drew 4 gallons, and then found that there were 4 
Umea as many gaUona rematning in the larger, as in the other. 
How many galhnis were diere m each 1 

Prob. 46. Divide the number 68 into two such parts, that 
the (Ufierence between the greater and 84, shall be eqtud to 
S times the difference between the less and 40. 

Fn^. 47. Four places are situated in the order o( the leU 
(ers ^. B. C. D. The distance from ^ to D is 34 miles. 



/y 
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powiaia. 33 

The distuice from iS to £ is lo the distance from C to /> as 
S to S. And i of the distance frcHU A lo B, added to half 
the distance from C to Z>, ia three times the distance from 
B to C, What are the respective distances i 
Ana Fnan A to B=li; fiimi B to C=4; ftwa C to D=16. 

Prob. 48. Divide the number 36 into 3 such parts, that'l 
of the first, J of the second, and } of the third, shall be equal 
to each other. 

Prob. 49. A m^hant supported himself 3 ycM^ for 5o 
puuu^Is a year, and at the end of each year, added to that 
part fA his stock whicn wra not thus expended, a sum equal 
to one third of this part &t the end of 'he third year, bis 
original stock was douWed. What was that stock? 

Ans. 740 pounds. 

Prob. 60. A general having lost a battle, found that he 
had only half of his army+3600 men left fit for action ; J <rf 
the army-[-600 men being wounded ; and the rest, who were 
i of the whole, either slain, taken prisoners, or missing. Of 
now many men did hia aiTuy consist 1 Ans. 2^100. 

T<x the solution of many algebraic problems, an acquaint- . 
ance with the ccdcidatious of powers and radical quantities b 
required. It will therefore be necessary' to attend to these 
before finishing the subject of equations. 



SECTION T^|t 

INVOLUTION AND POWERS. 



Art. 198. WHEN a nuANiiTr is multiplied into IT 
SELF, THE PRODUCT is called a POWER. 

Thus S X 2=4, the square or second power of S 

SxSxZ=89 the cube or third power. 
SxSx2x!S=16, the fourth power, &.c. 
So 10x10=100, the second power of 10. 

10x10x10=1000, the third power. 
10x10x10x10=^:^10000^ Ae fburtli power, fte 
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$4 ALC«BKA. 

AM axa=«aa, thftsecwd powerot a 

aXoxoffiiKia, thfl tblnl ^w«r 
aXoXiXo^'omxi) the fourut powei, &■; 

199. The originalqutintityitsttf though not, lite the ponr- 
€» pioceeiUng from it, produced by nmitiplion.Uen, it nevw> 
thelesa called the frtt powtr. It is alao called the nxA of 
the other powers, t>ecauEie it is that from which they are &U 
derived. * 

. 200. As it is inconvenient, especially in the case of high 
powers, to write down all the letters or factors of which the 
powers are composed, an abridged method of notation is ge- 
nerally adcnpted. The root ia written only once ; and then » 
number w letter is placed at the right hand, and a little ele- 
vated, to signify how many times the root is enjoyed at a 
''aetor, to produce the power. This numberor letter is called 
the index or exponent of the power. Thus a' U put for ffX« 
or aa, because the root a, is twice repeated as a factor, to 
produce the power aa. Aud a' stands for ooo ; for here a 
ts repeated Utree times as a fhctor. 

Toe index of the jkst power is 1 ; but this is conunonly 
omitted. Thus a* is the same as a. 

201. Exponents must not be confounded with eo-tfficimtt. 
A co-efflclent shows how often a quantity is taken as a part 
of a whole. An exponent shows how often a quoniity is 
taken as a factor in a product. 

Tbna 4»=a+a-{-a-\-a. But a*=ax«(XaXo- 

SOS. The scheme of notation t^ exponentn has the pecu- 
liar advantage of enabling us to express an unknown power. 
For this^uTpose the index is a letter, instead of a numerical 
figure, ^i^he solutiowof a problem, a quaniity may occur, 
which we know to be some powei of another quantity. But 
it may not be yet ascertained whether it is a square, a cube, 
or some higher power. Thus in the expression a') the index 
T denotes that a is invc^ved to mme power, Uioiigh it does not 
determine vihat power. So t" and a" are powers of h and d ; 
and are read the mth power of b, and the nth power of 4. 
When the value of the index Iq UnaA, a mtmber is generally 
substituted for the letter. Thus if »s:S thenfc"=6'; but 
ifm=5, them6"=i'. 

803. The method of expfeesng powers l^ exponents is 
dlsfi of gnat advantage in the case of eompfrm- quantities. 
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Thus ttfb+4* or a+b+d* or (•44+^'', u (a44+« X 
(<t+&-|-iJ)x(a-fH-<') that is, the cube of (o+H-rf). But 
this inTolved at len^ would be 

SC4. If we take a series* of powers whose indices increase 
or decrease by 1, we shall find that the powers themselves 
increase by a common mulHplitr, or decrease by a common di- 
viior ; and that this multiplier or divisOT is the original quan- 
tity from which the powers aie rdsed. 

Thus in the series aaaaa, aaaa, aaa, aa, a ; 

Or a* a* a' o' a' ; 

the indices counted from right lo left are 1, S, 3, 4, S; and 
the common difference between them is a unit. If we be- 
gin on the right and mu&iplw by a, we produce the several 
powers, m succession, firom right to left. 

Thus axiBA* the second term. And a'xa^a*. 
a*x<i=:<t'the thirdterm. a*x<i=a', &c 

If we begin on the kji, and dwido by a. 
We hare (t*-i~a=a* And a*-^=a'. 

a*~-a=a* a'-i-a=d'. 

£05. But this division may be carried still Earthw ; and 
we shall then (J>tain a new set of quantities. 

Thus a-ra=l=l. (ArLlSfl.) 1-h>=-L (Art. 16S.) 
« a aa 

a aa aaa 

The whole serin then 

is aaaaa, aaaa, aaa, aa,a,\, —, — , — , ttc 
a aa aaa 

Ota*,a*,a\a*,a,l, ~t —, — ,,&c 
a a*^ a' 

Here the quantities oti the r^ghi of 1, ate the ndproeab of 
those on the ie^. (Art. 49.) The former, therefore, may be 
properly called reciproeoZ powtw of a; while thel&ttermay 
DO termed, for distinction'fl sake, direct poutrs of a. It may. 
be added, that the powers on the lefl are also thejeciprocau 
of those on the right. 
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Pot l^»lxl=a. (Art. 16S.) And 1^' =o*- 

a" 1 a* 

t06. Tha same plaa of notation ie applicable to eompoaad 
quaDtities. Thus from a-\-b, we have tne seriea, ■ 

<"+'>■•<»+"■• ("+"• '■ (i)' -(=W- wr ''■ 

£07. For the convenience of caleulatioo, another fonn of 
notation ie ^ren to reciprocal powers. , 

According to this, _ or — ipo-'. And — or i=o~'. 
a a' aaa ir 

J or 4 =0-^. _L or L=fl-^ &c. 

And to make the indices a complete series with 1 for the 

common difference, the tenn tjoi 1, wMch is considered as 

a 
fto power, is written tf. 
The powers boUi direct and reciprocal* then. 



a a t 

Will be a*, rf, rf, o", rf, a~',o"', o~*, «"*, &c 

Or ff^, ffl«, «+*, <(+*, m", fl->, a-\ a~\ o"', &c. 

And the mdices taken by themselveB will be, 

+4,+S,+8,+l,0, -t 1, - 8, - 8, - 4, ftc. 

SOS. The root of a power may be expressed by more let- 
ters than one. 

Thus aaXAO) or aa\* is the second power of oo. 

And aaXaoX<»ii w aa|* is the third power of aa, &c 

Hence a certain power of one quantity, may be a different 
jwwer of another quantity. Thus a* is Uie second power of 
a', and the fourth power of a. 

209. AH the powers of 1 are die same. For lxl> or 
1X1X1, &c.isstill 1, 

See Note E 
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ENTOLimON. 



310. lavoluticHi is findinr any power of a qoftotity, by 
mnltipl}!!^ it into iteelf. TEe reason of the folloiriiig gene< 
ral rule is manifeal, from the nature of powers. 

MULTIPLT TRBQUAIfTITY ITITO ITSELF, TILL IT IS TAEEIT 
AS A FACTOR, AS HART TIMES AB THESE ARE UNITS IN THE 
IRPEX or TBC FOWKR TO WHICH THE QUANTITY IB TO BE 
RAIBIiD. 

This rule comprehends rU the instances which can occur 
in involution. But it will be proper to give an ezplanalioa 
at the manner in which it is ^fthed to particulRr cases. 

Sll. A angle letter is invt^Ted, by giving it the index iff 
the fgtyoMA oower ; or by repeating it as many time% aa there 
are tmits in Uiat index. 

The 4th power of «, is a* or aaaa. (Art. 198.) 

The 6th power of y, is y* or jfyy;^. 

The nth power of a^ is x" or xxx...n tiriies repeated. 

213. The method of iuTolving a quantity which confosls 
of sereral faetort, depends on the principle, that the powtr of 
the product of teMTol faeton U eqadl to the prodwi of tktvr 
imaert. 

Thus (<^)'=rfy». For by Art. 210; (ay)*=oyxaS- 

But fl5X<^=i9<9=fla!W='^' 

And (a(Iy)'=iu^x<x^X<K^->>ntimee=(r(^. 

In finding the power of a product, therefore, we may either 
involye Uie whole at once ; or we mav involve each of the 
factors separately, and then maltjply their several powers in- 
to each other. 
Ex. 1. The 4th power of dhy, is (<%)', or (^A'y*, 

2. The 3d power of 46, is (4fc)', or iV, m 6U\ 

3. The nth power of Sad, is (Sad)', or C'lft^. ' 

4. The 8d power of 3m x2y. ia (SmX^y)', or S7ii^xV> 
213. A compound quantity conmsUng of terms connected 

by-|- and-, is involved by an actual moltiiriioUitHl d ita. 
several parts. Thus, 
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(ii-|4)'=o+ft, die first power. 



(a+h)'=^+iiah^V, the second power of (a+6.) 

a+b 






(»4-&)'=:i^4-3<^b-f 3ii6*+^» the third power. 
0+ b 



'«+*)'=«*+*^H-6'rt'+*»*'+**. the 4th power, fto. 
t. The square of a~b, ia o'-Safc+J^, 
8. ITie cube <rf a+\, is rf+Srf^-So+l. 
4. The square of a+b+k^ is a^-j-Sob+SoH-^+^M''^ 
6. Required the cube o{a-^id-\-Z. 

6. Required the 4tb power of b+2. 

7. Required the 5tb power of x-|-1. 

8. Required the 6th power of 1 -fr. 

S14. The fiquares of bdiomtnl Emd ruiduol ^oantiUes occur 
BO ftequeatly in algetwaic [vocesses, that it is impMtont to 
make them familiar. 

If we multiply «-(•& into itseh^ nod also a - A, 

Wehaveo-fA Aoda-A 

H-A a-k 



if^SiA+h\ <f~Zak-\-h\ 

Here it wiU be seen that, in each case, the first *and last 
temw are squares- of a and h ; and that the middle term ii 
twice the product of a uito h. Hence the aquares of bino- 
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INVOLUTION. 89 

noM and residual quantities, 'witfaoot im Jty ly i njfflach of the 

temu separately, may be fiDmkl, by the Mlowing prapoHtiOD.* 

Tbk sqnASE of a bisomial. the terms of which are 

BOTH POSITIVE, IS EQUAL TO TUB (QCAKK OP TBB FIE8T TERH 
-{-TWICE THE PRODUCT OF THE TWO TERMS, -(-THE SQUARE 
OF THE LAST TERH. 

And the sqnan of a reiffdual quantity, is equal to the 
square of the nrst term, - tvice the product of the two ternUt 
■J^ the square of the last lenn. 

Ex. 1. ThesquaMof 2a-|-^is4a'+4<i6-|-fr>. 

2. The square of A-|-l. ^ V+SA+I. 

3. The square of ab+cd, is f^b*+iabeS+^fi. 

4. The square of 6y+3, is 36y*-|-36y-f-9. 

5. The square of 3<i - A, is 9(P - 6ih~\-l^. 

6. The squareof a- l.isrf-Sa+l 

For the method of finding the higher powenof Unoniiil^ 
see one of the succeeding sectiona. 

21 5. For many purposes, it will be sufficient to express the 
powers of compound quantities by es^ponmta, without an actual 
multipUcation. 

Thus (he square of a^b, is a-\-h^, or («-(-i)'. Art. 808. 
The nth power of be-i-S-i-x, is (ie+S-f-*)'. 

.n cases of this kind, the vinculum must be drawD ever aU 
the terms of which the compound quantity consists. 

216. But if the root conasla of several faetort, the viaca- 
lum which is used in cxftea^ng the power, may eith^ extend 
lyver the whole ; or may be t^ipUed to each of the fectors 
separately, as convenience may require. 

Thus the square of a+Jxc+^ is either 

o+iXM-'^r or<H-6|*xc+3r 

For, the first of these expressions is the square of the dto- 

duct(^ the two fectors, and the last is the procTnct of Oieir 

squares.. But one erf these is equal to the oth». (Art 212.) 

The cube of (ix*+«^ is (oX6+SJV W'^XCft-M)'. 

*Baelid's ElenwDt^ Book U, ptwpi 4. 
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S17. Wheo a qosntity whoso power has been expresMtd by 
a vinculum tuA an index, is afterwards involved by an actnu 
multiplication of the terms, it is said to be expanded. 

Thus (o+fc)', when expanded, becomeB <^-|-Sa64>b*. 
And (o+H*)*, becomes ti>+i<A+2ah+b'+ibh+h*. 

18. 'With respect to the sign which is to be prefixed to 
quantities involved, it is important to observe, that when thb 

KOOT IB POSITIVE, ALL ITS POKERS ABE POSITIVE ALSO ; BUT 
WBEK THE ROOT IB HEGATIVE, THE ODD POWERS ARE NEGA- 
TtTB, WHILE THB EVEN POWERS ARE POSITIVE. 

- Fw the proof of this, eee Art. 109. 

T^e 2dpowerof-ai8-|-(^ 
The 3d power is - a* 
The 4th power is -)- a* 
The 5th power is - a', &c. 

C19. Hence any odd power has the same sign as its root. 
But an even power ia poeiUve, whether ita root is podtive or 
negative. 

Thus +ax+a=if 
And - ox - a=(?. 
StO. A QOAKTITX WHICH IS ALRBADT A POWER, 18 lltTOLT- 
BD BT MULTIFLTIHG ITB INDEX, INTO THE IKDGX OF THE POW- 
U TO WHICH IT 18 TO BE RAISED. 

1. The 5d power of rf*, is o" *=a*. 

Torif=aa: and the cube of oa iaaaxo'^Xoa—aaaaaa^t^i 
which is the 6th power of a, but the 3d power of a'. 
Vot the fiirther illustration of this rule, see Arts. S9S, 4. 

2. The 4th power of a'b\ is o"*6"*=fl" 6». 

3. The 3d power of 4 a»Ji is 64 a"**. 

4. Th64lhpawer(rf itfx9^isl6a**x6i^d'. 
6. The 6th power of (o+A)*, is (a+b) ' •. 

6. The nth pow^t of o', is o'". 

7. Thent hpowerof (it-y)-, i8(j-y)". 

8. tf+y. '^rf+gtfy+t'. (Art. «14.) 

9. t»x**l' =«'XV. 10. (a'i'A*)*=o'6'A". 
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IIWOLUTION. 91 

3£1. The rule is equally apfdieaUe to powers whose expo- 
nenta are ntgatke, 
Ex. I. The 3d power of «-■, ia ir*'^=r'. 

For «-*= — , (Art. S07.) And the 3d power of this ia 

1x1x1=-!-='=^. 

aa aa aa aaaaaa tr 
8. The 4th power (rf tflr' a rffr-", (* t-. 

5. The cube of Say^, is 8i*y*". 
4. Theeqoareof 4*x-', 18 6*1-'. 

6, The nth power of *-" is r-T, or , 

2SS. It must be obeerred here, as in Ait. S18, that if the 
sign which is prefixed to the power be -^ it must be changed 
to -|- , whenever the index becomea an even number. 

Ex. 1. The Square of — a*, ia -f-a*. For the Bquare of 
-a*, is — a'x-'ii*) whkh, according to the rules for the signs 
in muitipUcatioD, is-|-o*< 

2. Butthectifce<rf-<^is-A Fat-o'X-o'X-o'=-<^. 

S. Thesquareof-^,b4''i'**. 

4. The nth power of - (^, is -^tf'. 

Here the power will be positive or negative, accordiag an 
the number which n repwHeats is even or odd. 

2SS. A FRACTION is ihvolved bt nrvoLnira both 

THE IfUHEBATOa AND THE DENOHIKATOB. 

1. The squara of ^ is _ . For, by the rule f<a tha mtdti- 
plicalioa of fractions, (Art. 155.) 
o o_ao_(^ 

5. The Sd, 3d, and nth powers of 1, ate— *X tod.!, 

5. The cube of ^, is ^'. 
3y 27^* 

4 The nth power of ?!r."^^ 
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e. Thoc«beofr£l, i«::i'! (An. 221.) 

S24. Examples of bmomiah, \a which one of the terms is 
a fraction. 

1. Find the equere of x-\-i, and s - j, as in art. 814. 

i+l i-J 

'+i '-i 



«. The square of « +?, i« o"+iJ+i. 
.is..--? 



SS9. It IiBs been shown, (Art. 165,) th&t n jracHonid co- 
effuUat may be transferred from the nameralor to the de- 
tunoinator of a fraction, or from the denominator to the du- 
meratoT. By recurring to the scheme of notation fca* recip- 
rocal powers, (Art. 207,) it will be seen that oth/ factvr may 
also 06 transferred, if the ngn (ffxtt index he clumgea. 

I may transfer x from the 



For2r'=!x^=!xi-Ss. 

jl J y J' y^ 

S. In the fraction ^. we may transfer y from the deno> 
tnmator to the numerator. 



For " =;xi=!xv-"= ffil ■ 
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3S6. la the same manner, we may transfer a factor wbicli 
has a positive index in the numeraUir, or a negative index in 
the dencaninator. 

1. Thus "5-=^pr* For «* is the leciprocal Of aT*, 

(Arts. 205, 207,) that is, it's -:t- Therefore, ^=^V 

9 JL ^ ad* >^_ 

^ fry-*- 6 • =•• xy~'= xd-'- 

337. Hence the demnninatw of any fraction may be en> 
tiiely removed, or the numerator may be reduced to a umi, 
without altering the value of the es^ression. 



Th«9 ^= 


1 


.oroi--. 


1-* 1 


:,«• 


t-I-", 


ifa- 


1 


=. or iffiflr: 



ADMTION AND SUBTttACTION OP POWERS. 

SS8. It is obvious that powers may be added, like other 
quantities, fry wifuif tkem one o/in- another with their lignt. 
(Art. 69.) 

Thus the sum of <f and fr*, is a'+fr*. 

And the sum of o*-** and fc*-d«, jac^-b'+tf-d'. 

229. The same poaen of the same letters are like qvantities; 
(Art. 45,) and their co-efficients maybe added or subtracted, 
aa in Arts. 72 and 74. 

Thus the sum of Zif and 3a*, is 5<^. 

It is as evident that twice the square of a, and three times 
the square of a, are five times the square of a, as that twice 
a and three times <t, are five times a. 
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To -fey 36* Say -Sa^tf *(«+»)" 

Add -2a;y 66* -Toy 6aW ila+y)' 

Suto -5iy -4oy ''(H-y)' 

230. But powers of different letteri and differmt peuers of 
the tome kUer, must be added by writing tnem down with 
their signs. 

The sum of a* and a" is a*-[-a'. 

It is evident that the square of a, and the cube of a, are 
neither twice the square of a, nor twice the cube at a. 

The sum of n'i" and Sa'6', is a*6"-{-So'6'. 

S3L Suhlraelioa of powers is to be performed in the same 
manner as addition, except that the signs of the subtrahend 
are to be changed accordmg to Art. 82, 
Prom So* -Sb' SA'M a»tT fi(a-fc)* 

Sub. -eo* 46" 4fc'6" a'6" 3(o-&)* 



Diff. So* -AV S(«-&)« 



MULTIPLIOATIOM OF POWERS. 

23S. Powers may be multiplied, like other quantities, by 
writing the factors one after another, either with, or without, 
the sign of multiplication between th^n. (Art. 93.) 

Thus the product of a' into h*, is o'fc*, or aaabb. 
Mult. ar* k'b-^ 3o^' -dh-'fT" o»Vy' 

Into «" a* -2x 46y* o*6^ 

Prod. (Tar* -6(i»ay a'tya'i'^ 

The product in the last example, may be abridged, by 
briogin? together the letters which are repeated. 

It will then become <^6y 

The reason of this will be evident, by recurring to the se- 
riea of powers in Art. 307, viz. 

o"", «+■, 0+*, a*\ a*, (T*, 0"*, tC*, O"*, 4c. 

Or, which is the same, 

,111 1 



of atf Mtf aaaa' 



;, &c. 
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imynsa. 95 

By C(«npBnng tb« several tenns witJi each other, it wilt 
be seen that if any tvo or toore of them be multiplied to> 
gether, their product will be a power vhoee exponent is the 
«UDi of the exponents of the factors. 

Thus a'Xt^—<'aX<Mt=aaaaa=if. 
Here 5, the exponent oF the product, is equal to S-fS, the 
sum of the exponents of the lactoi^. 

go O" X«^=''^- 

For a*, 19 a taken for a factor as many timea as there are 
units inn; 

And 0", is a taken for a factor as muiy timea as there are 
units inm; 

Therefore the product must be a taken for a factor aa 
many timea as there are units in both m and n. Henc^ 

S33. Powers of the same koot max be multiplied, 

BY ADDINO THEIR GXPONEKTS. 

rhm(fX'^-t^=if- And a*x«^X*=a^*^=»'. 

Mult. 4^- 3i* iy rffty (H-A-y)" 

Into 2ar isf If^ <fVy b-\-h-y 

Prod. 8^^ ly* (fr+fc-») '^ 

Mult. i^+irV+*!('4-»' into*-!f- Ans. i*-!/*. 
Mult. 4a4+3W-l ""oS**-*. 
Mult. ^+;r- 5 into 2a?+*+l. 

234. The rule is equally applicable to powers whose expo. 
nents are negotwe. 

1. Thusa-»xo"'=«'"'- Thatis i-X — = • 

aok aaa aaaaa 

i u-"x«""=«~"~" Thatis J-x— =-—— • 
8. -o-'Xo"*=-''"'- 4. a-'xrf='^-*=<^' 
fi. a— xrf'='>^~"' 6' V~*X»'=»*=1- 

335. If 0-1-6 be multiphed into a - &, the ptoAmi will be 
i^-6»:(Art 110,) that is 
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Tbe fbodurt of the bdh ^hd diiterbkce or two 

QOAKTITIES, 13 BQOAL TO THE DIFFEBENCE OV THEIK 
SQUABEB. 

This ia aooUier inslaDCe of the facility with which gmerih 
truths are demonstrated in algebra. See Arts. 23 and 77. 

If the Bum and difibreuce of the squares be multidied, 
the product will be equal to the difieience of the jovrtk 
powers, &c, 



Thu8(a-s)x(«-t-s)=<i*-!f'. 



y, *c 



DIVISION OP POWERS. 

S36. Powers may be divided, like other quantities, by re- 
jecting from the dividend a factor equal to the divisor ; or by 
placing the divisor under the dividend, in the fonn of a frac- 
tion. 

Thus the quotient of tfi* divided by 6", is (^. (Art. 116.) 

Divide Orfy* 126V o'H-Si^' rfx (o - M-»)* 
By -3a^ 26" o' (a-h+yf 



But thie is equal 
to tf. For, in the series 

0+', a*', a**, a*\ (f, a"', a~\ o~*, a~\ &c. 
if any term be divided by another, the index of the quotient 
will be equal to the d^eraut between the index of tae divi- 
dend and that of the divisor. 

Thusa'J-o'=2552?=a'. And (r-i-(r=fr=tf--". 

aaa a!' 

Hence, 

237. A POWER HAT BE DIVIDED BT ANOTHER POWER OF 
THE BAHE ROOT, BT SDETBACTIRC TBE INDEX OF THE DI- 
VISOR FROU THAT OF THE DIVIDEND. 
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POW£RS. 




Tlnas'-fy 


=jr 


=»'■ 


Th«ti.a!J= 


»• 


Amiir*'-H> 


=<t"=o' 


Thati.!? 
a 


=<t. 


iiiif-id-= 


=."= 


•■^I 


Tl».i.?= 


1. 


DiTide y" 




Sir" a" 
IK- a- 


list?!: 



Quot. y- 30" 4(6+y)"-* 

238. The rule is equally applicable to powers whose ex. 

ponents are ntgaAot. 

The quotient of o"* by. a~*, is iT*. 



Thit is . 



1 1 ..aan aaa 



2. -«-'^-^=-r-'. Thatis_L,^l=-^= * 

3. 4'.^*^=A'+'=.tf. That is h''-d^h'x^=h\ 

4. 6rf'-^2a-'=So^. 5. i«'-Hi=iN^. 

9. (6+«V^(6+at)=(6+«)-l 

The multiplicalliHt and division of powers, by adding and 
subtracting their indices, should be made very familiar ; as 
they have numerous and important applications, in the high- 
er branches of algebra. 

EXAMPLES OP PRACTIOtre CONTAININQ POWEEa 
839. In the section on fractions, die following examplM 
were omitted for the sake of avoiding an anticipation of the 
sut^t of powete. 

50' 



% 3 

- to lower terms. Ans. -i otZx. 
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96 ALGKBEA. 

3. Reduce ^^±^ to lower terms. Ana. ^'^^* _ 
5<^ 5 

... Keduc 5S!J^^»3!: U, We, le™.. 
■4ns- — a^^ ■■ ^ obtained by dividingeachtenn by »^ 
p to a common d^oomiiiator. 

^ X<t-* IB a-', the first numerator. (Art. 146.) 
o* Xo"* is o*=l, the second numerator. 
tf xa~* is o~', the conubon denominator. 



The fractions reduced are therefore ^ and — .. 

6. Reduce — and _, to a common denominator 
6a' or 

Ans.|^andf^or|^and_^. (Art. 1«.) 
5a' 60*^ 6a' 5a' 

I —~, luio — . Ans. — = . 

4F Zs' Sx" 8tf 



8. Multiply Z±l, into ?Zf 
b S 



9. Mnltiirfy 



t±l.iniotz 



a— X y-» 

II. Divide^ by t Ans.^^!. 

a" a 

13. riMj.t-»-' yrf+t-' 

9 »■ 

14. l»Yi*i^',by£+!. 
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RADICAL dUAMTnt 



EVOLUTION AKD RADICAL aUANTITIES.* 



Abt. S40. Ir a quantity is multiplied into itself, the pro« 
duct is a pwaer. On the contrary, if a quantity is reeolved 
into aay numbei of tqwd facton, each of these is a root of 
that quantity. 

Thus b is the root of bbb; because bbb may be resolved 
into the thiee equal fectors, 6, and b, and b. 

In subtractJoi^ a quantity is resolved into tuo porta. 

In division, a quantity is resolved into too factors. 

In OTolutioo, a quantity is resolved into e^tal facton. 

S41. A ROOT OF A QDANTITT, THEN, IS & FACTOR, WHICH 
MULTIPLIED INTO ITSELF A CERTAIN NUMBER OF TIMES, WILL 
PRODUCE THAT <tUANTITr. 

The numbei of times the root must be taken as a factor, 

to produce the given quantity, is denoted by the name of the 

toot 

Thus S is the 4th root of 16; because 2x3x3x2=16, 

.where two is taken fow times as a lactor, to produce 16. 
Borfisthesquarerootof rf; fora'X"^='^. {Art 833.) 
And (^ is the cube root of a* ; for (^x<^X<^=<>'' 
And a is the 6th root of (^ ; tor axaXaX<iXaXa=ef. 
Powers and roots are correlative terms. If one quantity 

is a power of another, the latter is a root of the former. Aa 

^ is the cube of (, 6 is the cube root of &". 

S4S. There aK two methods in use, for exptesnng the 
rooto of quantities ; one by means of the radical sign /^, and 
the other by a fractional index. The latter is generally to 
be preferred ; but ^e former has its uses on particular occa- 



Kewtm't ArilluMUe, libdanrin, EmettoD, Gider, SBODdenon, tat 
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When a root is exi»re8sed by the radical ragn, the agn ia 
placed over the giveti quantity, in this manner, f^a. 
Thus \/a is the 2d or square root of a. 

\/a is the 3d cs cube root 

\ /a ie t he nth root 

And v''H~y ^ ^^B "^ '^^ '^^ <H~y' 

243. The figure placed over the radical ngn, denotes the 
number of foclors into which the given quantity is resolved ; 
in other words, the number of times the root must be taben 
as a factor to produce the given quantity. 

So that l^axV"*— **■ 

And \/ax\/aX\/a=<t- 

And \/ax\/<^ — ntimes =0. 

The figure for the mtutra root is ctnnmonly omitted ; <^a 
being put for \/a. inien^ver, therefore, the mdical sign ia 
used without a figure, the square root is to be understood. 

244 When a figure <x letter is prefixed to the radical sign, 
without any character between them, the two quantities are 
to be considered as multiplUd together. 

Thus 2\/(i, ia ftx^/<h that is, 2 multiplied into the root of 
a, or, which is the same thing, take the root i^ a. 

And x^h, is xx V^> ^^ ' times the root of 6. 

When no co-efficient is prefixed to the radical sign, 1 ■• 
always to be imdeiatood ; ^a being the same as ) Vo> ^^ 
is, tmee the root of a. 

245. The method of ufweesinicrooliB by radical agns, has 
no very apparent connection with the other parte of the 
scheme of algebraic notation. But the plaii of indicating 
them by^ddumol iadiees, is derived direcuy from the mode 
of expresffln^ pouart by wtegral indices. To explain this, 
let 1^ De a given quantity. If the index be divided into any 
number of equal parts, each of these will be the index of a 
n)ot<tfa^. > 

Thus the $qtuBre root of a* Is a*. Vw, accwding to the 
definition, (Ait. 241,) the square root of a* is & &ctor, which 
mnltiphed mto itself will produce a*. But (fxtf=<^- (Art. 
233.) Therefor^ a* is the square root of a*. The index of 
the giv^ quantity a*, is here drrided into the two eqmtl 
parta,3aad3. Of course, the quaatity itnlf n rewlvad mto 
the two equal Actors, <^ and a*. 
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The cube root of <^ is (^. Fw <^X(^X<^=<^- 

IJue the index is divided into three equal parts, and tlte 
quantity itself resolved into three equal factors. 

HeBcpiare root of <^ is a' or a. For ax<i=<^- 

By extending the same plan of notation. Jradiondl jntfieet 
ate obtained. 

^Thaa, in taking the square root of a' or <i, the index I is 
divided into two equal parts, | and ) ; and the root is a'' 
On the same principle. 
The cube root of a, is o*= V*- 
The nth root, is a"=V^ ^^■ 
And the nth root of o-fx^ is ((^-x)*=\/(^•}-c. 

S46. Id all these cases, the den(»mnator of the fractional 
index, en>resses the numbet of factors into which the givea 
quantity is resolved. 

So thata'xo X« — «• And a'Xa"....n times =a. 

247. It follows from this [dan of notation, that 

<^X«^=<^''''' f" a'"" '=«' or o. 

<i*Xa*X«*=a'*+*+*=o'. &c. 
where the multifdication is performed in the same manner 
as ^e multiplication of powers, (Art 233,) that is, by ad^Hg 
themdki», 

248. Every root as well as every power of I le 1. (Art 
209.) For a root is a factor, which multiplied into itself will 

Sroduce die given quantity. But no factor except 1 can pro- 
uce 1, by being multiplied into itself. 

So that 1", t, V*> V*» *^'^' ^*' ^ eq«aJ. 

249. JWgdttve indices are used in the notation of roots, as 
well as of powers. See Art. 207. 

Thni-T=a4 -I="r+ — =fl-i 
^ a' a' 

10 
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POWERS OF ROOXa 



S50. It bM been shown in what munm uit ponwr or 
root may be expressed by mesne of an index. Tne index 
of a power is a whole number. That of a root is a fraction 
whose numerator ia 1. There is also another dass of quan- 
tities which may be considered, either as powers of root^ 
or roots of powers. 

Buppoee a' is multiplied into itsell^ so as to be repeated 
three tmies as a factor. 

The product o^+i+i or b* (Art. 247,) is evidently the 
cube of a', that is, the cube of the square root of a. This 
fractitmal index denotes, therefore, a power of a not. The 
den<nninator expresses the root, and the numerator the power. 
The denominator shows into how many equal fectors or roots 
the given quantity is resolved ; and the numerator shows how 
many of these roots are to be multiplied together. 

Thus a'^ is the 4th power oS the cube root of a. 

The denominativ shows that a is resolved into the three 
fiicton or roots a , and a , and a . And the numerat(X shows 
that four of these are 'to be multiplied together ; which will 
pwduce the fourth power of a*; that is, 



SSI. As a'^is a power of a root, so it is a root of a poKtr, 
Let a be raised to the third power if. The square root of 
Hob is a . For the root of (^ is a quantity which multiplied 
into itself will produce <f. ' 

But accwdmg to Art. 847; a^=ifx'^Xa* i and this 
multii^ied into itself (Art. 103,) is 

a* Xa* X<^ Xa* Xo* Xa^=«'- 

Therefore o* b the square root of the cube of a. 

In (he same maimer, it may be shown tliat a!' is the mth 
power of (he nth root of a; « the nth root of die mth pow- 
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RADICiL mUNTITieS. |0« 

er: tbaiw, arovttf a p trntr u t^mal to the tame pmttr-^nht 
MOM imoL For'iiwiance, tba fouxtti power (d'tbe cdiw root ei 
a, is die same aa ibe cube lout of the fourth power of •. 

253. Roots, as well as powers, of the same letter, may be 
multiplied by (H^tJtng: fAetr eajMMunts. (Art. 247.) ItwiUbe . 
easy to see, that the same principle may be extended to pow- 
ers of roots, when the exponents have a common denomi- 
nator. 

Thus a^X(i*=ii*+*=a* 

For the first numerator shows how often a' ia token as a fa^ 
tor to produce a* (Ait 250.) 

And the sec^md numeratw shows how often a' is taken ac 
a fiictor to produce a^. 

The sum of the numerators there&re, shows how often the 
root must be taken, for thaproditU. (Ait. 103.) 

Or thus, (i'=(i'xa . 
And (i'=o'x« Xa . 
Therefore a*Xa''=a'"x«XaXoXo=a* 

253. The value of a quantity b not altered, by ap[rfyin^ 
to it a fractional index whose numerator and denominator 
areeqnal. 

Thus a=a*=a'=a-. For the denominabv shows diat 
a is reBolved into a certain number of factors ; and the nu- 
merator shows that all these foctors are induded in a-. 

Thus o*=rt''x*' Xo , which is eoual to a. 

And a^=o'x<»"X''"-—» times. 

On the other hand, when the numerator of a fractional 
index becomes equal to the denominator, the expression may 
be rendered more simple by re;ecftng: the index. 

Instead of a*, we may wiite a. 

S54. The index of a power or root may be exchanged, fix 
any other index of the same value. 
Instead of a , we may put a'. 
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IVin'^e )titter<rf' thesve^irMrioDa, ansappoaed to b» 
reat^ved into tmice aa many factors aa in the fwm«r ; and dw 
Dumerator shows that twice as many of these fectors are toba 
multipUed together. So that the whole value is not altered. 

Thus x'=x*=x', &C. that is, the square of the cube root 
is the same, as the fourth power of the sixth root, the sixth 
power of the ninth root, &c. 

So o'=a*=a*=a'^. For the value of each of these in- 
dices is 2. (Art. 135.) 

S55. From the preceding article, it wil] be easily seen, 
that a fraclional index may be expressed in deamaU. 

X. Thuso*=(i'", or cf-*; that is, the square root is equal to 
the 5th power of the tenth root. 

8. a'=«'"™', or rf'"; that is, the fourth root is equal to 
the Sdth power of the lOOlh root. 

S. a*=a°* . 6. a'*=o'-' 

4. a^^o"-' 6. a^=a'-" 

In many cases, however, the decimal can be only an o^ 
proxtntofioa to the true index. 

Thus a^sstf-' nearly. o =o°'**'* very nearly. 

In this manner, the anvoximation may be carried to any 
degree of exactness whicn is required. 

Thus o*=o'-,**"'. a^=a''"*\ 

These decimal indices form a very important class of nimi- 
bers, called logarUfma, ■ j 

It is frequently convenient to vary the ootatitJn of rKtwers 
of roots, by making use of a vinculum, or the radical sign a/. 
In doing; this, we must keep in mind, that the power of a 
root is the same as the root of a power ; (Art S6I,} and also, 
(hat the detummator of a fractional exponent expresses a 
root, and the numerator a pouar. (Art. S50.) 

Instead, therefore, of a', we may wtite (a*)*, or {«*) , ot 
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- The &M of tbeae three forms denotes Uie equaie of Uie 
cube root of a ; and each of the two last, the cube root of the 
sqtureof «. 



So a- =1^1 =a"p=^o-. 
And (bx)^ ={b'i!')^=X7^- 



EVOLUTION. 

257. Evolution is the opposite of inrolution. One ia find- 
ing a power of a quantity, by multiplying it into itself. The 
other is finding a roof, by resolving a quantity into equal fac- 
tors. A quantity is resolved into any number of equal foe- 
tors, by dividing its mdex into as many equal parti ; (Art, 
S45.) 

Evolution mt^ be performed, then, by the fc^lowiog gen- 
eral rule; 

DlVIOE THE IHi}EX OF THE QOiNTITS BT THE NUMBER 
■ZPRESBING THE SOOT TO BE FOUND. 

Or, place over the quantity the radical sign belonging to 
the required root. 

1. Thus the cube root of (^ is a*. FDra*x<^X<^=i^' 
Here 6, the index of the ^ven quantity, ia divided by S, 

the number expressing the cube root. 

2. The cube root of o or rf, is a* or S^/a, 

For o' x<i*Xo^. or V<»xV'«X\/«='»- (A'** 343, 846.) 

3. The 5tb root of ah, is (ab)' or {/^. 

4. The nth root of i^ is a" oc 1^/^. 

■ 6. The 7th root of fid- x, is (3<i - a;)^or ^2d-«. 
fi The ^h root of a- x\, is a-xy or v'Jl"^['_ 

7. The cube root <rf a^ is o*. (An. 163.) 

8. The 4th root of a-' is o"^; 

9. The cube root of a' jg (,i_ 

10. The «lh root of aT, is * - . 
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SS8. AceoitHa^ to the rule joBt giren, the eub* fwAotlfao 
flqunre root is found, by dmding the Index ^ by S, u in e»< 
ample 7th. But instead of dividing by S, we caay nuMiig 
byf ForS-^3=i-i4=ixi. (Alt. 16S.) . . 

So — H>=-X- Therefore the mth root of the tith 



root of a is equal to a' ' 



That is, a 

Here the two iractional' indices are reduced to one by mul- 
tiplication. 

It is sometimes necessary to reverse this process ; to rescrfve 
an index into (too factort. 

Thus X* ^«^^' =sx\ That is, the 8th root of x isequsi 
to the B(]uare root of the 4th root. 
__i, i^i l|i 

So a-\-b\ =(H-*I =a+*n • 

It may be necessary to observe, that resolving the htdex 
into facUxB, is not the sahie as resolving the quantity into 
factors. The Iatt«r is e&cted, by dividmg the index Into 
parte. 

S59. The rul6 in Art. S57, may bQ applied to every ease 
in evoiutkML But when the quantity whose root is to be 
found, is composed of teverai jaclon, there will frequently 
be an advantage in taking the root of each of the facl<»E 
leparattly. 

tltis is done (q>on the principle that tKe root of the proAnet 
of several factors, is equal to the pro^tet qf their roots. 

Thus V^=V<'X V^- ^°^ ^^^ member of (he equatiim 

if involved, will give tne same power. 
The square of j^/^Ib ab. (Art 341.) 
The8quareofVXV*»'3V''XV«XV*X'V^-(Art.l02,) 
ButVaXV^o- (Ait.JB41.) AndV*XV*=*- 
Therefore the square of V>XV^=V<>XV«XykXV^ 

c=ab, which is also the square of V^- 
On the same iKincipIe, {ab)'=a!'V'. 
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When, Uterefore, & quantity couasle of seventl &cton| we 
may either extract the root of the whole together ; or we may 
find the root of the factors separately, and tien multiply them 
into each other. 

Ex. 1. The cube root (rfxy, is either {xyy or iry*. 
8. TheSthroot ofSy, ie!y'%or!^3xVy- 
S. The 6th root of oiA, ia {abh)\ or ah^l^. 

4. The cube root of 86,' b (86)* or 26*. 

5. The nth root of :^, is (a^)" or xy'. 

260. The root op a fraction is equal to the koot 
of the itttherator ditidcd bt the root of the seno- 
hinator. 

1. Thus the square root of *=5U PorfLx— =1 
. * fci 6* 6^ * 

A A A 

t. 8otbeiithtoDtof-=— . For — x—--n times =1 
* 6- 6" 6" * 

r */« /"* V"* 

3. The square root of -i, is -51f^ 4. V —=77^' 

561. For detennining what sign to prefix to a root, it ia 
important to obserre, that 

Ak odd root of ant QUANTITT HAS THE SAME BIGH AS 
THE QUANTlTr ITSELF. 

An etek root or ah ArpiuuTiTE qdantitt is am- 

B16IJOOS. 

An etek root or a neoatite qdantitt is imfossible. 

That the 3d, Sth, 7th, or any other odd root of a quaDtity 
must have the same sifn as the quantity itself, is evident 
fi^MB Art 219. 

562. But an even root of an n^rmafive quantity may b* 
either afitnoative ta negative. For, the quantity may ba 
{Hoduced from the on^ oa well as &om the other. (Ait. S19.) 

Thus the sqaaie root of c^ is .-^-a or -a. 
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An even root of an affirmative quuitity !f), therefore, a^ 
to be ambiguotts, and is marked with both -f <uid -. 

Thus the square root of 36, is tj\/ib. 

The 4th root of x, is ir*. 

The ambiguity does not exist, however, when, ftom the 
nature of the case, or a previous muhipli cation, it is known 
whether the power \iaB actually been produced frnn a posi- 
tive or from a negative quantity. See Art. S99. 

S63. But no even root of a negative quantity can be found. 

The square root of — (^ is neither -4-1 new — o. 

For +ax+**— +"'■ And -ax -«=+(»' also. 

An even root of a negative quantity is, therefore, said to be 
mpossible or imaginary. 

There are purposes to be answered, however, by applying 
the radical sign to negative quantities. The expression 
*/ -a is often to be found in algebraic processes. For, al- 
tndUgh we are unable to assign it a rank, among either posi- 
tive or negalJve quantities ; yet we know that whea multi- 
plied into itself, its product is - a, because ^ - a is by notation 
a root of - 0, that is, a quantity which multiplied into itself 
produces -o, 

This may, at first view, seem to be an exception to the 
general rule that the product, of two negatives is affirm- 
ative. But it is to be considered, that ^ - a is not itself a 
negative quantity, but the root of a negative quantity. 

The mark of subtraction here, must not be confounded 
with that which is prefixed to the radical sign. The expres- 
siffli ,y/-o is not equivalent to -^a. The former is a root 
of-o; but the latter is a root of -fo: 

For -v"»X - V'*= V^"—**- 

The roo t of- a, ho weve r, may be ambigwna. It may be 
either -f-V - a, or -V ~ "• 

One of the uses of imaginary expressions is to indicate 
an impossible or absurd suf^sition in the statement of a 
problem. Suppose it be required to divide the number 14 
into two such parts, that their product shall be 60. If one 
of the parts be x, the other will be 14 -x. And by the su^ 
position, 

xX{U-x)=eO, or 14«-a;»=60. 
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This rednced, I^ the rale a in the fi^owin; Mction, vill 

Aa the value of s ia here found to contain ftii imaginary 
expression, we infei that there is im inconsiBlency in the 
statement of the problem : that the number 14 cannot be 
divided into any two parta whose product shall be 60.* 

564. The methods of extracting the roots of compoand 
quantities are to be considered in a future section. But 
there is one class of these, the squares of binomial and re- 
sidual quantities, which it will be proper to attend to in this 
place. It has been shown (Art. 214,) that the square of a 
binomial quantity consists of three terms, two of which are 
complete powers, and the other is a double product of the 
roots of these powers. The square of a-^-b, for instance, is 

two terms of which, <f and 6^, are complete powers, and &ab 
is twice the product of a into 6, that is, the root of t^ into the 
loot of 6*. 

Whenever, therefore, we meet with a quantity of this de- 
scription, we may know that its square root ie a binomial ; 
and this may be found, by taking the root of the two terms 
which are complete powers, and connecting them by the 
sign -|-. The other term disappears in the root. Thus, to 
find the square root of 

take the root of 2^, and the root of v', and connect them by 
the sign -]-. The binomial toot will then be x-^-y. 

In a residwU quantity, the double product has the agn — 
prefixed, instead of +. The square of a —b, for instance, is 
(i*_2(ii4-*'- (Art. 314.) And to obtain the root of a quantity 
of this description, we have only to take the .roots of the two 
complete powers, and connect them by the sigil -. Thus the 
square root of a^-Sary+j/" is x-y. Hence, 

565. To KXTRACT A BINOMIAL OB REBlDtTAL SQUAJtE HOOT, 
TAKE TBB ROOTS OF THE TWO TSRMS WHICH ABE COUPLETft 
POWERS, AWD CONNECT THEH BY THE SIGN WHICH IS PREFIX 
En TO THE OTHER TERM. 

Ex.1. Tofindtheroolofx"-|-2ar+l. 

The two terms which are complete powers are i* and 1 
The roots are a; and 1 . (Art. 848.) 
The binoniial root is, therefore, x-\-\. 
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e. 1VK]ua»TO0l(tfc*-Sjc+l> ■»'-!• (Art, S14.) 
S. The square root of a*-]-a-|-i, is o-f). (Aii. 334.) 

4. The 8C|uare root of if^ia+i, is o-(-|. 

6" b • 

5. Tha square root of if^ak-^-x, is o+a" 

« ™ Sot 6' 6 

6. The square root of ^4-— + j, is «+-■ 

366. Abootwvosetaltie oahrot bk exactly bxpbcss- 
bd ih kuh9krs, is called a surd. 

Thus ^3 is a surd, because the square root of S caimol be 
expressed in numbers, with perfect exaclness. 

lu decimals, it is 1.41421356 nearly. 

But though we are unable lo aatagn the value of such a 
quantity whm t^ua alone, yet by multiplying it into itsd^ or 
by combiniug it with other quantities, we may produce ex- 
preesioQS whose value. can be determined. There is, ther&- 
fare, a system of rules generaEy appropriated to surds. But 
as ail quantities whatever, when under the same ra4iical sign, 
or having the same index, may be treated in nearly the same 
manner ; it will be most ccmvenient to consider them toge- 
ther, under the general name of Radical Quonttlies ; under- 
standing by this term, every quantity which is found under 
a radic^ sign, or which has a fractional index. 

367. Ev^ quantity which is not a surd, is said to be 
rational. But for the purpose of distin^shing between ra- 
dicals and other quantities, the term rational will be applied, 
in this section, to those only which do not a|^ar under a 
radical sign, and which have not a fractional index. 

REDDCrnON OP RADICAL atrAMTITIES. 

366. BefOTe entering on the consideration of the rutes for 
the addition, subtraction, multijJicadon and division of n^- 
cal quantities, it will be necessary to attend to the methods 
of reducing them from one form to another. 

t^sl, to reduce a rational quantity to the form of a radi- 
cal; 

Raise the quantitt to a fower of the same make as 
the given root, ano then apply the correspomdiife 
radical sign or index. 
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RADICi[L QUANTTTIES. Ill 

E*. 1. Reduce a to the fonn of the nth root. 
The nth power of o 18 a". (Art. 211.) 
Over iiaa, {dace the radical sign, and it becomes \/tf. 
It is thus reduced to the form of a radical quantity, iirith- 
out any alteration of its value. For \/(r=a» =a. 

2. Reduce 4 to the fbrm of the cube root. 

Ans. Vfi* or (64)*. 

3. Reduca 3a to the fitrm of the 4th roc^ 

Ans. ,^81 a*. 

4. Reduce iob to the form of the 8qu»e root. 

Ans. (ia'fc')^. 

5. Reduce Sx<^~>i to the form of.thecube root. 

Ans. ^^27x«^^^ See Art 212. 

6. Reduce a* to the form of the cube root. 
The cube of o' is a*. (Art. 220.) 

And the cube root of a' is iya'=a*\*. 

In cases of this kind, where a power is to be reduced to 
the form of the nth root, it must be raised to the nth power, 
not of the given Utter, but of the poaer of the letter. 
-Thus in the example, o* is the cube, not ctf a, but of o*. 

7. Reduce a' 6* to the form of the square root. 

8. Reduce <f to the form of the nth root. 

369. Sectmdh/, to reduce quantities which have different 
indices, to others of the same value having a commim nulex; 

1, Reduce the indices to a common denominator. 

2. Involve each quantity to the power expressed by ths 
numerator of its reduced index. ' 

S. Take the root denoted by the common dencmunator. 
Ex. 1. Reduce a* and i* to a cotlunon index. 

Ist. The indices -J and ■} reduced to a common denomina* 
tor, are A and ft. (Art. 146.) 

3d. The quantities a and b involved to the powers e: 
ed by the two numemtocs, are a* and A'. 
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3d, The lOot denoted by the common denominfttor ii ft. 

The answer, then, is o']'* and^i^. 
The two quantiUea are thus reduced to a common index^ 
without any alteration in their values. 

Fof by Art. 854, a*=a\ which by Art. 258, ^?|^. 

J. i i 

And univeraally a'=tf" :=<f\". 

S. Reduce tr and bx* to a comnuUi index. 
The indices reduced to a common denominator are f 
andt. 

The qoaatities then, are «' and (fc«) , or ?f*, and i'i*|* 

i J. J. 

S. Reduce a' and 6 ". Ans. a' 'f and ('. 

4. Reduce x' and j;". Ana. «"[■■ And y'l". 

5. Reduce 2* and 3*". Am. 8* and 9*. 

6. Reduce (a+i)' and (a;- y)^. Abb, tt+6 | andx-y I • 

7. Reduce o*" and 6'*. 8. Reduce r* and 6*. 

S70. When it is required to reduce a quantity to a ghm 
index ; 

Divide the index of the quantity by the given index, pkc« 
the quotient over the quiuitity, and set the given index ovei 
the whole. 

This is merely resolving the original index into two factory 
according to Art 258. 

Ex. 1. Reduce a to the index ), 

By Art. 162, i^i=ixi=i=i. 
This is the index to be placed over a, which then becomes 

o' ; and the given index set over this, makes it a*] , the an« 
swer. 

S. Reduce a' and x' to the common index i. 
2-^f=:2xS=6, the first index > 

l-i-f =J-X3=li the second index J 

Therefore fa')* .and (x') are the quontilieB required. 
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RADICAL qtTANTmES. US 

i. Reduce 4* and 3^, lo the common indei* " 

Anawer, (4')*and (3*)*. 
S71. TTdtdh/, to remove a part of a root from under Uw 
radical sign ; 

If the quantity can be resolved into two factors, uue of 
which is an exact power of the same name with t))e root ; 

FIND THE ROOT OP THIS POWER, ASD PREFIX IT TO THE 
OTHER FACTOR, WITH THE RADICAL 6IG1T BETWEEN THEM. 

This rule is founded on the principle, that the root of the 
product of two factors is equal to the product of their roots. 
(Art 259.) 

It will generally be best to resolve the radical quantity into 
such fectors, that one of them shall be the gnateH power 
which will divide the quantity without a remainder. If 
there is no exact power which will divide (he quantity, the 
reduction cannot be made. 

Ex. 1. Remove a factor from \/8. 

The greatest square which will divide 8 is 4. 
We may then resolve 8 into the factors 4 and i. For 4x2=6. 

The root of this product is equal to the product of the roots 
of ite factors ; that is, VS=V4xV^- 

But V4=2. instead of V^ therefore, we may subotituie 
its equal 2. We then have ^xV^ot 2V^. 

This is commonly called reducing a radical quantity to its 
most giTOple lenm. But the learner may not perhaps at once 
perceive, that %\/Z is a more simple expression than .^8. 

2. Reduce ^a'x. Ans. V^XV^=<'XV*='*V'^ 

8. Reduce VIS- Aaa. A,/9x^=tA^XA/Z=W^- 

4. Reduce \/S4^. Ans i^6Wx}/e=4iX/c. 

' /a^b a* / b 

5. Reduce V ?f Ans. c V ed' (Art. 260.) 

6. Reduce ^tci. Ans. a^&, or oA". 

7. Reduce (<^-a'6)*. Ans. a{a~b)^. 

8. Reduce (54<^t)*. Ans. 3a«(2b)^. 

9. Reduce ^/Q8^x. 10. Reduce ^a'-j-a'6».' 

' U 
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27S. By a cootniry process, the co-efBcieot of a mdical 
quaatity may be inlrwiuced under the radical aign, 

1. ThuB, 0^6= ^a"6. 
Por(i=^rf'ora-. (Art 85S.) And ^(irx.v'6=\/^ 

Here the co-efficient a is first raised to a power of the same 
name as the radical part, and is then introduced as a factor 
under the radical mga, 

3. 3ot(2a4»)*=(l6«'6')* 
, a/ Irt: U / g'fc U 



ADDITION AND SUBTRACTION OF RADICAL 
QUANTITIES. 

S73. Radical quantities may be added like rational quan- 
tities, by writing Ihem one ajler another uUh their Hgtu. (Art. 
69.) 

Thus the sum of ^a and ^b, ia V<H- V*' 



But in many cases, several terms may be reduced to one, 
as in Arts. 72 and 74. 

The sum of SV" ^^ SV*'^ 2\^a+S*^a=:5\fa. 

For it is evident that twice the root of a, and three times 
the root of a, are five times the root of a. Hence, 

S74. When the quantities to be added have the same radi- 
cal part, under the same radical sign or index ; add the ra- 
tional parli, and to the turn annex the radical fartb. 

If no rational quantity is prefixed to the radical sign, 1 is 
always to be understood. (Ait. 244) 

t!^axi SA/a S(«+A)+ 66A* oV*^ 

-SVo 4(t+h)* -Ibh^ yVJ^ 




7(x+hy (*+y)XV^^ 
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RADICAL QUANTITIES. It* 

VtS. If ths radical parts are originally d^rent, they may 
aometimes be made aliKe, by the ruluctiona ia the preceding 
articlet. 

1. Add j\/S to Jn/SO. Here the radical paita are not the 
same. But by the reduction in ArU 371, y8=2V3, and 
VdO=&\/S- The sum then ie 7\^. 

t. Add A/lQb to \f4b. Ans. 'U/b+2.\/b=6\fb. 

3. AddVo*»toVt**- AnB.aVi4-6V*=('»4-^')XV* 

4. Add (86a'v)* to (8%)* Ans. (6<H-5) XV* 

5. Add Ai/lSa 10 ii/ka. 

S76. But if the radical parts, after reduction, are d^ereat 
or have different exponents, they cannot be united in the 
same term ; and must be added by writing them one al\er the 
other. 

The sum of S^b and Z^/a, is S\^b-^%\/a. 

It is manifest that three timen the root of b, and tmce lbs 
root of 0, are neither five times the root of b, nor five times 
the root of a, unless b and a are equal. 

The sum of !/a and S^/a, ia !^a-\-^a. 

The square root of a, and the cube root of a, are neither 
tvice the square root, nor twice the cube root of a. 

877. SubtracGon of radical quantities is to be performed in 
the same manner as addition, except that the signs in the sub- 
trahend are to be changed according to Art. 82. 

From Vy 4,\/a-{-x Shr a(x-{-y) -a" 

Sub. SV«y i\/a+x ,-5h^ b{x-i-y) ~iar" 

Diff. - ^ay, 



Prom V50, subtract a/S- Ans.5V*-2V2=5V2. (Art. 
S76.) 

Prom ^i>*i/, subtract Syby*. Arm. (b-y)x{/by. 
Fmoa y/x, subtract J!/x. 

MULTIPLICATION OP RADICAL QUANTITIES. 

S78. Radical quantities may be multiplied, like other 
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lie AUIBU&A. 

quuiUlies, br writing the faotors one after 'aiiothei^ Mxr 
with or without the sign of muItipUcaUoD faetwoeo thm. 
(Art. 93.) 

Thus the pmlucl of A/a.ial» /t/b, is V*X V^- 

The prodact erf A* into y* is hry\ 

But it is often expedient to bring the bctors tinder the 
Baine radical sign. This may be done, if they are first re- . 
duced to R common index. 

Thus VXVy^V*!'- ^^ *^^ ''°***' °^ ^^^ product of 
several factors tB equal to the product of their rootri. (Art. 
£59.) Hence, 

279. Qdantities under the saub radical sicn or ih- 
dez, hat be hulttplied together like ratioftal duan- 
tities, the product being placed under the cohuon 
radical sign or index.* 

Multiply i^x into ^y, that is, x into y'. 

The quantities reduced to the same index, (Art. '269:) are 
(a:') , and (y*)*and their product is, {x*y*y=\/x'y'. 
Mult, V*4-"> V<^ « («+>)■ '^ 

Into */a - m ^hy xi (M**)^" *' 

Prod. Vo* - »"* («'«)* .rfV)^" 

Multiply A/^into^/2xb. Prod. A/I6x*b*=4xb. 
In this manner the product of radical quantities <rflen be- 
comes ratumoL 

Thus the product of yS into V^8= V36=6. 

And the {»oduct of (a'y^)''into (a'y) =((i*y*) =«sr. 

280. Roots of the bake letter oe qdantitt kat be 
udltiplisp, bt adding their rbactiokal exfonerti. 

The exponents, like all other fractions,, must be reduced 
to a common denominator, before they can be united in one 
term. (ArU 143.) 



: ttmiaary root of ft nepitiTG qoantitj may ht et 
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KiDiCAL dVAsmaa. in 

The values of the Toots are not altered, by reducing their 
indices to a common denominatoi. (Ait. t54.) 

Therefore the fint factor a'-. 
And the second 
Bulo'so^xo^X"*- (Art. MO.) 






And a' 



.*^.KJ. 



Tbs product therefore is o'X'i X« X*' X" =« . 

And in all iiutancea of this nature, the commoa denomio- 
atot of the indices denotes a certain root ; and the aum of 
the numerators, shows how often this is to be repeated u a 
factor lo produce the required product. 

Thofl a'Xo"=0"Xa"=a"". 
Mult. 3y* a*xo* (<i+6)* (o-y)" «"* 
Into y* a^ (a+b)^ (o-J/)" *"* 

Prod. Sy^ (a+bf «"* 

The product of y' into y"* is y*~ — y ■ 

The product of a* into a~', i8a"~'='^=l' 

And x'"* x»*"" =*'""**"*=/= 1- 

Tlie product of <f into o*e=a*x« =« ■ 

£81. From the lost exurp^e it will be seen, that pouen 
and roolf may be multiplied »y a common rule. This is one 
of the many advantages derived from the notation by &ac- 
tional indices. Any quantities whatever may be reduced to 
the fonn of radical (Art. S68,) and may then be aubjected 
to the some modes oif operation. 

Thuey*xy*"==y*^=v"^- 

And »x*" =*• '=*' ■ iia 
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The product will become rational, whenever the cumero- 
lor of the index can be exactly divided by the denominator. 

Thus .^Xo'^X<i*=«^=«*. 

And ((H-6)*X (a+b) ~*=(iH-fc)*=o+fr. 

And o*xii =0 =«. 

S8S. When radical quanlitiea vhich are redneed to the 
same index, have ratiohal co-efficients, the katioitai. 

FART8 MAT BE HULTIPLIED TOQETHER, AND THKIft RO- 
DCCT PREriXED TO THE PRODUCT OF THE RADICAL PARTS, 

1. Multiply a^/b into cyd. 

The product of the rational parte is ae. 
The product of the radical parts ia \/bd. 
And the whole product is Mt/bd. 
Via ws/h ia ay.A^b. (Art. 244.) AnA M/dis eX's/i- 

By An. 1C8, oxV* into CXV*. is axV^X^XV*'* <* 
by changing the order of the factors, 

'>XCXV6XV<'='«=XVW=«<V^ 

2. Multiply 01' into h^. 

When the radical ports are reduced to a conunon index, 
the factors beixnie o(*»)^ and 4((P)*. 

The product thenia a6(T'(P)*. 

But in cases of thb nature we may save the trouble of re- 
ducing to a common ini^x, by multiplying as in Art 978. 
Thus oa* into M* b a^b^. 



Mult. 
Into 




i^f ov« ««"* «V 


Pwd. 


•ViV-^)* 


olV"'=oti 3sy 



383. If the rational quantities, instead of b«uig co-effeUttta 
to the radical quantities, are connected vith them by the 
signs + and - , each term in the multiplier must be multi- 
pUed into each in the multiplicand, as in Art. Itt). 
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RADICAL QUAMnriES. 



Hdltiply «4^VA 
Into H-V*' 

Tha prodlict of o-j-^ ioto l-|-tvylB 

L Multiply ^a into X/h. Ane. ^^S. 

5. Mult^ly SVS mto 8V8. Ana. 30V10. 

3. Multiply U/i into 5^/4. Ana. 6^438. 

4. Multiply V' ^^*^ V"^- ■^^'^- K/^^^ 

6. Multiply ,^/^ into ,^/5£?. Ans. /8^. 

6. Multi|iiy o(a - *)i into (c-d)x{'w)*. 

Ana. (oc - («i) X (<^« - oa^)' 



DITISION OF RADICAL QUANTITIES. 

S84. The divisiwi of radical quantities may be expressed, 
by writing the divisor under the dividend, in the form of a 
fraction. 

Thus the qnotieot of i/a divided by j^b, a 5^. 

And (o+A)* divided by (5+a;)-isi2±*L 

In these instances, the radical sign or index is itpwaUh/ 
applied to the numerator and the denominator. But if the 
divisor and dividend are reduced to the tame index or radical 
sign, this may be applied to the whole quotient. 

Thus ^o-r^6=5i^=^^- For the root of ft fractiMi 

is equal to th« root of the numerator divided 1^ tha foK (rf 
the denouuiutor. (Art. 260.) 
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Again, J^ab-i-l^b^J^a, Fa the product of this quotient 
into the divisor ie equal to the dividend, that is, 

y/ox y/h=li/ab. Hence, 

S8fi. Qtr AHTITIES ttRPEB TBS SAHS RADICAL SIGH OB IITDBX 
HAT IE DIVIDED LIKE BATIOHAL QUANTITIES, THE QUOTIEHT 
BEINO FLACED UNDER TBE OOHHOH RADICAL SIOM OR IKDEZ. 

Divide (*y)* by ^. 

These reduced to the Bame index ate (x*y*) nnd (y*) : 

And the quotient is (a^'sai'^**. 
Divide ve^ V^A? (a'+ar)* {Jh)' (aV)* 
By V3i V^ <^ («*)* ("qf)' 

Quot. V3^ 10*+*)* ("S)^- 

S86. A ROOT IS DIVIDED BT ANOTHER ROOT OF TBB 
SAME LETTER OR QUANTITT, BT 8UBTBACT1H& TUE INDEX 
or THE DIVISOR FROH THAT OF TUE DIVIDEND. 

Thus <i*J^*=o*~*=a*"*=sa*=a*. 
For tt'=o*=o*X« Xo and this divided by a* is 
o'^xo^xa* f i f + 

In the some manner, it may be shown that a^-i-a * = a"' '. 
Divide (So)^ («)* o"^ (fi+y)" (ry)* 



QuoL (3a)' a" (iY)~ 



PoutTt and root* may bo brought promiscuously togelhu^ 
and divided according to the same nile. See Art. 281, 
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EADUUL QVANTrnES. HI 

Thus «•■*«*= ffl'-i=a* Foro*Xffl*='>*=«'- 

So 1^-71^=/"-- 

287. When radical quantities which are reduced to the 
same index have rational co-eiticientb, the kationai 

PABTS HAT BE DIVIDED SEPARATELT, AKD THEIR QU0T1EIT1 
PSSriXED TO THE QUOTIENT OF THE RADICAL FARTS. 

Thus acj\/bd'^a\/b=cj\^d. For (kis quotient mumpUMl 
into the divisisr is equal to the dividend. 

Divide 2ixAi/ay \8dh\/bx by{a*x')' 16V38 bVy 
By 6 A/a gAy* y(<w)" S^/4 ^/y 



4» VV 6 (a' a;) ' 6 V* 



Divide oi(*'6)* by o(«)*. 

These reduced (o the same index are a6(«'A) and'a(x*)*. 

The quotienl thenis6(fc)* = (6*)*. (Art.27a.) 
To save the trouble of reducing to a comraon index, the 
division may be expressed in the form of a fraction. 

The quoUent wiB Oienbe^^i^^, 

\ /f 

1. Divide S^6c by &A^ae. Ans. i S/ a*c' 

2. Divide 10V109 by 5^4: Ang. 8^/27=6. 

3. Divide 10V87 by 8V3. Ans. 15. 

4. Divide 8V108 by 2^*- Ana. l^V*- 

5. IMvide (o'fc'rf')* by J*. Ans. (ab)t 

6. Divide (16fl'-12a*jr)*by So. Ans. (4o-S»)* 
INVOLUTION OF RADICAL QUANTITIES. 

288. Radical quantities^ like powers, are invol.vbb 
it multipltlmq the index of the root into the index of 
tbk required power. 
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1. The Bquan of «*=a*^*=A For a*x«'=o'. 
t. Thecubeofa*=«^^'=o*. For a*^x<i*X«»^=a^- 
3, And universally, the nth power vt a^=a''^'* =0". 



of the indices nill tbm be •<. 

4. The 5th power of a y, is a'y . Or, by reducing the 
'roots to a common index, 

(.■,.)*><»=(.■,■)♦. 

5. The cube <rf a'^, is a"i" or (a"a")^. 

6. The square of a*x*, \B a V. 
The cube of o*is ffl*^^=a*=o. 

.And the nth power of o", is a*=a. That is, 

289. A ROOT IS RAISED TO A POWER OF THE SAME ITAHK, 

■r REHOvma the index or radical eion. 
Thus tbe cube of i/b-^x, is b+x. 
And the nth power of {o-y)*,is (a-ji-) 

S90. When the radical quantities have rational eo-tffidtaf, 
these must also be involved. 

1. The square of a\/i^ is a'J^s*. 
For aV-*XaV*='*'V*'- 

8. Thenthpowerof a"«", isa"*". 

3. Thesquare of oV~y»'"''X(»'-y') 

4. The cube of 3a^, ia 27o'sf. 

t91. But if the radical quantities are connected with 
others by the signs -{- and — , they must be involved by a 
multiplication of the several terms, as in Art. S13. 
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RADICAL dUANTlTIBS. 
Bx. I. Bsqnirad the squares (rf 0+'%^ anda-\^. 

<H-Vy fl-vy 



ffl'+aov^+jf a»- 2(iyy+y 

S. Required (he cube of a - V^. 
S. Required the cube of S(^f V- 



29S. It ia unnecessary to ffive a separate rule'for the evo- 
htHoa of radical quanUtiee, loat i% for finding the root o[ a 
quantity which ia already a root. The operation is the same 
as in other cases of evolution. ■ The fractional index of the 
radical quantity is to be divided, by the number expressing 
the root to be found. Or, the radical sign beloDging to the 
required root, may be placed over the given quantity. (Art. 
£57.) If there are rational corefficients, the roots <tf theso 
roust also be exiiacted. 



Thus, the square root of 



.i„M'=.y 



The cube root of o{«y) > is a'ixyy. 

The nth root (rf aiyby, is W ai^by. 

S93. It may be proper to observe, that dividing the frat- 
IfiMuI index of a root is the same in effect, as nudt^lymg the 
mnnber which is placed over the radical sign. For this 
nomber correqrands with the denominator of the fractional 
index ; and a fraction ia divided, by miMplying its denomi- 



Thus V<»=«'- 

On the other hand, tmiU^y 
equivalent to dmding the numb 
radical eign. 


m^ the fractional index is 
er which ia placed over the 


Thus the square of i/a or a*, 


i.V.«.*x*=.f. 
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898. i. In algebraic calcolatitms, we hars i 
occBBion to seek for a factor, which multiplied into a gnta 
radical qnantity, will render the product ratumal. In the 
cose of a Hmple radical, such a factor is eaaily foimd. For 
if the nth root of any quantity, be multtplted by the same 
loot raised to a power whose index is n — 1, the product will 
be the given quantity. 

± — ■ 
ThuB :^a;X V'*^ ^ ' X*' =x'=x. 

And (H-»)'x(*+v) " =*+y- 

So At/aXV^=a. And \/ax\/^=\/(^=o- 

And X/axK/if=<h &<=■ And (o+i)* x('i-|-6)*=<H-^- 

S93. c. A factor which will produce a rational product, 
when multiplied into a Maondai surd containing only the 
§mtare root, may be found by applying the principle, that 
tne product of the sum and difference of two (guanlities, is 
equal to the difier^ice of their squares. (Art. 235.) The 
Innomial itself, after the aga which connects the terms is 
changed from -{- (o -, or itom - lo ~|-, will be the faictor 
required. 

Thus ('•i/a+yb) X (V» - V*) = V»*- */6'=o - 6, which 
is free from radicals. 



k,n+v*)x(i-V2)= 

md(3-2V3)xr~ ■ 



!)X(3+2V2)=>- 
When the compound surd consists of more Aaa too tenaas. 
It may be reduced, by successive multi[^cations, first to a 
binomial surd, and then to a rational quantity. 

Thus(VlO-V«-V3)X(VlO+V«+V3)=5-2V6, 
B binomial surd. 

And (5-2y6)x(5+2V6)=l- 
Therefore (VlO- V^-V^) multiplied into (VlO+V*+ 
V3)X(5+SV6) = »' 

293. d. It is sometimes desirable to clear from radical signs 
the numerator or denominator of a JracHon. This may be 
efikcted, without altering the value of the fraction, if tlie 
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RADICAL ({irANTITIES. IN 

nmnerator and deaonUiuitor be boUi niull^iad by & fiteU* 
vbich will ivadet either ot them rational, ae the mm may 
require. 

1. If both porta of the ftaction ^2. be multiplied by V^ 

it will become V'*Xvg_ _ g_^ j„ which the nwiendw it) a 

V«xV« V" 

raticnal quantity. 

Or if both pvts of the given fraction be multiplied by ^x, 
it will become X^, in which the detwntinatOT is rational. 

8. The ft..U« _A^Jx(a+')tjM'-+')* 

3. TV,. f,.,.i„n tej-'-, (?+') *+^ - »+' 

" _o(s+i)' a(v+.)* 

4. The fracUon 4 = -pll-^a"^*" . 

5. Th.fa„.^„„ yS - V8X(3+V2) _2+3V8 

3-V2 (3-V8)(3+V«) ' 

6. Th.fr.ction_2 - 8(VS+V8 > =^5 

V5-V2 (V5-V2)(VS+V2) 
+V8. 

6_6x5'_6, 
■ 7. The fraction ,J~g}-|-i~'5"'^ 

8. The fraction 

8 _ 8x(V3-A/S-l)(-V?) = 4 . 

V34-va+i (v3+V2+')(V3-v^-'M-V«) 

9. Reduce -L to a frftatioo having a rational denominator. 

10. Reduce °~y* to a fraction havmg a rational denom* 

inator. 

£93. «. The arithmeticBl operatien of fiidlag the ^ roxSmatA 
▼alue o( a fractional surd, may be shortened, by rendering 
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MthwftetiaiiwratDrorUwdenoniiii&UvraUaiaL The raot 

of a tmstioa is equal to the root of the numerator divided l^ 
the root of the deuomiDator. (Art. £60.) 

Thus" /?=i^. Butthiamaybereducedto ' , , 

P,VaxVt^\ (Art. 293. d.) 
The square root rf? ia ^ or JL, or V3, 

b A/b yi b 

When the fraction is thrown into this form, the process of 
extracting the root arithmetically, will be confioea either to 
the numerator, or to the denominator. 

Thus the square root of ?= V3= V^x^^^ 

ExampUt for prtutUe. 

1. Find the 4th root of 81a*. 

2. Find the 6th root of (a+6) "'. 
S. Find the nth root of (i - y)*. 

4. Knd the cube root of -ISfiaA 

5. Find tiie square root of — . 

6. Find the 6th root of ??^I!. 

943 
T. Find the square root of jt'-efci-j-SJ' 

8. Find the square root of a'+im-j-lL. 

4 

9. Reduce «u* to the form of the 6th root. 

10. Reduce-3y to the form of the cube root. 

11. Reduce tf and a* to a common index. 
IS. Reduce 4^ and 5^ to a common indeoc 

13. Reduce a* and b* to the common index'. 

14. Red ice t* and 4* to the cotamon ndex*. 
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KADIGAL dUAHTmia. \m 

15. Snnon a factor from ,t/iS4. 

16. Remove a factor from V**-«^« 

17. Find the anin and difierenca of VI ^"^ *°^ V^^ 

18. Find the sum and difleience of i^jsi uid ^'42. 

19. Moltiidy 7^18 into 6^4- 
«0. Multijrfy 4+2V2 into S - V*- 

SI. Miilti[dya(fH-V'=)^ii»«^(<i-VO^ 
3S. Multiply 2(a-f-6)" into S(<i-J-i)-. 
2S. Divide 6V54 by Sys. 
24- Divide 4V72 by 2^*8- 
25. Divide v'' by V^. 
86. Divide 8V^[2'bjr 4V2. 

27. Find the cube of I7v^. 

28. Find the eqoaie of 5+^/9. 

' 29. Find the 4th power of iv6. 
80. Find the cube of A/x~^b. 

31. Find a factor which will make ^^ rational. 

32. Find a factor which will make ^5 - V rationoL 

33. Beduce^^ to a fractitm having a ratiraial numerator. 

34 Reduce — ^ to a fracti<ai having a rational de> 

^/7XVS 
ncminator. 



'Doili^cdbyGoOJ^IC 



REDUCTION OF EQUATIONS BY INVOLUTION 
AND EVOLUTION.. 

Akt. 294. IN an eqmtion, the letter which es^reosea the 
unknown quantity ia sometimes found under a radicid ligTi. 
We may have n^x=a. 

To clear this of the radical sign, let each member of the 
equation be squared, that is, multiplied into itself. We flball 
then have 

V*XV*='»«- Or, (Art. 289,) x=tf. 

The equality of the aides is not affected by this operation, 
because each is only multiplied into itself that ie, equal quan- 
^tities are multiplied into equal quantities. 

The same principle ia applicable to any foot whatever.— 
If \/x=a ; then x= a". For by Art. 889, a root is raised to 
a power of the same name, by Temoving the index or radical 
sign. Hence, , 

295. When the unknown quantity ib unper a radical 
sign, the eduatton is reduced bt tjitolvina both bides, 
to a power of the aame name, as the root expressed by the 
radical sign. 

It will generally be expedient to make the necessarv trans- 
posiiloDs, be^e iuvoh-iog the quantities; so that all those 
which are not under the radical sign may stand on one side 
of the equation, 

Ex- 1. Reduce the equation j^x-{-4=9 

Transpoeing 4-4 J^x— 9-4=5. 

Involving both sides a!=5*=25. 

. Reduce the equation <>+ V ~ ^=^ 

By Iranaposition, %/x=id^b~a 

By involution, »=(<t-f6-a)" 
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3. Reduce the equatioa \/x-{-\=i 
InTolving both ddee, x-{-l=4*=64 
And i=6S. 

4. Reduce the equation 4-\-i^s - 4=9+^ 
Cleanng of fractions, 8-{-6 V - 4=il3 
And V*^"*' 
Involving both side^ x - 4=H 

And »=«+4 

5. Reduce the equation \/^-{-^z= 



3+d 



Multiplying by V'+V*' i^+v'*=S+(i 

And V«=*+<'-<^ 

Involving both sides, x= (3-f d - a')'. 

In the first step in tbis example, multiplying the first mem- 
ber into y'i^-j-'\/x, that is, into itself, is the same as squar- 
ing it, which 13 done by taking away its radical sign. The 
other member being a fraction, is multiplied into a quantity 
equal to its denominator, by cancelling the denominator. 
(Art 159.) There remains a radical sign over a;, which 
must be removed by involving both sides ^ the equation. 

6. Reduce S+ZA/x~t=6. Ana. x=^. 

7. Reduce 4^1=6. Ana. ir=20. 

8. Reduce (2«-}-3)*'+4=7. Ans. i=12. 

9. Reduce ^Xz+i=:Z+/ii/x. Ans. x=4. 

10. Reduce /\/x - a= V« - i V**- -^^o"- *=*T^* 

11. Reduce V6xV*+2 =8+^5*- An8-»=^- 

IS. Reduce ir5?=V£ Ans. x=-L. 

y/x X \-a 

^x+a8 , V^38 Ana. ,=4. 



!»• 
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14. Eeduce V*+VM-*=-:^=- Ans. a!=fi. 

2a» 

15. Reduce jt4-\'o*+a?=-T==. Am. x=<^/i. 

18. Reduce x-\-a=j^if-i-x-s/li'^^ Ans. i= — 3^- 

n. Reduce V2+«+V*= —■■■■■ ■ Ans. it=*. 

18. Reduce V^--32= 16- V»- AnB.i=81. 

19. Reduce V*e4-17=3V*+'- ^^ «=16. 



REDUCTION OF EQUATIONS BY EYOLUTION. 

596. In many equabons, the letter which expresses the 
unknown quantity is involved to some power. Thus in the 
equation 

K«=16 
we have the value of the aquare of x, but not of x itself. If 
the square root of both sdes be extracted, we shall have 
1=4. 
The equality of the members is not affected by this reduc- 
tim. For if two quantities or sets of quantities are equaJ, 
their roots are also equal. 

If (x-^a)'=,b+k, theni4.a=;^5+A. Hence, 

597. WbEN the EXPREBSIOn COKTAimKO THE VREKOWK 
QtTANTITr IS A POWER, THE EQITATIOM IS REDUCED B7 EX- 

TRACTiMO THE BOOT OF BOTH BIDB8, a root of the same name 
as the power. 

Ex. 1. Reduce the equation 

By transpositioii 

By evolution 

The Bigns + and - are both 

an even root of an aSSrmative qt 

261.) 
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EQUATIONS. 


131 


S. Reduce the equation 
TiaDBpodng, ttCi 
By evolutiwi. 


5a*-S0= 


=^+S4 


8. Reduce the equation, 0+^=*-^ 




Clearing of fractionsi Sec. 


^ m-abd 




b+d 




By evolution, 
4. Reduce the equation. 


a-i-ii-=lO-i' 




Tranapofflug, Sec. 


-^ 




By evolution, 


-mf 





398. From the preceding articles, it will be easy to see in 
what manner an equation is (o be reduced, when the ex- 
pression containing the unknown quantity is a power, and at 
the same time under a radical sign ; that is, when it 19 a root 
of a power. Both involution and evolution will be necessary 
in this case. 

Ex. 1. Reduce the equation X/^=i. 

By involution ;^=4'=64 

By evolution ir=i^64=±8. 

X Reduce the equation ,^/X'-a=h-d 

By involution ^-a=h*-ihd-{-d^ 

And sr^h'-ikd+^+a 

By evolution x^'H/h'- 2Ad-j-(P+a. 
3. Reduce the equation (iF-|-a)*=i _^i — 

- Miiltiplyiiigbj(x-a)* (Art. 879.) («'-<.')'=n+6 
ByinvolutioD ii"-«'=(^+2<iA+i* 

Trans, and uniting teims a*=2(^+2aA+I^ 
BytTOtaaon «=fSrf+«<i»-(-««)*. 
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taa ALGEBRA. 

Problans. 

Piob. 1. A gentleman being aeked his age, refdied, "If 
you add to it ten years, and extract the squaie nut of the 
sum, and firom this loot subtiact 2, the remainder will be 6." 
What was his age t 

By the conditions of the problem ^x-\-lO — 3=6 
By transposition, V*+*0=64-S=8 

By involution, x+10=8*=64. 

And x=64-lOo=54. 

Proof (Art. 194.) ^644-10-2=6. 

Prob. 2. If to a certain number 33577 be added, and the 
square root of the sum be extracted, and from this 163 be 
subtracted, the remainder will be 337. What is the num- 
ber! 

Let x= the number sought. t=163 

0=23677 c=SS7. 

By the conditions propoeed /\/x-\-a—h=c 

By transposition, j^x-^a=c-\-h 

By involution, »-J-o={c-|-6)' 

And x=(c-|-t)'-a 

Restoring the numbers, (Art. 52.)*={237-f 163^^-23577 
That is x=160000-22577=137423. 



Proof VI 37423-1-32577 - 163=237. 
299. When an equation la reduced by extracting an even 
root of a quantity, the solution does not determine whether 
the answer is positive or negative, f Art. 297.) But what 
is thus left ambiguous by the algebraic process, is frequently 
tsetlled by the statement of the problem. 

Prob. S; A merchant gains in trade a sum, to which 320 
dollars bears the same pr<^K>rtion as five times this sum doea 
to 2500. What is the amount gained % ■ 
Let x=the sum required. 
«=320. 
6=2500. 
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EQUATIONS. ISa 

; By Um auppotdtion a:«::Ssi( 

MultiplfBig the axUeinea and meuia 6x*sxab 

'=(t)* 

Reetoringthe numben^ ,_/SaOx8WX)ji_^nn 

Here the answer is not maiked aa ambi^ous, because by 
the statemeDt of the problem it is gam, and not Iubb. It 
must therefore bo positive. This might be determined, in 
the present instance, even from the algebraic proc«Bs. 
Whenever the root of z* ie ambiguous, it is because we are 
ignorant whether the power has t^en produced by the mul- 
uplication of 4-x, or of-i;, into itself. (Art. 362.) But 
here we have the multiplication actually performed. By 
turning back to the two first steps of the equation, we find 
that 5x' was produced by mtiltiplyiag 5x into x, that is -^Sx 
into -\-x. 

Prob. 4. The dietance to a certain place is such, that if 
96 be subtracted from the square of the number of miles, the 
remainder will be 48. What is the distance 1 
Let x= the distance required. 

By the supposition x^-96=48 

Therefore x= Vl44= 13. 

Prob. 5. If three times the square of a certain number be 
divided by four, and if the quotient be diminished by IS, the 
remainder will be 180. What is the number % 

By the suppositioa ^ - 12=180. 

Therefbre «=:y£56=16. 

Frob. 6. What number is that, the fourth part of whose 
square being subtracted from 8, leaves a remainder equal ic 
four) -Ans. 4. 

Prob. 7. What two numbers are those, whose simi is to the 
greater as 10 to 7 ; and whose sum multiplied into the lest 
produces 270 1 

Let 10«=thelr sum. 

Then 7a;=the greater, and 33t=the less. 

Therefore x=S, and the numbers required are SI and 9 
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Pimb. 8. What two nundMra are tboM, wImm diflbrefioe ii 
lo'Uie gnoler u S : 9, and the dificnnce of whose aqwrei 
ifllSSI Ana 18 and 14. 

Prob. 9. It is required to divide the number 18 into two 
Buch parts, that the squares of thoee parts may be to each 
other as 25 to 16. 

Let s= the greater part Then 18 - x=the less. 

By the canditicm pn^poeed x* : (18 -*)*:: 26 : 16. 

Therefore 1 6a;»= 85 X (18 - 1)*. 

By evdution 43:=5x(18-x.) 

And s=10. 

prob. 10. It is required to divide the number 14 into two 
such parte, that the quotient of the greater divided by the 
less, tn&y be to the quotient of the less divided by the greater, 
as 16 : 9. Ans. The parts are 8 and 6. 

Prob. 11. What two numbers are as 6 to 4, the sum of 
whose cubes is S103 1 

Let 5x and 4x=the two numbers. 

Then x=S, and the numbers are 15 and 13. 

Prob. IS. Two travellers A and B set out to meet each 
other, A leaving the town C, at the same time that B left D, 
They travelled the direct road between C and J}; and <xi 
meeting, it appeared that A had travelled 18 miles more 
than £, and that ^ could have gone f 8 distance in 15f days, 
but ^ would have been 26 days in going ^b distance. Re- 
quired the distance between C and D. 

Ijet it=the number of miles -S travelled. 

Then x- 18=the number B travelled. 
^11— =^s daily progteas. 

~ =B'b daily progiess. 

Therefore «: I - 18 :: Hi? : -1. 
15} 28 
' This reduced gives z=T2, .^s distance. 

Tbe whole distance, therefore, from C to i>=:126 milea; 
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EQUATIONS. 135 

'Pnb, IS. Find two nimibere wbich am to each other as 8 
to S, and Those jwoduct ia 360. Aob. 24 and 16. 

Prob. 14. A gentleman bought two pieces of silk, which 
logethei measured 36 yards. £ach of them coat as many 
flhillJngs by the yard, as there were yards in the piece, and 
their whole prices were aa 4 to 1. What were the lengths 
of the pieceal Ans. 24 and IS yards. 

Prob. 15. Find two numbers which are to each other as 
3 to S ; and the difference of whose fourth puwers is to the 
Bum of their cubes, as 36 to 7, 

Ans. The numbers are 6 and 4. 

Prob. 16. Several gentlemen made an excursion, each 
taking the same sum of money. Each had as many servants 
attenmng him as there were gentlemen ; the number of dol- 
lars which each had was double the number of all the ser- 
vants, and the whole simi of money taken out was 3456 dol- 
lars. How many gentlemen were there? Ans. 12. 

Prob. IT. A detachment of soldiers firom a regiment being 
ordered to march on a particular service, each company fur- 
nished four times us many men as there were companies in 
the whole regiment ; but theee being found insufficient, each 
cwnpany furnished three men more ; when their number waa 
feund to be increased in the ratio of 17 to 16. How many 
Gompanies w«e there in the regiment 1 Ans. 12. 

AFFECTED QUADRATIC EQUATIONS, 

SOO. Equations are divided into classes, which are distin. 
guished ftom each other by the power of the letter that ex- 
[ffesses the unknown quantity. Those which contain only 
the^ft pow« of the unknown quantity are called equations 
of one dimentum, or equations of the first degree. Those in 
which the highest power of the unknown quantity is a sguare, 
are called quadrtOie, or equations of the second degree; 
those in which the highest power is a cube, eauations of the . 
third degree, &c. 

Thus x=a-\-b, is an equation of the first degree. 

x'^e, and x^-\-ax=d, are quadratic equations^ or 
equations of the tecond degree. 

3^=kf and 3^-\-a3?-{-bx=:d, ore cubic equations, or 

uatit»is of the third degree. 
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SOI. Bquatioas are aim dTklfld into pm» and i^itted 
equations. A pure equalion contains ooly <mt poutr of iba 
unknown quantity. This may be the fiist, seoond, thiid, or 
any other power. An affected equaticm contains diffemt 
poaert of the unknown quantity. Thu^ 

< i?=d-b,is a pure quadratic equation. 

{ j*-\-bx =d, an afiected quadratic equation. 

( x'^b ~e,D. pure cubic equation. 

{ 3^-^ax'-{-hx=h, an affected cubic equation. 

A pure equation ia also called a m^le equation. Bat tb» 
term has been applied in too vogue a maoner. By K>me 
writers, it is extended to pure equations of every degree ; by 
others, it is confined to thoee of the first degree. 

In a pure equation, all the terms which ctHitain the un- 
known quantity may be united in one, (ArL 185,} and the 
•quation, howeyer c<Hnplicated in other reepectt^ may be re- 
duced by the rules which have akeady been given. But in 
an affecUd equation, as the unknown quantity is raised to dif- 
ferent poieers, the teims containing these powers cannot be 
united. (Art. 230.) There are particular rules for the reduc- 
tion of quadratic, cubic, and biquadratic equations. Of these, 
only the first will be considered at present, 

SOS. Ah affected qoadratic eqdatkht ib one whiciI 

OOHTAIIfS THE QHENOWH QDAnTlTT IK ONE TERU, AND TUB 
BQDARE OP THAT QUAMTITT IN ANOTilER TEKH. 

The unknowb quantity may be originally in several terms 
of the equation. But aU these may be reduced to two, one 
containing the unknown quantity, and the otl^er its square. 

303. It has already been shown that a pure quadratic is 
solved by extracting tM root of both lida of the equaHon. An 
afftcUd quadratic may be solved in the same way, if tlie 
member which contains the unknown quantity !s an exact 
tquare. Thus the equation 

a:»+2a«+o'=5-fA 
may be reduced by evolution. For the first member is the 
square of a 6tw>miw quantity. (Art. 364.) And its root is 
»-(-a. Therefore, 

x4-(i=VM~^ ^"^^ ^y transpodng a, ' 
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QUADBA7W EQUATIONS. tti 

904. But it is DOt <rftBD the c&se, thst a meniber of (u tf> 
fected quadratic «quation is an exact square, tffl an aidfi- 
tkmal tenrt ia addled, for the purpose of maidsg the requind 
reduction. In the equation 

iha nde cootcuiung the unknown quantity is not a complete 
aqnore. l^e two tenns of iriiich it is composed are indeed 
fluch as might belong to the square of a binomial quantity, 
(Alt. 214.) But one term is wanting. We have then to in- 
quire, in what way this may be su{^lied. From havii^ tteo 
tome of the square of a binomial given, how shall we find 

Of the three terms, two are cmaplete powers, and the 
oflier is twice the prodiwt of the roots of these powers; (Art. 
S14,) or which is the some thing, the product <tf one of the 
roots into twice the other. In the expresaoa 

the term Hax conusts of the factora Sa and x. The latter is 
the unknown quantity. The other factor 2a may be consid- 
ered the co-effunnt of the unknown quantity ; a -co-efficient 
being another name for a factor. (Art. 41.) AjB^risthe 
root of the first terra a:* ; the other factor So is tmee the root 
of the third terra, which is wanted to complete the 'square, 
llierefore half 2a is the root of -the deficient term, and o* is 
the term itself The square completed is 

a^+Zax-fa', 
where it will be seen tliat the lost term 0' is the smiare'Of 
half ia, and Za is the oo.efficient of ^ the root of ute first 
t«m. 

In the same manner, it may be proved, that the last term 
of the square of any binomial quantity, is equal to the square 
of half the co-efficient of the root of the fii^t term. From 
this princi]^ is dtfived Uie following rule : 

305. To coHPLETB THE sqVARB in an affected quadratic 
equation: take the squARG ov half the co-eftioibmt or 

THE TIRST POWER OF THE UNENOWK QUANTITr, AKO ADD IT 
TO SOTH BIDES OF THE EQDATIOH. 

Before completing the square, the known and unknowBi 

quaotities must be brought on opposite eidea of the equation 

13 
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ISS ALQULBXA. 

liy trampontitm; and the higbeat powei erf the unbiowii 
quaotitj must have the affinaative eign, and he cleared </f 
fractions, co-efficients, &c. See Arts. 308, 9, 10, 1 1. 

•SJiar the square is completed, the equation is reduced, by 
extracting the square root of both sides, and transposing the 
known part of the binomial root. (Art. 303.) 

The quantity which is added to ODe side of the equation, 
to completo the square, must be added to the other side also, 
to preserre the equaUty of the two members. (Ax 1.) 

306. It will be important tor the leamer to distinguish be- 
tween what is peadiar in the reduction of quadratic equa- 
tions, and what is common to this and the other kinds which 
have already been considered. The peculiar part, in the 
resolution of aSected quadratics, is the comjieting of the 
square. The other steps are simiiar to those by which pure 
equations are reduced. 

For the purpose of rendering the completing of the square 
familiar, there will be an advantage in beginning with exam- 
ines in which the equation is already prepared for this step. ' 

Ex. 1. Reduce the equation 3?-\-6<u:=b 

Completing the square, ^'\-Sax-\-9tf=9^-^b 
Extractmg both sides (Art.-303.) x+Sa=±\/itf+b 

And it= -SatA^if+h. 

Here the co-efficient of x, in the first step, is 6a ; 

The square of half this is 9a', which being added to both 
sides completes the square. The equation is then reduced 
l^ extracting the root of each member, m the same manner 
as in Art. S97, excepting that the square here being that ctf 
a bmotmal, its root is found by the rule in Art. 266. 
2» Reduce the equation a;* - 8bx=h 

Completing the square, 3^-8&x-)-16&'=16A'-^A 
Extracting both sides x~4b=±i^lGb''-\-h 
And ' x=4btA/le^+l 

In this example, half the co-efficient of z is 4b, the square 
of which 166' is to be added to both sides of the equation. 
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QUADRATIC EQUATIONS. \tB 

S. Beduce th« equation »*+ar=*-|-4 

CmtqiletiDg the square, x*-{.a2<|-- = _-|-^-A 

Byevolutioo «+|=+/^+H-AJ* 

4. Reduce the equation ;f — x=h~d 
Cinnpleting the square, ^-x-^l—i-^-k-d 

And x=i±(i+A-d)*. 

Here the coefficient of x is 1, the squaie of half which is ^. 

5. Beduce the equation x*-^3>=({-)-6 
CtHnpIeting the square, x'-|-3ir-(-i='f-|-(I-|-6 
And • af=-i+{i+d+6)i 

' 6. Reduce the equation 3^-abx=:<A~cd 

Ctnnpleting the square, jf-abx-^- — =——-{-ab~ed 

4 4 

And .=^(^+oi-rf)i. 

7. Reduce the equation x^-f-^~'* 

Completing the square, j?+^-f_. = " +i 
b 4o' Air 

By Art 158, ~=7X«- Tlie co-efficient of a^ therefore, 
IS ^ Half of this is iL (Art. 163.) the equaro of which is 

49 
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Complelinj the square, »* - £-|-__=_-+7*. 



.And .=J* ■ +7* 



Huethefractioa^lxx- (Art. 158.) Therefbre tbs 
co-efficient of x is .. 

307. Id these and similar insUuices, the root of the tbiid 
term of the completed equare is eadly found, becauee this 
root ie the same half co-efficient frun which the term has 
jiut been derired. (Art. 304.) ' Thus in the last exanide. 



third term ~-j 

308. When the first power of the unmown quantity is in 
seotral (emu, theae should be nnited in, one, if they can be 
by the rules for reduction in addition. But if there are lite- 
ral eo-^Bcienls, these may be conaideied as constituting, tO;- 
gether, a eompoimd co-efficient or factor, into which the un- 
known quantity ia multiplied. 

Thus ax+bx+dx={a+b+d)xx. (Art. 120.) The 
square of half this cc»npound co-efflcienL is to be added to 
both sides of the equation. 

1. Reduce the equation x' -^Sx-\-tx-\-*s!d 
Uniting terms »'-f-6a;=d 
C(wa{ileting the square x*-j-6x-|-9=9-{-j 
And x=-'iU/9+d. 

2. Reduce the equation z'-{-ax-\-bx=:h 
By Art. 120. x'+{a+b)X'c=h 

Therefore ,*+(fl+6)xH-(^)'=(^)'+* 
Byevolotiou «H-2±^=:t^(2^)"+A 

And .= -^^-(^)^ 
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QUADRATIO EQUATIONS. 

5. Reduce the equation ^-\-ax-x=h 
By Art ISO »'4-(ffl-l)x»=i 



iivr-ii)+'- 



309. After becomia? familiar with the method of GompleU 
iag the square, in affected quadratic equations, it will be 
pix^r to attend to the stejps which are pnparaloty to this. 
Here, however, little more is necessary, than an application 
of rules already given. The known and unknown quanti- 
ties must be brought on opposite sides of the equation by 
transpoeition. And it will generally be expe(Ueat to make 
the square of the imknowa quantity the first or leading term, 
as in the preceding examples. This indeed is not essential. 
But it will show, to the best advantage, the arrangement of 
the terms in the completed square. 

1. Reduce the eqftation a-|-5«-36=3x-i* 

Transp. and uniting terms *'-{-2i=36-o 

Completmg the square a^-j-2ai+l = I+3i_-a 

Ajid x=-l±^l+Sb-a. 

S. Reduce the equation f=_^-4 

Clearing •f factions, &c. ;r'+10ic=56 

C<nnpl«tiag the square x'+l0x+25=Z5+5G=8\ 

And a;=-5±v8l=-Si9. 

. 310. If the Aig&wf power of the unknown quantity has 
any co-efficient, or dmsor, it must, before the square ia com- 
pleted, by the rule in Art. 305, be freed from these, by multi- 
plication or divbion, as in Arts. 180 and 184. 

1. Reduce the equation i"-f 24a- BAs 12^ - da? 

Transp. and uniting terms, 6i -lixscGk-Zia 
Dividhig by 6, «" - %x=h - 4a 

Completing the square, a? - ix-\-l =l-\-k - 4a 
Extracting and transp, at=li^l4-A-4o. 
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b^ 



t. Reduce thuequatlon A+S«=i- _ 
Clearings of fractions b^~{-%ax=ad - ah 
Dividing by t, 3^+^=^Lldl 

Theiefore 



311. If the square of the auVnown quantity is in severfft 
Urms, the equation must be divided by oil the co-efflcienta 
of thu square, as in Art. 185. 
1. Reduce the equation b^-^-dtf-4x=b~h 

Dividing by b+d, (Art. 121.) i» - ^=\::^ 
b-\-a b+d 



8. Reduce the equation oa!*+x=i1H-Si; - as* 

TianBp. and uniting terms ax*~{-x* - is=h 

Dividing by <H-1. «'--^=A 
o-j-l (*-|-l 

Extracting and transp. x= _— -.+^^/f_L.\*^ — 2_. 

There is another method of cconpleting the squaie, which, 

m many ca^es, particularly those i» which the highest power 

of the unknown quantity has a co-effioient, is more ainple 

in its application, than that j^ren in Art. 305, 

Let a3^-\-bx= d. 

If the equation be multiplied by 4a, and if I^ be added to 
bo^ ndes, it will become 

4rf«*+4«6ir4-i»=4«H-6* J 
the first member of which is a ccnnplete power of iax-r{-b. 

Hence, 

311. b. In a quadratic equation, the 9quare may be com- 
j^tedi by multiplying the equation into 4 times the eo-effi- 
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won of the hiehest power «f the uokoown ({uaQtity and ad. 
i^tig to boUi sides, the squtite of the co-efficient of the lowest 
powent. 

The advantage of thia method k, that it aroida the intro- 
AactioQ of jrae^mt, in compteting the stjuare. 

This will be Been, by somng an equation by both methodiv 

Let <^-{-dx=h. 
Cprnpletiog the squaie by the rule juet given ; 
4a'a!»-|-4a«Jr+<P=:4aA+d' 
. Extractmg the root 8««-}-d=iV4aH-<P 
And ,^-fcv/4a+?. 

U 
Completing the square of the given equation by Arts. 30ft 

a ' 4a- a 4^ 
Extracting the root^ t-\-^=tj^t^^ 



So .V a ' 



4<^ 



If a= 1, the rule -will be reduced to this : " Multiply the 

Station by 4, and add to both sides the square of the co- 
ciwit of «." 

Completing the square 4ar-j-4(tr-(-(P=4Vf <f 
EztiacUng the root %»^d=t^4k\-iP 

And .=Z«VS?. 

2 

I. Reduce the equation Sai'+fe=42 

Completing the oquaiQ S6x'4-60;i;-|-35=339 
Therefore y=3. 

9. Reduce the eqoation z*- lSx=: -£4 

Completing the squaie 4ii^ - 60x4-325= 9 
Therefore S>«15±3=18 or 12. 

312. In the Bqutre of a binomial, the first and last lenns 
on alway* j»»mw- For e«^ is the squai« of one of the 
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terms of ihe root. (Art. SI4.) But eYcry square is posMve. 
(Art 218.) If then - ar* occurs in an equation, it cannot, with 
tW Bign, form a part of the square of a binomial. But if 
all the signs in the equation be changed, the equity of the 
aides will be preserved, (Art. 177,) tl^ term - ;r will bectHjao 
positive, and the squaie may be completed. 

1. Reduce the equation - t*-|-Sa:=rf - A 
Changing all the signs ^-ix= h~d 
Therefore x=lt^^\+h-d 

2. Reduce the equation 4z-2'=-l3 

Ana. x=itA/i6. 

313. In a quadratic equation, the first term )^ b the square 
of a single letter. But a binomial quantity may consist of 
terms, one or both of which are already powers. 

Thus x^ a is a binomial, and its square is 
it'-j-goa'+a', 
where the index of x in the first term is twice as great as in 
the second. When the third terra j| deficient, the SQ\Kire 
may be completed in the same manner as that of any other 
binomial. For the middle term is twice the product of the 
roots of the two others. 

So the square of «"+a, is a^+2*r+(^. 

And the square of x'-^-a, is x'-{-Sa3^-\-(f. 

Therefore, 

314. Any equation which cortains only two dip- 
ferent powers or roots op the unknown qoawtrtt, 
the index of one of which is twice that of the 
other, may be resolved in the same manner as a qua- 
dratic equation, by gohfleting the square. 

[t must be observed, however, that in the binomial root, 
the letter expressmg the unknown quantity may still have a 
fractional or integral index, so that a farther extraction, ac- 
cordmg to Art- 297, may be necessary. 

1. Reduce the equation a;*-a?=6-a 

Completing the square a:* - a^+i = i+i - o 

Extracting and transposing ^=it ^i+b~a 

Extracting again, (Art. 207,) «=:iVil:V(i+* - <») 
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AiMiWer »^iV*^V(*^^-F*) 

8. Reduce the equation x-\-4»/a=K-n 

Completing the aquate *+4^3t+ 4=k- i>-f>4 

Ezlracting and transp. ^x= - it^h-n 



iKToWng ar= ( - S±\/A - tt-|-4)*, 

4. Reduce the equntioa ir''4-8^'=<H-^ 

Completing the KjoaK x'-f-8x'-|-16=a4-fc-(*l0 

Extracting and tnuisp. » ■ = - 4±ya-|-b+l6 



In«4TiBg «=(-4iV"+*+'K)"- 

31fi. The Bolution of a quadratic equation, whethn pott 
or affected, gives two reaults. For after the equation ia re< 
duced, it centaim an ambiguous root. In a pure quadratic, 
this root is the itkole value of the unknown quantity. (Art. 
t97.) 

Thus the ec^uation *'=64. 

Becomes, when reduced x=t/^Gi. 
That is, the vahM of z is either -fS or -8, tor each ol 
these is a root of 64. Here both the values of x are th« 
same, except that they have contrary signs. This will be 
Mm case in every pure quadratic equation, because the whde 
mF the second member is under the radical sign. The two 
values of the unknown quantity will be alike, except ^at 
one will be positive, and the other negative. 

316. But in <0ected quadratics, a mart only of one side cX 
the reduced equation is under the radical sign. When ttua 
port is added to, or subtracted from, that which ia without 
th» radical sign ; the two results will differ in quantity, and 
*ill have their signs in siHne cases alike, and in others un- 
likft. 

1. The equation a?+8x=Z0 

Becomes when leducec^ «= - 4tA/l6+90. 
That is x= - 4±6. 

HereUiefirBtvaIueof«i%-44-6=+2) one positive, and 
And the second ia -4-6= -10 J theothernegative. 
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3. Theequatioa i^-Bx =: ~ I tf ^ 

Becomes when reduced, x=stti>/l^-iS 
ThatU x=4±l 

That these two v^uea of x aie correctly found, may be 
proved, by eubstituUag first one and then the other, for * it* 
self, in the original equation. (Ait. 194.) 

Thu8 5'-8x5=85-40=-I5 

And3*-8x3=9-S4=-15. 

S17. In the reducti<»i of an afibcled quadratic equation, 
the value of the unknown quantity is frequently found to be 



Tlius the equation a* - 8j =-20 

Becomes, when reduced, x=4ij ^W- 20 

That is, a;=4iV-^ 

Here the root of the negative quantity - 4 can not be as- 
rigned, (Art. S63,) and therefore the value of x can not be 
found. There will be the same impossibility, in every in- 
stance in which the negative part of the quantities under the 
radical sign ia greater than the poative part.* 

318. Whenever one of the values of the unloiown quan- 
tity, in a quadratic equation, ia imaginary, the other ia a» 
also. For both are equally affected by the imaginary root. 

Thus in the example above 

The first value of a: is 4+ V - 4, 

Ajid the second is 4 _ y _ 4 ; each of which 
contains the im^intuy quantity \/ — 4. 

319. An equaUou which when reduced contains an ima- 
ginary root, is often of use, tojenable us to determine whether 
a proposed question admits of an answer, or involves an 1^ 
surdity. 

Su[^>o6e it is required to divide 8 into two such pail^ that 
the product vnll be 20. 
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If X is me of the parts, the other will be 6- x. (Art. 196.) 
By the conditions proposed (3~x) >Cir=20 

This becomes, when reduced, z=4£\/ — 4. 

Here the imaginary expression ^/-A shows that an an- 
swer is impossitue ; and that there is an absurdity in 8UM>o- 
mng that 8 may be divided into two such parts, that their 
(ffoauct shall be SO. 

320. Althoug^b a quadratic equation has two solutions, yet 
^xAh these may not ^ways be appUcable to the subject pro- 
posed. Thequantity under the radical sign may be jMXiduced 
either from a positive or a negative root. But both these roots 
m^ not, in every instaoce, bel(Hig to. the problem to be 8(d- 
ved See Art. 299. 

Divide the number 30 into two such parts, that their pro- 
duct may be equal to 8 times their difference. 

If z= the lesser part, then SO - x= the greater. 

By the Bi^poation, JT X (30 - 1) =8 X (30 - 2a;) 

This reduced, gives 1=23+17=40 or 6= the lesser part. 

But as 40 cannot be a part of 30, the problem can have 
but one real solution, making the lesser part 6, and the greater 
part 24. 

Exam^s <^ Quadratic Eqwt^ont. 



1. B«(iuoe3i'-9«-4=80. 


Ad8.«=7, or-4. 


S. Reduc 4.-?irf=46. 


An»..= 18,or-J. 


3. Reduce 4»-!lzi=14. 


Ane. z=4,or -i. 


4. Reduce 5.-«'-»-S.+''-* 
jt-3 » 


Abb. x=4, or - 1. 


5. Reduce 16_100-9._3. 

X 4^ 


Am. x=4, or tf,- 


6. Reduce 5izi+l = 10 - £^. 
1-4 2 


Aii& x=lS,or6. 


7. S«h,ce •+*.''-._4.+r_,. 


Ana. i=Sl, 01 6. 
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8. Eedueo tz}^^=t - J. Am «=l, or -t8. 

9. Reduce -i+?=3. Ajb. «=S. 

10. neduoeJ£--tll=»-9. Ana. »=10. 

11. Reducelf5=t Am. i^liv"^^ 

d s « 

IS. He*io«^-H«i?=i. A«s.»=(-|±^t+i\' , 

15. Keduce £!-;■= --L. Am. »=V5- 

14. EeduceSi'+s/^i. Ans. «~i. 

Id. Rednceix-iVx=SH. Am. xsi49. 

16. Reduce 2x*-x*+96=9d. Ana. «=:iVS. 

17. Reduce (10-(-»)i-(10+«)*=S. AM. >=6. 

18. Reduce 3x*'-3r=8. Am. «=</C 

19. Reduce 8{l+i-i^- VI +«-«"= -*• 

Am. i=i+iV41. 

SO. Reduce V?^=«-'- Am. »=|t^i^^. 
21, Rsduce V4»+8 _ <-V?. Am. .=4. 

44-v» V* 
Sa. Reduce .*+»*=766. Am. »=U4J. 

23. Reduce v^»fi+«y'»=-^jS^' Am. «=4. 

14. Reduce SV^:^3VS<=^^^^. Am. >=9«. 

15. Reduce •-|-16-Tv'<+IB=t,10-4v^Ha;.Am.«=:S 
88. Reduce Va^4-V*'=8V*- 

Diiiding by V^ i^-f s=6. Am. «»t. 
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■ «7. Reduce fil»-|lz|=?^ Aos. .=2. 
X 3a:-|-7 13x 

aa Reduce _*+_*_= 11 Aiw. «=$. 



SO, Reduce a!+V*+6=8+3V*+6- Ans- t=10. 
PROBLEMS PRODUCING QUADRATIC EftUATIONa 

Prob. 1. A merchant has a piece of cotton cloth, and a 
piece of eilk. The number of yarda in both is ItO : and if 
the square of the number of yards of sillibe subtracted from SO 
times the number of yaids of cotton, the di^rence w3l be 
400. How many yards are there in e«ch piece % 
Let x= the yards of silk. 
Then 110-1= the yards of cotton. 
Bysupposidon 400=80x(lI0-«)-a:* 
Therefore x= -4fttvioooo= -40*100. 

The first value of », is -40+100=60, the yards of silk.; 
And 110-1=110-60=50, the yards of cotUm. 

The second value of «, ia -40-100= -UO; but aa this 
id a negative quantity, it is not applicable to goods which a 
man has in liia possession. 

Prob. 2. The ages of two hroUier» are auch, that their sum 
ia 45 years, and their woduct 600. What is the age of each? 
Ana. 86 and 20 yeais. 

Prob. 3. To find two aumbera sncb, that their di£R»encs 
•hall be 4, and their product 1 17. 

I^t a:™ one number, and a:+4=« the other. 
By the conditions (i+4)x»-117. 

This reduced, gives « — - SlVlM — - 2il J> 

One of the numbera therefore ia 9, and the other 13. 

Prob. 4. A merchant having sold a ^ace of cloth which 
cost bim 3D dollars, foivtd (hat if the pnce for which he acdd 
it were multiplied by his c'din, the product would be equal to 
the cij>e (d nis gain. What was nis gain 1 
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Let x~ the gaJD. 
Then 30"|-«=: the jwice for wbkfe the t^oth was sold 
By the alatement a?- (30+i) x« 

Therefore *=l±vTf30-iiV- 

The IfaBt value of x iB i+Y H+fi. > 
The eecoiul value kJ-'V-»-5. j 
As the last aoBwer ie negalise, it is to be rejected as inccm- 
MMent with the natwro of (he proWem, (Ajt. 380.) fiw gwfa 
must be considered positive. 

, Prob. 5. To Gnd two numbers whose difietence shall be 3, 
and the difTerence of their cubes 117. 

Let «~= the less number. 
Then ^^4-8 — the greater. 
By supposition . (a!-f.S)»-«»=in 

feponding (s-fS)' (Art. 217.) V+a7r.=m-2'''-90 

And X 4iyi^=._|+f. 

ITie two numbers, therefore, are 3 and 5. 
1^.6. To find two numbers whose difference ehfiU be 
12,, and the sum of their squares 1424. 

Ans. The numbers are SO and 3S. 
Prob. '■ JTw? persons draw prizes in a lottery, the differ. 
«nce of which is 1«0 dollara, and the greater is to the less, 
as the less to 10. What are the prizes 1 

Ans. 40 and 160i 
Pn*. 8. What two nnmbew are. liu^ who» sura is 6,ntd 
thenunof ihw cubes 7S1 A^g. 2 and 4. 

Prob. 9. Divide the number 66 into two such parts, that 
then- product shall be 640. "^ ^ 

Putting « for one of the pajts, we have, k-:28+12_^0 or 
16. 

In this CM^ the two values of the rmknown quantity are 
the t*o pans into which the given number was required to 
bedi^e4 

. IVob,10. A gtatleman ■bought a nuoiber of pieces of cloth 
Ik 67* doUnrs, which he sold again at 48 doUars by the piece, 
and gained by the bargain as much as imc ftect cost hiiik 
What waa the number of pieces I Aas. 15. 



jb,Coo*^lc 



UUADBATIG BIIUATIONS. ]5| 

pTob. 11, ^ atid B Btarted together, for a p)ftce 150 miles 
diBtftot. ^K hourly ^ogreas was 3 miles more than ]ff% and 
he armed at his joiimev's end 6 hours and 30 miiiulet beftm 
B. What was the hourly prt^^ren of each \ 

Ans. 9 aud 6 niiles. 

Prob. 13. The dlSfer^ce of two numbers is 6 ; and if 4T 
be added to twice the square of the less, it v31 be equal l» 
the square of the greater. What are the numbers 1 

Ana. 17 and 11. 

Prob, IS. A and B distributed ISOO dollars each, ttatog 
a certain number of perems. >& relieved 40 persons ow* 
Aan B, and B gave to each individual 5 doUara more than 
■4. How many were relieved by A and B f 

Ana. no by ^, and 80 by B. 

Prob, 14. Find two numbers whose sum is 1(^ and tJiesnin 
of theii squares 58. An& 7 and 3. 

Prob. 15. Several gentlemen made a purchase in cfHnpanr 
ibr 175 doUara. Two of them havmg withdrawn, the bill 
VM paid by the oUierB, each furnishing 10 dollars more than 
wonra have been his equal share if the bill had been paid by 
the whole company. What was the number in the cooipaoy 
atfirstl Ans. 7. 

Prob. 16. A merchant bought several yards of linen for 
60 dollars, out of which be reserved 15 yards, and sold the 
remainder for 54 dollars, gaining 10 cents a yard. How 
many yards did he buy, and at what price 1 

Ans. 75 yards, at 80 cents a yard. 

Prob, 17. A and B set out from two towns, which were 
247 miles distant, and travelled the direct road till they met. 
A went 9 miles a day ; and the number of days which diey 
travelled before meeting, was greater by 3, than the number 
of miles which B went in a day. How many miles did each 
travel! Ans. ^ went 11 7, and .0 ISOmiies. 

Prob. 18. A gentleman bought two pieces of cloth, the 
finer of which cost 4 shillings a yard more than the otiier. 
The finer piece cost £18 ; but the coarser one, which was 8 
yards longer than the finer, cost only £16. How many 
yards were there in each piece, and what was the price of a 
yard of each 1 

- Ana, There were ISyardsof the finer mece, and 20of the 
coarser ; and Uie prices were 20 and 16 shillings. 
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Prob; 19. Amercliantbought64 ganotttofMadeirawlce, 
ftnda certain quantity nfTeneriffe. For the former, he gan 
half as many shillings by the gallon, as there were gtdi<mi 
of Tenerifle, and for the latter, 4 shillings lees br the gallcw. 
He sold the mixture at 10 shillings hy the gallon, and lost 
ass 16s. by his bargain. Required the price of the Madeira, 
and the number of gallons of Tenerifle. 

Ans. The Madeira cost 18 nhlUings a gallon, ^d th^re 
wei« 36 gallons of TenerifTe. 

pK^. SO. If the square of a certain nmuber be taken from 
40^ and the square root of this difference be increased by 10, 
and tlie sum be multiplied by 3, and the product divided by 
the number itself, the quotient will be 4. What is th^ 
number 1 Ans. 6. 

' Prob. 31. A person being asked his age, replied. If you 
add the square root of it to half of it, and subtj-act IS, the 
lemainder will be nothing. What was his age T 

Ans. 16 years, 

■Pr<ri>. 39. Two casks of wine were purchased &r 58 doi. 
.ars, one of which contained 6 gallons more than the other, 
and the price by the gall<m, was S dollars less thaa } of tbs 
number of gallons in the smaller cask. Required the num* 
ber of gallons in each, and the price by the ealloii. 

Ans. The numbers were 12 and 17, and Uie price by the 
gallon S dollars. 

Prob. 23. In a parcel which contains S4 coins of silver and 

copper,' each silver com is worth as many cents as there are 

G«pf>et coins, and each cqnwr coin is woiUi as many cents as 

there are silver coins ; and the whole are worth 3 dollars and 

J 16 cents. How many are there of each 1 

Ans. 6 of one, and 18 of the other. 

Prob. 24. A person bought a certain number of oxen for 
80 guineas. If he had received 4 more oxen for the same 
monev, be would liave paid one guinea less for each. What 
was the munber of oxen t Ans. 16, 

SUBSTITUTION. 

331. In the reduction of Quadratic Equations, as well as 
k) other parts of Algebm, a complicated process may be ren* 
iered much more sinqile, by introducing a new letter which 
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diall be made to represent seTeral others. Thia is Uimed 
mbatiiution. A letter may be put for a compound quantity 
as well as for a single number. Thus in the equation 

a^"- 2ax=i+A/86 - 64+A, 
we may substitute b, (or i+^/8S-644-h. The equation 
will then become a^-2ax=b, and when reduced 

will be x=fCtVa'+fr' 

After the operation is completed, the ctanpound quantity 
for which a rangle letter has been eubstUuted, may be ruter ■ 
td. The last equaUon, by restoring the value of b, will be 



Reduce the equation ax-2x~d^bx-:^-x 
Transposing, &c. a^-f (a-6-l)x»=<i 

Substituting fc for (a'b~}),3^-\-hx=d 

Therefore »= - g_ v'' l^** 



lU«toririgth«YalueofA,j= -'*"*"' +^t''-*-*)' I 



SOLUTION OF PROBLEMS WHICH CONTAHf TWO 
0& MOAE UNKNOWN QUANTITIES. 

DEMONSTRATION OF THBOEEMS. 

AltT. 333. IN the examples which hare been ^ven of the 
resolution of equations, in the preceding sections, eadi pn»- 
blom baa contnined only one unknown quantity. Gr i^ in 
some instances, there have been too, they hare beeb so re- 
lated to each other, that they have both been expreiied by 
means of the same letter. {Art. 195.) 
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But esses frequently occur, ia which iwetW unknown 
quuititiea are introduced into (he eame calculation. And if 
the pn^lem is of such a ntiture as to admit of a determinate 
answer, there will arise from the conditions, as many equa- 
tions independent of each other, as there are unknown quan- 
tities. 

Equations are said to be ind^tendent, when they express 
different conditiona ; and dependent, when they express the 
aatne conditions under different forms. The former are not 
c(HivGrtihle into each other. But the latter may he changed 
fron one form to the other, by the methods of reduction 
which have been considered. Thus 6 - x^y, and b=y-^x, 
are dependent equations, because one is finined from the 
other by me|ely transposing x. 

S23. In solving a problem, it Ik necessary first to find the 
value of one of the unknown quantities, and then of the 
others in succeasjou. , To do thia, we must derive from the 
equations which ore given, a new equation, from which all 
ihe unknown quantities except one shaU be excluded. 

Buppoee the following equations are ^ven. 

1. x-{.y=14 

2. x-y=i. 

ff jf be transposed in each, they will become 

1. a:=14-y 

2. x=S+y. 

Here the first member of each of the equations is x, and 
the second member of each is equal to x. But according to 
axiom 11th, quantities which are respectively equal to any 
other quantity are equal to each other ; therefore, ' 
2+j,= 14-y. 

Hec« we have a new equation, which cootauu only the 
unknown quantity y. Hence, 

324. Rvlel. To exterminate one of twoninknownquan- 
' Uties, and deduce one equation from two ; Finn the value 

OF ONE OF THE nNKIfOWK QUANTITIES IN EACH OP THE EQUA- 
TIONS, AND FOXll A NEW EQUATION BI HAKIHG O^ OF THESE 
VU,VUM EQVAL TO THE OTHER. 

That quiuitity which is the least invdred shoold be the 
one which is chosen to be exterminated. 
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For the convenience of referring to difierent parts of a so-- 
lution, the several stepa will, in future be numbeied. When 
an equation is formed from one mmedialehf preceding, it will 
be unnecessary to specify it. In other cases, the number of 
the equation or equatjona from which a new one is derived, 
will be referred to. 

Prob. 1, To find two numbers such, that 
Their sum shall be 24 ; and 
The greater shall be equal to five Umes the less. 
Let at=the greater ; And jf=th« Isbb. 

1. By the Arst condition, x-\-y=Mi 

S. By the second, x=5y { 

3. Transp. tfin the first equation, x=S4-y 

4. Making the Sd and 3d equal, 5y=Z4-y 

5. And !f=4, the less number. 

Prob, 2. To find one of two quantities, 

Whose sum is equal loh; and 

The difibrence of whose iquaies is equal to d. 

Let x= the greater quanUty ; And jf = the less. 

!. By the first condition, x-\-y=h > 

S. By the second, x*—jf*=d } 

3. Tranap. y*in the 3d equation, a*=rf-| -y* 

4. By evolution, (Art 297.) i= VM-Jf* 

5. Trans, y in the first equation, x= h-y 

6. Making the 4th and 5ih equal, ^d+^=h- y 

7. Therefore *=^-''- 
P.^.3.GHven«+^^=fc|Tofind!,. Ans. y=^. 

323. The rule given above may be generally applied, fv 
the extermination of unknown quantities. But mere are 
coses in which other methods will be found more expeditious. 
Suppose x=:ky > 
And <ue-\-bx=^ y 
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As ID the first of these equations x is equal to hy, we may 
io tlie second equation mbttilute this value of x instead of 
z itself. The second equation will then be converted into 

The equality of the two sides is not affected by this alter- 
alion, because we only change one quantity x for another 
wliich is equal to it. By this means we obtain an equati<Hi 
which contains only one unknown quantity. Hence, 

336. Rule II. To exterminate an unknown quantity, rino 

THE VALOB OF OHE OF THE UNKNOWN QtlAHTlTlES, IK ONE OF 

THE EQUATIOK8 ; and then in the other equation SUBSTI- 
TUTE THIS TALOE FOR THE UNKNOWN (JUANTITI ITSELF. 

Problem 4. A privateer in chase of a ship SO miles distant, 
soils 8 miles, while the ship sails 7. How far must the pri- 
vateer sail before she overtakes the ship 1 

It is evident that the whole distance which the privateer 
sails during the chase, must be to the distance wnich tbe 
ship sails in the same time, as 6 to 7. 

Let x= the distance which the privateer sails : 
-And y=: the distance which the ship saila. 
1. By the supposition, x=y-4-20> 

S. Aiid also, x : y : : 8 : 7 { 

5. Art- 188, y=U 

4. Substituting V ^ot y, m the Ist equation, x=ix~\-20 

6. Therefore, x=\60. 
Proh. 5. The ages of two persons, ^ and B, are such that 

seven years ago, -S was tliree times as old as B; and seven 
veors hence, A will he twice as old as B. What is the acte 

itBi ^ 

Let x= the age of .5; And y=the age of B. 
Then j - 7 wos the age Of A, 7 years ago ; 
And y-7 was the age of B, 7 years ago ; 
Also x+7 will be the age of A, 7 years hence ; 
And y-j-7 will be the age of B, 7 years hence. 

1. By the first conditiOTi, i-7=3x(y-7)=3y-2I t 

2. Bythesecond, i4.7=2x(!/+7)=2y-|-14 J 

3. Transp. 7 in the Ist equa. x=3y - 14 

4. Subat. 3y-14 for X, in the 2d, 3y- 14+73=2^+14 

5. Therefore, !r=31> tbe age of B. 
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frob. 8. There are twp noiiJMn, o£ wluch. 

The greater is to the less as 3 to S ; ttnd 
Their sum is the 6th part of their product. 

What is the less number ? Ana. 10, 

327, There ia a third method of externunatiDg an unkoown 
quantjty from an equation, which in many cases, is preferable 
to either of the preceding. 

Suppose that x-\-Sy=a ) 
And i-3y=6> 

If we add togetfur the first members of these two equa- 
tions, and abo the second members, we shall have 
Zx=a+b, 

an equation which contains only the unknown quantity x. 
The other, having equal co-efficients with contrary signs, has 
disappeared. (Art. 77.) The equahty of the sides is preserved 
because we have only added equal quantities to equal quan- 
tities. 

Again, suppose Sx-^y=h ) 

And ix-]-y=d > 

If we tubbract the last equation from the first, we shall have 
x=h-d 
wime y is exterminated, without, affecting the equality of 
the fades. 

Again, suppose x-2y=a > 
And x-{-4y=b J 



Multiplying the 1st by Z, 2x - 4y=Sa 
Then adding the 2d and 3d, 9x=b-\-%a. 



Hence, 

328. Rule III. To exterminate an unknown quantity, 

MULTIPLY OR DIVIDE the equations, ir kecebsart, 

in SUCH A manner that the term which contains one 

OF the dnenowH quantities shall be the same in both. 

Then . SUBTRACT one equation from the other, 

ir the signs of this unknown QVANTixr are ALIKE, 

OE ADD THEM TOQETHER, ir THE SIGNS ARE UNLIKE. 

It must be kept in mind that both members of an equa* 
tlon are always to be increased or diminished, multipUed of 
divided alike. (Art. ITO.) 
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Prob. 7. The numbera in two opposingr araues are sueK, 
that, 

Thesum of both is 2UI0; and 

Twice the number in the greater army, added to threa 
times the number in the less, is 5%i\9. 

What is the number in the greater army t 

Let a:= the greater. And y= the less. 

1. By the first condition, *+y=:2niO ) 

2. By the second, ix+Sy=Sni9S 

5. Multiplying the 1st by 8, 3x-{-3ir=63330 
4. Subtracting the 2d from the3d,x= 11111. 

Frob. 8. Given &x-{-y=\6, and Sx-3i/=6, to find the 
Talue of X. 

1. By supposition, ix-^-y=l$) 

2. And 3«-Sy=6 5 

3. Multiplying the Ist by S, 6x+^y=48 

4. Adding the 2d and Sd, 9x=S4 

6. Dividing by 9, x=0. 

Frob. 9. Given x-{-y=i4, and x-y=2, to find the value 
of y. Ans. 0. 

[n the succeeding problems, either of the three rules 
for exterminating unkiiown quantities will be made use o^ as 
will in each case be most convenient 

329. Whenmectf the unknown quantities is determined, the 
other may be easily obtained, by going back to an equation 
which contains both, and substituting instead of that which 
is ^ready found, its numerical value, 

Frob. 10. The mast of a ship consista of two parts : 

One third of the lower part added to one sixth of the 

Ufpei part, is equal to 28 ; and. 

Five times the lower part, diminished by six limes the 
tipper part, is equal to 12. 

What is the height of the mast t . 
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Let x=: the lavrei past ; And y= tbe npper part. 

1. hjibe first coodition, ix4-jjf=28 ) 

S. By the second, 5x-oy=12 5 

S. Multiplying the 1st hf 6, 2x+y=]68 

4. Dividing the 2d by 6, U-y=!i 

5. Adding the 3d and 4th, Sx+ix= 170 

6. Multiplying by 6, 12«-f5«=I020 

7. UnttingtermaanddividiBghy 17,«=60, the lower part. 
Then by the 3d step, 2x4-!f=168 

That is, substituting 60 for «, 120-|-y=168 [per parU 
Transposing 120, y=168- 120=48, the up, 

Prob. 11. To find a fraction mch that, 

If a unit be added to the numerator, the fraction will be 
equal to j ; but 

If a unit be added to the denominator, the fraction will be 
equal to J. 



Let «= the numerator, 


And y= the denominator. 


1. By the first condition, 


^=0 


By the second. 


»Ti=*> 


S. Therefore 
4. And 


x=4, the numerator. 



Prob. IS. What two numliers are those, 

YHioee- d^ermce is to their sum, as 3 to 3 ; and 
ff boee sum b to their product, as 3 to 5 T 

Ads. 10 and 8. i 

Prob. 1 J(. To find two oundwrs mich, tfiat 

The product of their simi and ^Kflerence ehall be 5, and 
The product of the sum of their squares and Ihe difler- 
ence of their squares shall be 65. 

Let 1= tbe greater number ; ' Afid]|= the less. 
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1. By the tot condition, /»+y)x(*-y)=« ( 

8. By the second, l^+H*) X («* - j") = 65 * 

S. Muh. the fQCtore in the lat, {Art. 2S5,) 3?-y*=5 

4. Dividing the 2d by the 3d, (Art. 1 18,) «*+!/"= IS 

5. Adding the 3d and 4th, Zx'=l6 

6. Therefore i=S, the greater number, 

7. And tf=3, the less. 

In the 4tb step, the first member of the second equfttion is 
divided by a" -y', and the second member by 5, which is 
equal to j? - j(». 

Prob. 14. To find tvo oumbere whose difference is 8, and 
product 240. 

Prob. 16. To find two numben. 

Whose difTerence shdl be IS, and 
The sum of their squares 1434. 

Let x= the greater ; And y= the less. 

I. By the first condition, z~y=\2 ) 

i. By the second, a:»+y*=1484 J 

3. Transposing y in the first, x=y-{'\i 

4. Squaring both adM, a:*=y'+24j/-j-144 

5. Transposing y* in the second, z*=:1434-!f' 

6. Making the 4th and 5Ui equal, y*-f24!f4- I44=1434-y* 

7. Therefore y= -6V(676)=-6i86 

8. And «=3/+12=30-f-12=32. 

EttUATIOKS WHICH CONTAIN THREE OR MORE 
UNKNOWN aUANTITIES. 

330. In the examples hitherto given, each has contamed 
no more than too unknown quantities. And two indepen- 
dent equations have been sufficient to express the conditions 
of the quealioQ. But proUems may involve three or more 
unknown quantities ; and may require for their solution as 
many independent equations. 

Sum)ose«-[-y4.i=.12 > 

Ana x-\-2y-2z=lO>o.n^veaU>6ni,*,y, andr. 

And i+y-z=4 J 
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From these three equations, two others maybe derived 
vhlch shall contain only two unknown quantities. One of 
the three in the original equations may be exterminated* in 
the same manner as when there are, at first, only two, by the 
rules in Arts. 324, 6, 8. 

In the equations given above, if we tran^>oee y and s, ws 
shall have, 

In the first, x^lZ-:y-z i 
J In the second, x:=lO—iy-\-is> 

In the third, x=4-y-{-s ) ' 

Prom these we may deduce two new equations, from which 
X shall be excluded. 

By making the 1st and ^ equal, IS-y-zixlO-Sy-f-tz) 
By making the 2d and 3d equal, 10 - 2y-|-22=:4 - y-f-z { 
Reducing the frrst of these two, y=3z - 2 ) 
Reducing the second, i/=z-|-6 { 

From these two equations on« may be derived containing 
only one unknown quantity 

Making one equal to the o^er, Sx - i=z-\-6 

And ' z=4. Hence, 

331. To solve a problem containmg three unknown quan- 
tities, and producing three independent equations, 

First, from the three EquATioNs deduce two coh- 

TAINIMG OHLT TWO UNKHO?TH QUAKTITIEB. 

Them, from these two deduce one, coNTAiniiro orlt 

ORE UNKHOWH qOAHTITT. 

For making these redaction!^ the rules already given are 
sufficient. (Art. 324, 6, 8.) 
Prob. 16. Let there be given, 

1. The equation x-1-5y-|-6z=53) 

2. And . iH-3i/4-3r=30S To find x, y, and z. 

5. And aH-!/+^=" > 

From these three equations to derive two, cont^ning Mily 
two unknown quantiues, 

4. Subtract the 3d from the Ist, 3y-{-3z=23 > 

6. Subtract the 3d from the 2d, iy.\.ts=l8 J 
Prom these two, to derive one, 

6. Siditraet the Sth from the 4th, z=5. 
IB 
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To find c and y, we Ifflre (»ly to take theii Talues bom 
the titird and fifth eqaations. (Art. 329.) < 

7. Reducing the fifth, i)=9-*=;9-5=4 

8, TranspOBingiii the third, x=12-z-!f=:12-5-4=3. 
Prob. 17, To find x, y, and z, from 

I. TheequatHMi x-fV+^^l^ ) 
t. And a;+2y+3«=20j 

3. And ix+iy+x=6 ) 

4. Multiplying the let by S, 3r+Sy4.S?=36 

5. Subtracting the 2d from the 4th, iix+y=lS 

6. Subtracting the 3d fivHn tlie let, s~ix-i-y-iy=6 

7. Clearing the 6th of fractions, 4x+3!/=36 } 

8. Multiplying the 5th by 3, 6i-fSy=48 J 

9. Bubtracting the 7th from the 8th, 2z=I2. And x=6. 

ia Reducing the 7th. s=5«zif =5iz£f =4. 

II. Reducing the let, z=12-i-i/=12-6-4=2. 
In thin example all the reductions have been made accor- 
ding to the third rule for exterminating unknown quantities.— 
(Art 328. ) But either of the three may be used at pleasure. 

332. A calculatitoi may often be very much abridged, l^ 
the exercise of judgment in elating the question, in selecting 
the equatiooB from which others are to be deduced, in sim^i. 
fring fractional expressions, in avoiding radical quantities, 
&c. The skill which is necessary for this purpose,, however, 
ii to be acquired, not fiom. a. system of rules, but from prac- 
tice, and a habit of attention to the peculiarities in the coo^ 
ditions of different problems, the variety of ways in which 
the same quantity may be expressed, tfae numerous forms 
which equations may assume, ic. In many of the examples' 
in this and the fnecedlng sections, the processes might have 
been shortened. Bu^ the object Ikis been to illusfrate gen- 
ial princif^ mther than to furnish epecimens of expeditious 
solutions. The learner will do well, as he passes along, to 
exercise his skill in abridging the calculations which are 
here gives, or substituting others in their stead. 



Do,l,.cdbyGoOglc 



z+ix=a J 



EAUATiOlfS. 1S3 

. Prob, 18. Oiren {S.x-{-z=b> To find a^ y and z. 

; S. j,+z=c ) 

Ana. i=— r-j — Andtf= s — Andz= — s — • 

Prob. 19. Three persons ^ B, uid C, -purchase a hone 
for 100 dollars, but neither ia dtile to pay for the whole. 
The payment would require, 

The whole of ^s money, together with half of S^t ; or 
The whole of ^s, with one third of CT's ; or 
The whole of Cs, with one fourth of ^b. 
How much money had each t 

Let x=^a s= (Ts 

y=^fl a=100 

By the first eondltioD, >H~^= 

By the second. 

By the third, z-f }x: 

Therefore «=64. . y=7!S. c=84. 

3SS. The learner must exercise his own judgment, as to 
the choice of the quantity to be first exterminated. It will 
generally be best to begin with that which ia most free frwn 
co-efficients, fracticsis, radical signs, &c. 

Prob. 20. The sum of the distances which three person^ 
A, B, and C, bave travelled, is 62 miles ; 
•d's distance is equal to 4 times Cs, added to twice Ba ; and 
Twice ^B added to 3 times fa, is equal to 17 times C?b. 
What are the respective distEuices? 

Ans. ^s, 4fi miles ; 5*8, 9 ; Cb 7. 
' Prob. 31. To find x, y, and z, from 

The equation ix-\-irj-\-{x=9% j 

■And ^*+}y+i«=47 [ 

And ' ix+iy+i^^SS ) 

Am. x=iS4. y=60. 9=120. 

r«y=600) 
Prob. tS. Given I xzsrSOO > To find z, y, and z. 

' =200 5 
Ans. z=SO. y=20. z=ia 



fay=ei 

\ 22=84 

(y*=2( 

80. z=ia 
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3S4. The same method which ia employed for the redue- 
tioa of three equations, may be extended to-4, '5, or anj Dum- 
ber of equations, containing as many unknown quantities. 
The unknown quantities may be exterroinatfid, one after 
number of equaUoDS may be reduced by 
am five to four, from four to three, from 

find w, X, y, and x, from 

'+!!+"= ?2 J-our equations. 
!r+«4-i=t0 ) 
= 161 

8. Adding 6th and 6th, «+3«=19 ) ™, „ „„„.,. „, 

9. Subtract. 7th from eth, - y+^= 1 \ ^^ eq»»"«°«- 

10. Adding 8th and 9th, 4z=20. Or z=5 ) 

1 1 . Transp. in the 8th, i/=19-3i=4 f Quantities 

12. Transp, in the Sd, ar=12-j(-i=3 I required. 

13. Transp. in the 2d, u=9-x-y=2 ) 

/ v-\-50=x \ 
Prob. 24. Given 5 jt JlJ^gJ [ To find m, x, y, and z. 

Answer. w=100 y=:90 

x=\m z=l05, 

Prob. 26. There is a certain number consisting of two 
digits. The left-hand digit is equal to 3 times the right- 
hand digit; and if twelve be subtracted from the number 
itself, the remainder will be equal to the square of the left- 
hand digit. What is the number t 

Let x= the left-hand digit, and y= the right hand digit. 
As the local value of figures increases in a ten-fold ratio 
(tarn right to left ; the number required = 1 Ox-f-y 

By the conditions of the problem x=Sy > 

And 10x-|-y-12=/f 

The required number is, therefore, 93. 



6. Ulear. the 1st of frac. y-|-2z-{-w— 

6. Subtract. 2d from 3d, z~u=$[ TAree equations. 

■■, Subtract. 4th from Sd, 
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Prob. 36. If a certain DumlMr be diricU4 bj tlie product 
(tf its two digits, the quotient will be 3 ; and if 27 be added 
to the number, the digits will be inveiied. What is the 
number I j&ns. 36. 

Prob. 27. There are two numbers, such, that if the less be 
taken from three times the greater, the remainder will be 35 ; 
and if 4 times the greater be divided by 3 times t^ less -}-l, 
- the quotient will be equal to the less. What are the numbers 1 
Ane. 13 and 4, 
Prob. 38. There is a certain fraction, such, that if 3 be 
added to the numerator, th^ value of the fraction will be i ; 
but if 1 be subtracted from the denominator, the valne will 
be i. What is the fraction ? .4 

'^3T 
Prob. 29. A gentleman has two horses, and a saddle which 
is worth ten guineas. If the saddle be put on the firrt horse, 
the value of both will be doMe that of the secorwl horse ; but 
if the saddle be put on the second horse, the value of both 
will be less than that of the_^irt horse by IS guineas. What 
'» the value of each horse 1 

Ans. 66 and 3S guineatu 

Prob. 30. Divide the number 90 into 4 such parts, that the 
first mertaatd by 2, the second diminished by 3, the third mut 
tilled by 3, and the fourth divided by 3, shall ail be equal. 

If a^ y, and z, be three of the parts, the fourth will be 
90-x-y-x. Andby tbe conditions, 

£4-2 =2z 

The pails required ue 18, 22, 10, and 40. 

Prob. 31. Find three numbers, such that the fait with i 
the sum of the secojid and third shall be 130 ; the second with 
i the difference of the Mrd and first shall be 70 ; and k the 
sum of the three numbers shall be 95. 

Prob. 32. What two numbers are those, whoee (Bfference, 
gum and jsoduct, are as the numbers 3, 3, and 5 1 

1., Ans. 10 and 3. 
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Piob 33. A vintner sold at one time, SO dozen of port 
wine, and 30 dozen of sherry ; and for the whole received 
ISO guineas. At another time, he sold 30 dozen of port and 
86 dozen of sherry, at the same pricBe as before ; ana for the 
whole received 1 40 guineas. What was the pnce of a dozen 
of each sort of wine 1 

Ans. The pon was 3 guineas, and the sherry 3 guineas a 
dozen. * 

Prob. 34. A merchant having mixed, a certain niunber of 
gallons of brandy and water, found that, if he had mixed 6 
gallons more of each, he would have put into the mixture 7 
g^ons of brandy for every 6 of ^ater. But if he had nuxed 
6 less of each, he would have put in 6 gallons of brandy for 
every S of water. How many gallons of each did he mix 1 
Ans. 78 gallons of brandy and 66 of water. 

Prob, 35. What fraction is that, whose numerator being 
doubled, and the denominator increased by 7, the value be- 
comes f ; but the denominator being doubled, and the nume- 
rator increased by 2, the value becomes ^1 Ans. f. 

Prob. 36. A person expends 30 cents in apples and pears, 
giving a cent for 4 apples and a cent for 5 pears. He after- 
warcb parts with half his apples and one third of his pears, 
the cost of which was IS cents. How many did he buy of 
each t Ans. 72 apples and 60 pears.* 



535. If in the algebriuc statement of the conditicma of a 
prt^Iem, the origintd equations are more numerous than the 
unknown quantities ; these equations will either be contra- 
dietary, or one or more of them will be supafiuotu. 

Thus the equaUona Ji^^jqI are contradictory. 
For by the first a;=ao, while by the second, i=40. 
. But if (he latter be altered, so as to give to x the same value 
tu the former, it will be useless, m the statement of a 



* FtHmora examploiofllM wlulJoaof jmtblema by equations, see Eater*! 
AlgilK*, Krt I, Sec. 4 ; Simnsm's Algebra, Sec n ; Smuuoa'a Exenuea ; 
HMUarin>* Algebia, Put I, Cha^ S nnd IS ; Emennn'a Algebra, Book D, 
S*c I ; Saunderaoti's Akebni, Book 11 and III ; DodBon'g MsthcFiattMl Ra - 
poiltoiy, ind Bbnd'B Algelxraucal Problentt 
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problem. For nothing can be detennined from tb« <me, 
\rbich camiot be from the other. 

ThuB of the equations J J'^ ,q > one is supeifluotui 

For either of them is aufficient to determine th« value of x. 
They are not iadependeta eouatioos. (Art. 32S.). One is 
convertible into the other. For if we divide the 1st by 6, it 
will become the same as the second. 

Or if we multiply the second by 6, it will become the sams 
as the first. 

S36. But if the number of independent equations produc- 
ed from the conditions of a problem, is hs» than the number 
of unknown quantities, the subject is not sufficiently limited 
to admit of a definite answer. For each equation can limit 
but one quantity. And to enable us to find this quantity, sJl 
the others connected with it, must either be previously known, 
OT be determined from other equations. If this is not the 
case, there will be a variety of answers which will equally 
satisfy the conditions of the questioiL If, for instance, in 
the equation 

X and y are required, there may be fifty different answers. 
The values of x and y may be either 99 and 1, or 98 and S, 
<x 97 and 3, &c. For the sum of each of these pairs of 
numbers is equal to 100. But if there is a second equation 
which determines one of these quantities, the other may thea 
be found from the eqiAtion already given. As x-f y=10(^ 
if x=46, If, must be such a number as added to 46 will mak« 
100, that is, it must be S4. No other number will answer 
this condition. 

337. For the sake of abridging the solution of a problem, 
however, the number of independent equations actually put 
upon paper is frequently less, than the number of unknown 
quantities. Suppose we ate required to divide 100 into two 
such parts, that the greater shall be equal to three limes the 
less. If we put x for the greater, the less will be 100 - «. 
(Art 195.) 

Then by the suppoation, x=300 -S«. 

Transposing and dividing, x=75, the greater. 

And 100-75=25, the less. 
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Here, two nnknowQ quantttiea are feund, although there 
appears to bo but one independent equatjtai. The leaaoR'oi 
tniB is, that a part of the solnlion has been omitted, becau&e 
it is eo simple, as to be easily suppGed by the mind. To 
have a view of the whole, without abridging, let x=: the 
greater number, and y= the less. 

1. Then by the auppoullon, x4-jr=:100 > 

8. And 3y=a: J 

S. Transposing X in the Ist, y=l60~x 

4. Dividing the 3d by 3, y= }x 

5. Making the 3d and 4th equal, ^x=100-x 

6. Mu]tipl)nng by 3, z=300-3x 

7. TranspoBuig and dividing, x=75, the greater. 

8. BytheSdatep, s=lO0-i=26, theless. 
By comparing these two solutions with each other, it will 

be seen that the first begins at the 6th step of the latter, all 
the preceding parts bein^ omitted, because they are too sim- 
ple to require the formahty of writing down. 

Prob. To find two numbers whose sum is 30, and the dif^ 
ference of their squares 120. 

Leta=80 (=120 

x= the less number required. 
Then a- 1= the greater. (Art 195.) 
And a'-2ai-|-a;*= the square of the greater. (Art. 214.) 
From- this subtract ^, the square of Uie less, ai^ we shall 
have (i*-2(u= the difierence <^ their squares. 

2o 2x30 

338. In most cases also, the solution of a problem which 
contains many unknown quantities, may be abridged, by par- 
ticular artifices in mbstUu^)^ a single letter for several. 
(Art. 321.) 

* Suppose four numbers, v,x,y and z, are required, of which 
The sum of the three first is 13 

The sum of the two first and last 17 

The sum of the first and two last 18 

The sum of the three last 21 



* Ludlun'i AIg«bn, Ait. ISl. c 
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Then 1. ti-f-x-(-!r=18 

3. U-|-Jf4-Z=:18 

4. x+y+z=n. 

Let S be substituted for the sum of the four numbera, that 
is, for n-{-x-\-y-^z. It will be seen that of these foui equa> 
tions, 

The first contains all the letters except z, that is, iS - t=: 13 
The second contains all except y, that is, S-y=\7 

The third contains all except x, that is, S~ r=il8 

The fourth contains all except u, that is S~ ii=Sl. 

Adding all these equations together^ we have 

4S-z-y-x-u=69 
Or 4S-{z+y+i+«}=69 (Art. 88. c.) 
But S= (z-\-y-\-x-\-v,) by substitution. 
Therefore, 48-8=^9, that is, 35=69, aQdS=23. 

Then putting 23 for 8, in the four equations in which H 
U firet introduced, we have 

23-r=lS'l rr=S3 -13=10 

I'll;:;,' Th„.,oJ»:.«»:||zS 

S3-ti=8lJ L«=23-21=2. 

Contrivances of this sort for facilitating the«6(duUon ot 
particular problems, must be left to be furnished for the occa- 
sioa, by the ingenuity of the learner. They are of a nature 
not to be taught by a system of ruies. 

339. In the resolution of equations containing several un- 
known quantides, there will often be an advantage in adopt- 
ing the following method of notation. 

The co-efScients of one of the unknown quantiticB are 
lepcesented. 

In the jirst equation, by a single letter, as a. 

In the second, by the same letter marked with an accent, as o^ 

In the (Aird, by the same letter with a iJotfble accent, as(t",&c 

The co-efGcienta of the other unknown quautitieB, are re- 
presented by other letters marked in a similar manner ; as ar* 
ttlso the terms which consist of Jbtoun quantities only. 
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7\pi> «quauona amt^tang the two nnknown quantities x 
and y JOAJ be irritten thus, ' 

<i'i-|-fy=e'. 
Three equations contEumng x, y, and z, thu% 

o"i+6"i/+c"2=d". 
Fow equations conttvining x, y^ z, and t^ thii^ 

^x-\-h'y-\-c's-3f-d'v=e' 
o"'i+6"'y+c"''«+d'"tt=«'". 

The same Utter is made the co-efficient of the same un- 
known quantity, in dlBerent equationa, that the co-eScieDl« 
of the several uiiknown quantities may be distinguished, in 
any part of the calculation. But the letter is marked with 
different accents, because it actually ataods for difierent quan- 
tities. 

Thus wemayputa=s4, a'=Q, a"=10, af"=tfi, &c. 
To find the value of x and y. 
1, In the equation, ax-\-hy=c \ 

«. And . o'»+fc'S=c'i 

3. Multipl^gthel8tby6',(Art.3S8.)a6'H-^y=<^ 

4. Multiplying the Sd by h, ha'x-\-bh'y=:W 

5. Subtracting the 4th fiom the 3d, ab'x~ha'x=eV~hif 

6. Diriding by ah'-W, (Art. 121.) x=^^~'^\ 

ah' -ha' \ 

By a similar process, y= — iJz. \ 

ab'-'ba'} 

The symmetry of these expressions is well calculated to fit 
them in the memory. The denominators arc the same in 
both ; and the numerators are like the denomioatora, except 
a change of one of the letters in each term. But the par- 
ticular advantage of this method is, that the expressions her6 
(ditfuned may be considered eis gmeral lolufjmu, which girft 
die values ^ the unknown quantities, in oUwr equatuDU^ irf 
a similar nature. 
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Thwif l(b+6jr=100> 
And 4as-f^=200j 
Thea puttiiiga=10 i=6 e=100 

a'=«> i'=4 c'=200 

ai/-ba' 10x4-6x40 
And gc^^^_ 10x800- 100x40 _,n 

' aft'-6a' . 10x4-6x40 
The equadtms to be resotved may, originallj, conast <A 
more than three terau. But if they are of the first degiee, 
and have only two unknown quantities, each may be reduced 
to three terms by substitution. 
Thus the equation ix - 4«+A;f - ^=m^ 

Is the same, by Art. 120, as (if-4)x+(A - 6)y=m-4-8. 
And putting a=d-4, 6=A-6, e=m-i-8 

It becomes o»+6y=c.* 

DEMONSTRATION OF THEOREMS. 

340. Equations have been applied, in this and the preced- 
ing sections, to the BolutioQ of probUim. They may be em- 
ployed with equal advantage, in the demonstration of lAee- 
rtmt. The princi[Md difference, in the two cases, is in the 
order in whicn the Bteps are arranged. The operations them- 
selveb are Bubstantialty the same. It is essential to a demon- 
stration, that complete certainty be carried through every 
part of the process. (Art. 11.) This is effected, in the re . 
ouctioa of equatJMiB, by adhering to Uie general rule, to make 
no alteration which shall affect the value of one of die mem- 
bers, without equally increasing or diminishing the other. 
In applying this princi[de, we are guided by the axioms laid 
down in Art. 63. These axioms are as applicable to the de-> 
monstiation of theorems, as to the solution of problems. 

But the order of the steps will generally be different. In 
solving a problem, the object is to find the value of the un- 
known quantity, by disengaging it from all other quantities. 
But, in conducting a demonstration, it is necessary to bring 

* Pot Iha ai^ilicauiHt of Ihia pbn of noULioa to (Im lolulioD of niiBtiaiM 
which contain more thun Iwounkiiown quandliea, ie« LaCroii'i Algotira, An. 
Bf ( Mulaiuin'i Algubra, Part. I, Chnp. IS ; Punn's Algebra, p. (7 : wd t. 
jHper of LapUoe, u the Mtmoin of the luaOasccj of ScwncM for 17n. 
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the equiUkm to that particular f(wm which will ex[«BBB, in 
■Igebnuc tenns, the proposition to be proved. 

Ex. 1. Uttorem. Four times the product of any two 
immbers, is equal to the squaie of their suta, diminished by 
the eqaate of their difleience. 

Let x= the ereater number, s= their sum, 

y=z the MBS, d= their difference. 



1. By the notation x~i-y=s } 

S. ^d x~y=d J 

5. Adding the two, (Ax. 1.) Sx=t+d 

4. Subtracting the 2d from the let, Zy=» - d 

e. Mult. 3d and 4th, (Ax.3.) 4jy={t+d)x('-^ 

6. Thatis, (Art 235.) 4xy=i^-d^ 

Tba last equation ex[H«s3ed in words is the proposition 
- which was to be demonstrated. It will be easily seen that 
it is equally t^^cable to any two numbers whatever. For 
the particiuar values of x and y will make no difference in 
the nature of the pnxrf. 
Thu8 4x8x6=(8+6)»-(8-6)»=192. 
And 4xlOx6={10+6)'- (10-6)»=240. 
And4xl2xl0x:(12+10)*-(13-10)»=480. 
Theorem S. The sum of the squares of any two numbers ia 
equal to the square of their difference, added to twice their 
product 

Let *= the greater, d= their difference. 

y= the less, j)z= their product 

DenoaOratioa. 

1. By the notation ' at-y=d't 

5. Ajid ^=P > 

3. Squaring the first a;*-2iry+j/*=(P 

4. Multiplying the second by 2 2xi/=2j( 

6. Adding the third and fourth i'+u'=iP4-2p. 

Thus 10»4-8»=(10-8)"+2xlOx8=164. 

341. General propositione are also discovered, in an expedi- 
tious manner, by means of equations. The relations of 
quantities may be presented to our view, ia a gret^ variety 
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17S 



^ -wsyt hy the aevnal changes through which a gireo equa- 
tion inaj be nuule to paaa. Each step in the {Hoceas triU 
contain a distinct [vopoeition. 

Let I and d be the sum and diflerence of two quantities « 
and y, as before. 



, Then 
8. And 
S. IMviding the first by i, 

4. Dividing the Sd by 2, 

5. Adding the 3d and 4th, 

6. Sub. the 4th bean the 3d, 
That is, 

Ha^tke difference of two 
equal to the greater 



i,-id=ky+^=y. 



Half their differ t 
the less. 



addedto half their sum, u 
ti^tractedfhm ht^their sum, it equal to 



SECTION XII. 



RATIO AKTB PROPOHTION.* 



Art. 343. THE deagn of mathematicaJ investigations, is 
to arriye at the knowledge of particular quantities, by com- 
paring them with other quantities, either equal to, <w^'»'^ 
or fcss than those which are the objects of inquiry. The end 



•Eudid'BElenwiU, Books, 7,8. Eoler'B Algebra, Part L Sec 3. Enmam 
on FrSS^CamS'OeomMr^, Book HI. Tudlam'. Mathrmatiot WJIu* 
iS«SrChap.lB,«0. S«mider^'aAlgebm,^k7. Ba«OT^.M;jU^ 
^Leeiure»rAialy»t for March, 1814. Port Royftl Art of Thinkaift Pwt 
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w ntoat eofDUBonly attaitwd hy meaiM «i s amta «E afwili rt w 
vai puf m H oiu. WbcD we make ose of et^uAioai^ we detu- 
mioe the quantity Bought, by diBcovedng' Ua ofuotilywith 
■Qow othfir quantity or quantities already knovo. 

We have frequent occasion, however, to compare the un- 
known quantity with others which are not e^uoZ to it, but 
either greater oi less. Here a dilTerent mode of proceeding 
becomes necesBarjr. We may inquire, either how mach one 
of the quantities ia gieftter than th« other ; or Ltv ston^ (JnM 
the one ccntoios the other. In finding the answer t^ either 
of these )Dquities, we discover what is termed a ratio of the 
two quantities. One is called arithmetical {tnd the other gto- 
metriait t&tio. It should be observe^ however, that both 
these terms have been adopted arbitrarily, merely for dtt^ 
lutAtioQ*3 sa^e. Arithmeticsl ratio, and geomBtrical catiaare 
both of them applicable to arithmetic, and both to geometry. 

As. the whole of the ezteofiive and important subject of fro- 
portion depends upon ratios, it is necessary that these should 
be clearly and fully understood. 

343. Abithmbtical EATro is the difference between too 
fuontifie* or sett of qiumiities. The quantities themselvea are 
called the terms of ths. ratio, that is,, the terms between which 
the ratio exists. Thus t is the arithmetical ratio of 5 to 3. 
This is sometimes eziMressed, by placing two points between 
the quantities thus, 5..3, which is the same as 5-8. Indeed 
the term arithmetical ratio, and its notation by points, are 
almost needless. For the one is only a substitute for the word 
differetux, and the othei &r Ae a^o -^ 

S44. If both the tenos ctf an arithmetical ratio be mu^pUed 
or £mded by the same quantity, the ratio will, in effect, be 
mulUpIied or divided, I171 tiwt, ^j^iintity. 

^uaif a~b=r 

Tl)«ftiauU.botliadM-b[rAi(Ax.3.) ha,~hb=^. 

jlnd dH^ by fc, (Ai. 4) h~h~k 

345. If the terms of one arithmetical ratio be added to, or 
subtracted from, the correspon^ng terms of another, tiie ratio 
at dteir sum or difiference will be eqiiol to. the Bvmiof diOer- 
4Bm dtthe. two ratios. 
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Tben {a+^^(h+K) ^ (a-b)+(d-h). Foreadi c3«4.d-fr-4 
Aod {a~d)-{b-h) = {a-b)-(^d~h). For each =a~d~b+k. 
Thus the uith. ratio of 11..4is 7 / 
And the aiith. ratio of 5..Z ie S ) 
The ratio of the sum of the tenns 16.. 6 is 10, the sumttf 

the ratios. 
The ratio of the difference of the terms 6. .2 ie 4, the diiTer- 
ence of the ratios. 

346. GEOMETRICAL RATIO is that nsLATioif bc 

TWEEN qUUITITIES WHICH IB EXPHE8BED BY THE QUO* 
TIENT OP THE ONE DIVIDED BI THE OTHER.* 

Thus Ae ratio of 8 to 4, is ♦ or 8. For this 13 the quotient 
of 8 divided by 4. In other wonls, it shows how often 4 it 
contained in 8. 

In the same manner, the ratio of anj quantity to anotJm 
may be expressed by dividing the former by the Latter, or, 
vhich is the same thing, ma&ig the fcffmer the numerator 
of a fraction, and the latter the denominator. 

Thus the ratio of a to A is r* 

d+h 
The ratio of d-\-k to fc-f c, is j^- 

347. Qeometricat ratio is also eniressed by placing two 
points, one over the other, between the quantities compared. 

Thus a: b expressee the ratio of a to b; and 13: 4 the ratio 
Hi 12 to 4. The two quantities together are called a ctmplel^ 
of which the first term ie the a/Oeeedmt, and the last, t\\6 
eonaequent. 

348. This notation by points, and tha other in the form of 
a fraction, may be exchanged the one for the other, as con- 
venience may require ; observing to make the antecedent of 
the couplet, uie numeraUv of the fraction, and the can8e(|tieiit 
the denominator. 

b 

Thus 10 : 5 is the same as -V^ and bid, 0x9 same as j' 

349. Of these three, the antecedent, the omsaqocnt, nod 
the ratio, any tuo being given, the other may be found. 

•SmNouH. 
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Let 0= the antecedent, c= the cMwaqiWDli r= (be tmlio. 

By definition T=~i that is, the ratio ia equal to the auteee> 

dent divided by the coDsequent, 
Multiplying by c, a=cr, that ie, the antecedent ia eqtial (o 
the consequent multiplied into the ratio. 

Dividing by r, e=-, that is, the consequent is equal to the 

antecedent divided by the ratio. 

Cor. 1 . If two couplets have their antecedents eqaal, and 
their coneequenta equal, their ratios must be equal.* 

Cor. S. If, in two couplets, the ratios are equal, and the 
antecedents equal, the consequents are equal ; aoA if the 
ratios arc equal and the consequents equal, the antecedents 
are equal.f 

350. If the two quantities compared are equal, the ratio is 
a unit, or a ratio of equality. The ratio ofSxB:18 is a 
unit, for the quotient of any quantity divided by itself is I . 

If the antecedent of a couplet is greater than the conse- 
quent, the ratio is greater than a unit. For if a dividend is 
greater than its divisor, the quotient is greater than a unit. 
Thus the ratio of 18: 6 is 3. (Art. 138. cor.) This is called 
a ratio of greater meqmdity. 

On the other band, if the antecedent is less than the eon- 
sequent, the raUo is less than a unit, and is colled a ratio of 
Irn inequtUUy. Thus the ratio of 2 : 3, is less than a unit, 
because the dividend is less than the divisor. 

351. INVERSE or RECIPROCAL ratio is the ratio 
or THE reciprocals or two qiTAKTiTiES. Bee Art. 49. 

Thus the reciprocal ratio of 6 to S, is f to i, that is i-H'. 

The direct ratio of a to 6 is ttthat is, the antecedent divided 

by the consequent. 
™ ...111116* 

The reciprocal ratio is- Ivor ■^f-T=-VT=-: 
' a a « I a 

that is the consequent b divided by the antecedent a. 
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Hence a reciprocal ratio is expreawd by inetrimg th* frao* 
tun which expresses the direct ratio ; or when the notatiot 
is by points, by tnMrttng the order of Ike terms. 

Thus a 18 to (, Aversely, as 6 to a. 

852. COMPOUND RATIO is the ratio or the PRO- 
DUCTS, OF THE CORRESPOKDINfi T£RH8 Qf TffO OB KOl^ 
6IHPLE RATIOS,*. 

ThuB the ratio of 6 : 3, is S 

And the ratio of 13: 4, is 3 



The ratio compounded of these is 72 ; 12=6. 

Here the compound rati» is obtained by multiplying 
together the two antecedent*, and also the two consequenla, 
of the simple ratios. 

So the ratio compounded, 

Of the ratio of a: b 

And the ratio of e : d 

And the ratio of . fc : y 

Is the ratio of acK : bdy=2^ 

bay 

Compound ratio is not different in its tutture from any o^a 
ratio. The term is used, to denote the ori^ of the ratio, in 
particular cases. 

Cor. The compound ratio is equal to the product of the 
simple ratios. 



The ratio of 


a:fc>| 


The ratio of 


c:*is| 


The ratio of 


K:yM 



1 

And the ratio compounded of these is — , which is tlie 
bdy. , , 

product of Uie fractions expresdng the simple ratios. (Art. 
IM.) 

3^ I^ in a series of ratios, the consequent of each pre> 
ceding^ couplet, is the antecedent of the following one, the 
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nait »/ tht fintmttUdmato Ihe hat tmueqiienti k equal bf^at 
mMcA it compoandtd <^ aUtkt JnlartWM^ raftM<* 
Thus, in ihe seiUS 6f mttofl a c & 
i:c 

the ratio of a : & is equal to that which is coUipolinded of (be 
ratios of a: fr, of 6 : c, of c : d, of d : h. For the compound 
ratio by the last article is ?*£?=? ora-.k (Art. 145.) . 

hcdh A 

In the same manner, all the quantities which are both 
antecedents and consequents will dUappeOf A'hen the frac- 
liouid (iroduct is reduced to tta lowest term^ and wiU leave 
^e compound ratio to be expreswd by the first aoteoedent 
and the last consequent. 

354. A particular class of conmound ratios ia [ffoduced, by 
muldplying a simple ratio into Uie^, or into another e^uol 
ratio. These are termed dvpRcate, tripliccUe, quadn^Ucate, 
&c. according to the number of multiplications. 

A ratio compounded of two equal ratios, that is, the squttre 
of the simple ratio, is called a duplicate ratio. 

One compounded of three, that is, the cube of the siiQple 
ratio, is called briplkate, &c. 

In a similar manner, the ratio ot the square rooli oi two 
quantities, is called a $ubdu^uate ratio ; that of the tube 
roots a subtr^Ueate ratio, ko. 

Thus the simple ratio of a to 6, is a : 6 

The duplicate raiio ot a to J, is o' : 6* 

The uiplicate ratio of o to fc, is o* : 6" 

The subduplioate ratio of a to 6, la i^d : '\^b 

The subtriplicate of a to 6, is Jfya : ^b, &c. 

The terms dxupliMle, tr^pUcaie, &c. ought not to be oon- 
lioanded with doubh, MpU, Sccf 



The ratio of 6 to 2 is 6 

'HaiibU this ratio, that i^ Ance the ratio, is 12 
THfrfe the ratio, i. e. three times the ratio, ia 18 



2=S 

2=6 > 

2=9 J 
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j^it the ({&})ficaferatio,i.e.the square of ^eratiOiie ^: fP=9 > 
Aadihetr^licat6i&tio,Le.t\i»cubeot1hQ ratio, is 6': 3^=27) 

355. That quantities may have a ratio to each other, it ia 
ncceawry that they diould be bo &i of the same natnio, aa 
tluit one can property be said to be either equal to, or greater, 
or 1«BB than the other. A foot haa a ratio to an inch, for om 
is twelve tunes bb great as the other. But it cannot be said 
that an hooi is either shorter or long«r than a rod ; or that 
an acre is greater or less than a degree. Still if theae quaa< 
titles are expressed by numbers, there may be a ratio between 
the nuipbers. There is a ratio between the number of min- 
utes in an hour, and the number of rods in a mile. 

S56. Having attended to the nature of ratios, we have next 
to consider in what manner they will be affected, by varying 
one or both of the terms between which the comparison ia 
nuule. It must be kept in mind that, when a direct ratio is 
expressed by a fraction, the antecedent of the couplet is always 
(he mmurator, and the consequent the denominator. It will 
bo easy, then, to derive from the properties of fractions, the 
changes produced in ratios by varialiona in the quantities 
compared. For the ratio of the two quantities is the sBtne as 
the value of the fractions, each being the qiiotimt (rf the 
numeratOT divided by the denominator. (Arts. 135, S46.) 
Now it has been shown, (Art. 137,) that multiplying the 
nimierator of a frmitioa by am quantity, is multiplying the 
vaiue by that quantity ; and that dividmg the numemtor is 
dividing the value. Hence, 

35^. Muitiplykig the (oittcedenl ^a couplet by any ^Uttatity, 
it nailiplying the ratio by that guaniUy ; and dividing tkt ante- 
cedent u aividing the ratio. 

Thus the ratio of 6 : 2 is S 
And the ratio of 34 : 2 is 13. 

Here the antecedent and the ratio^ in the last couplet, ar« 
each four times as great as m the SnL 

The ratio of a : & is ^ 
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Cor. With a given consequent, the greater the antecedaO, 
the greater the ratio ; and on the o^er band, the greater tin 
ratio, the greater the antecedent,* See Art. 137. cor. 

358. Jtfiiltiplying the consequent of a etmplel by any fwontJM 
it, in effect, divi^ng the raiio by that quantity ; and dmuHag tXt 
eomequentUmuUiphfing the ratio. For muki[^yiDg the denom- 
inat(H- of 8 fraction, is (kviding the faiue ; and dividing the 
denotmnotor is multiplying the value. (An. 136.) 
ThuB the ratio of 13 : 2, ie 6 
And the ratio of 12 : 4, ie 3. 
Here the consequent in the second couplet, is twice as great, 
and the ratio only half as great, as in the fiirst. 



C<ff. With a given antecedent, the greater the conaequeot, 
the lees the ratio ; and the greater the ratio, the leas the coi^ 
8equenl.t See Ait. 138. cor. 

359. From the two last uticles, it is evident that muAipJ^- 
tfif 1^ antecedent of a couplet, by any quantity, will have the 
same effect on the ratio, as clirUnig the amiequent by that 
quantity ; and dividing the antece&U, will have the same 
efiect as mu&tplymg the consequent. See Art. 139. 

Thus the ratio of 8 : 4, is S 

Molt, the antecedent by S, the ratio of 16 : 4, is 4 
Divid. the consequent by 2, the ratio of 8 : 2, is 4. , 

Cor. Any factor or divisor may be transferred, from the 
imtecedent of a couplet to the consequent, or from the coDse- 
quent to the antecedent, without altering the ratio. 

It must be observed that, when a factor is thus transferred 
Acta one term to the other, it becomes a divisor ; and when 
a divisor is transferred, it becomes a factor. 

Thus the ratio of 3x6 : 9=2 > ,. „ „„.„ „,. 

Transferring the factor 3. 6 : ♦=« J '""^ ^"^ ""^"^ 
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The ratio of 


7 ■'=7^=-^ 


Transfeniiig y 


mi:Sj=mo-=-S!(=-^ 


Transferring m. 


•:S=-^=^ 



360, It ie ferther evident, from Aits. 357 and S5S, that iv 

THE ANTECEDENT AND CONSEQOGNT BE BOTH HULTIFLIED, 
OR BOTH DIVIDED, BT THE SAME QUANTITT, THE RATIO WILL 
ITOT BE ALTERED.* See Art. 140. 
Thus the ratio of 



Mult, both tenns by 3, 16 
Divid. both terma by ^ 4 

The ratio of a : fr= 



4=2) 
8=2 > 
2=2) 



the same lalio. 



Multi^ying both terms by m, ma : m6=— j=r } 

_....,, . a b m a\ 

DiTiding both tenaa by n, n''n~ba~bJ 

Cot. 1. The ratio of two JraetUmt which have a c 
denominator, is the same as the ratio of theit mmercUon. 
a b . 
Thus the ratio of Z ■ ^i i^ the same as that of a : £. 

Cor. S. The direct ratio of two fractions which have a 
common numerator, is the same as the reciprocal ratio of 
their denominator*. 

a a 11 

Thus the "'■^^^ °^ m' n' "" *"**^"i8 as — !-, orn:m. 

S6I . Prom the last article, it wUl be easy to determine the 
ratio of any two fractiona. If each term be multiplied by 
the .two denominatorB, the mtio will be assigned in integriu 
expressions. Thus multiplying the terms of the couplet 
a c cAd ooa , , . 

r 1 -j by 6d, we have -r- ■ —j, which becomes oo : 6c, by can- 
celling equal quaatiUes from the aumemtors and denomi- 
oators. 
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S61. b, i. rolM of greater intfuSty, compounded with 
another ratio, tncreoM* it. 

Let the raiio of greater inequality be that of l-J-n ; 1 

And any giFsn ratio, that c( ttib 



The ratio compounded of tfiese, (Art. S6S,) is a-\.tM : b 
Which is ^reatet than that of a : ft (Art. 356. cor.) 
But B. ratio of letter iaequd^ty, compounded with another 
ratio^ diitUmhes it 

Let the ratio of lesser inequality be that of 1 -a : 1 

And aBy given ratio, that of a:b 

The ratio compounded of these is a-na:b 

Which is less than that o(a:b. 

363. ffto or from the term* t^atty couplet, there bt added or 
auBTRACTKD luo otker mumti^es ham^ the tame ratio, the emu 
or remmnderi vnU alto haee the lame raJio.* 
Let the ratio of a:bl 

Be the same aa that of c : d ) 

Then the ratio of the eum of the antecedents, to the sum 
of ths consequents, tIz. of a-f4 to b-\-i, is also the same. 
_,. , a-i-c c a 

Denonitratiiftt. 

a e 
1. By supposition, ?~d 

S. Multiplying by b and d, ad=be 

S. Adding cd to both sides, td-\-ed=bc-^-ed 

4. Dividing by d, a-t-c= — t— 

5. Dividing by b+d, ■^^^=2=-^ 

The ratio of the d^ermce of the antecedent^ to the di^« 
•oce of the ooDseqaents^ is also the same. 
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BATKL 



1. By mppontioD, as before, 



fc-a 



2. Multiplying by b and d, ttd=:be 

3. Subtractinif C(i from both mdee, ad~cd=be-ed 

4. Dividingby)^ o-c="~™. 

5. Dividing by b -i 1^=" »• 

ThuB the ratio of IS : 5 is S ) 

And the ratio of 9 : 8 is S 5 

Then adding and sidAncting the lecnw of the Vm coaplrti^ 
The ratio (^ 15-|-9 : 5+S is 3 > 

And the ratio of 15-9:5~Si835 

Here the terms of only tm> couplets have been added to- 
gether. But the proof may be extended to am/ number of 
couplets where the ratios are equal. For, by the addition of 
the two first, a n«u couplet is filmed, to which, upon the 
same principle, a third may be added, a fourth, &c. Hence, 

363. 14 in sevenl couplets, the ratios are equal, tbb wu 
or ALL THE autbcbdintb bm tbb bamb batio to vac 

laif or ILL THK COMaSftUEHTSi WBICfl AltX OIU. OT VMB 
AllTECBDEnTB HAS TO 1TB COnSEUUEnT.* 



{13 : 6=2 
8:4=S 
6:3=S 



Therefore the ratio of (lH-lCN-^6} : (64-54-4+3) =sS. 
363. k A ratio •fgrMftrfawfUdli^ is eitnmuAe^I^ adding 
the samt {uonttty to both the tenna 

Let the given ratio be that of o+b ; a or .-tZ 

Adding X to both terms, it becomes o-^-i-f-tc : o+x or fXrV^ 



• CucGd, 1 and.lS, 5. 
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IM ■ ALOEBKA. 

Rodueing: them to a ommnon denominate, 

Tie first becomes a'+ab-i-ax+b * 

And the latter J+flj.+ax 

As the latter numerator is manifeBtly less than the other, 
the ratio must be less. (Art. 356. cor.) 

But a ratio of Uster meqttdUty is mcretued, b}^ adding the 
same quantity to both terms. 

Let the given ratio be that of a-b: a,or °~ 

a 

AddingxtobothtemifljitbecODieaa-b-l-z: o-f-g or -"* \Tf 

Reducing them to a common denominator, 

The first becomes ^-ab+as-bx 

And the latter, tf-ab+ax^ 

a(a+x) 

As the lattor numerator is greater than the other, the rath 
is greater. 

If the same quantity, instead of being added, is tubtraettd 
from both tenns, it is evident the eflect upon the ratio muM 
be reversed. 



I. Which is the greatest, the ratio of II : 9, w that of 
44:851 

3. Which is the greatest, the ratio of ii-f-3 : to, or that of 
2a+7 : jo t 

$. If the antecedent of a couplet be 66, and the ratio IS, 
what is the consequent 1 

4. If ^e consequent of a couplet be 7, and the ratio I^ 
what is the antecedent 

5. What JB the ratio compounded of the ratios of 3 : 7, and 
*a:M,and7a:+l:3i;-2J 

6. What ia the ratio compounded of x+y : &, and 
«-y : a4-fr, ando+i.: At Ana. jr-y* : bh. 

Do,l,7cdbyCoO*^lc 



FROFOR'nON. 185 

7. IftlMTtitiosofSx+T.-ftr-^and^i-l-S: )«-|-Sbee(wa- 

Cnded, will they produce a nuio of greater inequality, or of 
er iDequality % Ana. A ratio ot greater inequaJity. 

8. What is the ratio compouDded of *4'V '<^ '^^ '— y :^ 
and b : — ^-^ 1 Ane. A ratio of equality. 

9. What is tlie ratio compounded of 7 : 5, and the Aupti- 
eate ratio of 4 : 9, and the triplicate ratio of 3 : S f 

Ans. 14 : 16. 

10. What is the ratio compounded of 3 : 7, and the trij^- 
cate ratio of x:y, and the subduplicate ratio of 49 : 9 1 

Ana. X* :jg*. 

PROPORTION. 

363. An accurate and familiar acquaintance with the doc- 
trine of ratios, ie necesBary to a ready underBtanding of the 
principIcB of proportion, one of the most important of all tfae 
Drancbee of the mathematics. In considering ratios, we 
compare two gwmiUtes, for the purpose of finding either their 
difference, or the quotient of the one divided by the other. 
But in proportion, the comparison is between two ratios, 
And this comparison is limited to such ratios as are equaL 
We do not inquire bow much one ratio is greater or Usi than 
another, but whether they are the tame. Thus the numbers 
12, 6, ^ 4, are said to be {miportional, because the ratio of 
12 ; 6 is the same as that (^8:4. 

364. Proportion, tiien, U an equalUy of ratio$. It is ei- 
ther arUfiTnetical or geomttrical. Arithmetical proportion is 
an equality of arithmetical ratios, and geometrical proportHHi 
is an equality of geometrical ratios.* Thus the numbers 6f 
4, 10, 8, are in arithmetical proportion, because the d^erenee 
between 6 and 4 is the same as the difiTerence between 10 and 
8. And the numbers 6, 8, 12, 4, are in geometrical propm- 
tion, because the qwtient of 6 divided by 3, is the same ia 
the quotient of IS divided by 4. 

365. Care must be taken not to confound proporHon with 
rMo. This caution is. the more neceasuy, as in common 
-*' -^ tlie i^Q terms are used indiscrimmately, or.iatlLV, 
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tM ALSEBBA. 

'ftMbOKnn la iMed lot boAt. The expenscB of one naa ara 
said to bebr & gn&ter proportion to his income, than those-«f 
another. But acoording; to the definition which has jaoL been 

f'.vea, one proportion is neither greater nor less than another, 
or equality does not admit of degrees. One ratio may be 
greUer or lees than another. The ratio of IS : 3 is greater 
Uian thatof 6: S, and less than that of 20:2. But these dif- 

-ferances are not opplicaUe (o proportion, wh«i the tern is 
used in its technicml sense. The loose «gnific&tion which is 
BO li<ei|Q<atly attached to this word, may be proper enough in 

JauiUar language .- for it is sanctioned by a general usa^. 
But for scientific purposes, the distinction between proportion 
and ratio sboula be clearly drawn, and cautiously observed. 

366. The equality between two ratios, as has been stated, 
is called propwtion. The word is sometimes applied also to 
the series of terms among whudi this equality of ratios exists. 
Thus the two coupleU 15:5 and 6 : 2 are, when taken lo- 
.getber, called a proportion. 

367. Proportion may be expressed, either by the commOA ' 
tign of equality, or by four pomts between the two couplets. 

Thus 58"€=4"2,or8"«: :4"2 > are arithmetical 

(a- b=0"d,oia- b::c •-dj proporti<»iB. 
^ . 5 13 : 6=8 : 4, or 12 : 6 : : 8 : 4 > are geometrical 
■*°° I a:h=diKfx a: b::d:ki ptoportiooa. 
The latter is read, * tlie ratio of a to 6 equals the ratito ef d 
lo h;' or more concisely, 'a is to 6, as li to A.* 

368. Ilie first and last terms are called the extremei, and 
tlw other two the meant. Homdogotu terms are either the 
two Uitecedents tx the two consequents. Aaaiogow terms 
jure the tuitecedent and consequent of the same couplet. 

36d. .As the ratios are equal, it is manifestly immaterial 
which of the two couplets is placed first. 

!fo'6::c:d,thenc:<i::<i:fc. Porif ?=|then*=|. 

970. The number of terms must be, at least, f«ur. ^r 
&e 'equtLmy is bMwem the r«tk»»«f tmo'mtphtt; vaAmih 
co u ple t must have an antecedent and aeiffiflequenL There 
may be a proportion, however, among three fuonlitie*. For 
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OM of the qwntities may be rspeattd^- eo as ta form two 
laniw. bi itus case the quaatity repeated is called the nrid*. 
(fie term, or a tnean proportionai between the two oUier quao-. 
titjes,. specially if the proportioQ is ^raneuical. 

Thus the numbera 8, 4, i, toe {HoponitHud. T}iat is, 8 : 
4 ::4:3. Here 4 is both theooDsequentin the first couplet, 
and tile aatecedeot in the last, k is therefore a mean pro- 
piHtional between 8 and 3. 

The Uut term is called a third jtr^poFlional to the two oilier, 
quantities. Thiis 2 is a third proportional to 8 and 4. 

371. Ituerse or redproeal proportion is an equality benreen 
a dirtct mtio, and a reciprocal ratio. 

Thus 4:3:: i:i; that is, 4 ia to S, recqmKO^, as 3 to 6. 
SometimeB also, the order of the terms in one of the couplets, 
is inverted, without writing them in the £uin of a fraction. 
—(Art. 361.) 

Thus 4 : 3 : : 3 : 6 inversely. In this case, the frtt term 
b to the itoond, as the fourth to (he thvd ; that is, the first 
divided by the second, is equal to the fourth divided by the 
third. 

373. When there is a series of quantities, such that the 
ratios of the first to the second, of the second to the third, of 
the thii-d to the fourth, &c. are aU tqwd; the quantities are 
said to be in continued proportion. The consequent of each 
preceding ratio is, then, the antecedent of the foUowine 
one. — Continued proportion is also called progreatiea, as wiU 
be seen in a following section. 

Thus the numbers 10, 8, 6, 4, 2, are in continued ortfAnie^ 
tieal proportion. For 10-8=8 - 6=6 - 4=4 - 2. 

The numbers 64, 32, 16, 8, 4, are in continued geometrical 
fK^trntioa. .ForS4:88i:3%:16::)6:8::8:4. 

i( a, b, c, d, h, Slc. are in continued geometrical [nropoT- 
tlon ; then n:b: :b:c::e:d: :d:h, &c. 

One case of continued proportion is that of three pTopor> 
tional quantities. (Art. 370.5 

373. As an aritkmttkal proportion is, generally, nothing 
more thwi a very simple equation, it is scarcely necessary to 
give ihe, subject a seiMirate consideration. 

The proportitm ~ a..b::c..d 

[■ th^sEwpeas the equation a-b^e-d:. 
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IftS ALGEBRA. 

It will be proper, however, to observe that, if jbvr qnuili-' 

ties are ia arithmetical proportion, tht tvm of Ae extremtt if 

tqwd to the nan of lA« meant. 
ThuB if a..b::h..my then a-{-mc=b-\-h 

For by Bupposition, a-b=k~m 

AnA transpoaog-b and-tn, a-|-m=fr-|-& 

6oiBtheproportion,lS..10::11..9,wehaTeIS-|-9=:104-lK 
Again if three quantities are la arithmetical proponjon, the 

fwn of the extremes it equal to double the mean. 
Ifa..6::k..e, then, a~b=b-c 

And tiansposiDg— 6aad— c, a-]-c=3b. 

GEOMETRICAL PROPOETION. 

374. But if four quantities are in geometrical [ffopOTtiDi:^ 
the FRODUCT of the extremet is equal to the product of the 
meant. 

If a: b::c id, ad=bc 

For by supposition, (Arts. S46, 364.) ^=1 



MulUplying by bd, (Ax. 3.) 



b d 



Reducing the fi-actitms, ad=bc 

Thus 13 ; 8: : 15 : 10, therefore 12x10=8x15. 
Cor. Any factor may be transfened from one mean to the 
other, or from one extreme to the other, without affecting the 
proportion. \i a:mb:\x:y, then a -.h:: many. For the 
product of the means is, in both ca^s the same. And if 
»a : 6 : : X : !f, then a:b::x:ng. 

37S. On the other hand, if the product of two quantities 
is equal to the product of two others, the four quantities will 
form a proportion, when they are so arranged, that those on 
<Hie side of the equation shall constitute the meaus, and those 
on the other side, the extremes. 
, If i?w=nA, then m : n : : A : y, that is, "=* 

For by dividing ffly=nA by ny, we have ?5f::r_ 
ny iiy 

And reducing the ftBctions, !?=^ 
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PROPORTION. 189 

Cor. The same must be true of tm^factort which form the 
two sides of an equation. 

If (a-j-6)xc=(d-m)xy, theno+t : d~m::y:e. 

876. If Ihnt quantities are proportimal, theproductof the 
extremes is equal to the sguare of the meui. For this mean 
proportional is, at the same time, the consequent of the first 
couplet, and the antecedent of the last. Qut. 370.) It is 
therefore to be multipUed into itatlf, that is, it is to be tquand. 

It a:b::b :c, then mult, extremes and means, ae=lf. 
Hence, ameimpropwlMmoI between two quantities maybe 
found, by ettraaiag the square root of their product. 

If a:x::x:c, then x'=ac, and x=Ai/ac {An. 297.) 

877. It follows, from Art. 374, that in a proportion, eithei 
extreme U equal to the product of the means, divided by the 
other extreme ; and either of the means is equal to the pro- 
duct of the extremes, divided by the other mean. 

1. If a:6::c:<i,then ad=bc 

2. Dividing by d, **~T 

ad 
8. Dividing the first by c, *=— 

ad 

4. Dividing it by 6, ''"X 

5. Dividmg it by o, "*=— i that is, the 
fmirth term is equal to the product of the second and third 
^■rided by thefir^. 

On this principle Jfl foimded the rule of simple iwoportirai 
in arithmetic, convaonly called the Rule of Three. Three 
numbers are given to SnA a fourth, which is obtained by 
multiplying tojfetber the second and third, and dividing by 
the first. 

878. Tb* propositions respecting the products of the 
means,' ai>d of the extremes, funuBh a very simple and ccai- 
venientotiterioD for determining whether any four quantities 
are prtwOTtional.. We have only to multiply the means 
Kwether, and also the extremes. If the products are equal, 
the quantities are proportional. IftbefHwluctsaronot equaJ, 
the quantities are not proportional. 
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too ALGBKLA. 

Sn. In mathftmatical inTeatigatKHis, when the reUtioiu 
of 8ev<>jal quuitities are given, they are irequently stated in 
the form of a proportion. But it is commonly necessary that 
ibis first proportion should pass through a number of trans- 
fermationB before it brings out distinctly the unknown quan- 
tity, or the proposition which we wish to demonstiate. 1% 
may tmdergo any change which will not affect the equality 
of the ratios ; or which will leave the product of the means 
equal to the product of the extremes. 

It ie evident, in the first place, that any alteration in the 
arrangement, which will not affect Uie equality of these two 
products, wOl not destroy the proporticxi. Thu^ ita:b::t:d, 
the order of these four quanuties may be varied* in any way 
wbieh will leave ad=lK. Hence, 

380. If four quantities are proportional, the obdeb or 

TBE HEAHB, OR OF THE EXTREHEB, OR OF THE TERMS Or 
ftOTU COUPLETS, HAT BE INVERTED WITHOUT DEBTROTIHa 
THE PROPORTION. 

If o:b::c:d},,^ 

And 12:'8::6:4i*''^°' 

1. Ittvertiag the means,* 

a:c::b:dl ,, ( The first is to the tfard, 

18 : 6 : : 8 : 4 S """ "^ i As the second to the foiirA. 
In -other word^ the ratio of the antecedents is equal to the 
ratio of the consequents. 

This inversion of the means is frequently referred to by 
geometers, under the name of •Sllemotion.t 

2. ImerUog the extremes, 

d: b::c : a > ,. , . ( The fourth is to the second, 
4 : 8 : : 6 : 1« i '"''' "^ i Aa tfi, (JUrrf to the Jfrsi. 

S. bwerAtg the terms of each tonpltt, 

h:a ■.:d:c) , - ( The teconi is to the first 
8 : 18 : : 4 : 6 J "^^ '^ JAs the fowh to the third. 

Thia is technically called ImersUm. 

Each of these may also be varied, by changiti^ the order 
of the luo couplets. (Art. 369.) 

Cor. The order of the vkok proportion may be inverted. 
li a:b::e:d, then d:e::hia. ' 

•SmNdMH. f Euolid, is. 6. 
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In each of these caseB, it will be at ooce seen that, by 
taking the products of the means, and of the extremes, we 
have arf=*c, and 13x4=8x6. 

If the tenns of only one of the couplets are ulTerted, the 
pioportioa becomes redproeai. (Ait 371.) 

If a: b::e;d, then a is to 6, reciprocally, as d to c. 

381. A difference of arraagement is not the onhf alteration 
which we have occasion to produce, in the terms of a pro- 
pwtion. It is frequently necessary to multiply, divide, involve, 
&c. In all cases, the art of conducting the InvestigatitHi 
conmsts in so ordering the several changes, as to maintain a 
constant equality, between the ratio of the two first terms, 
and that of the two last. As in resolving an equation, we 
must see thai the ridet remain equal ; so m varying a pro- 
portion, the equaUty of the rattot must be preserved. And 
this is effected either by keeping the ratioe the tame, while 
the terms aie altered ; or by mcreasing or diminishing one of 
the ratios at muck a» the other. Most of the succeeding prooAr 
are intended to bring this principle distinctly into view, and 
to make it familiar. Some of the pr(^K>sitions might be de- 
monstrated, in a more simple manner, perhaps, by multiplying 
the extremes and means. But this would not give so clear 
a view of the nature of the several changes in the proportions. 

It has been shown that, if both the terms of a couplet be 
multiplied or divided 1^ the same quantity, the ratio will re- 
main the same ; (Art. 360.) that multiplying the antactdmt 
is, in effect, multiplyir/g the ratio, and dividmg the antece- ' 
dent, is dividing the ratio ; (Art. 357.) and farther, that mul- 
tiplying the cmuequenl, is, in effect, dividing the ratio, and 
dividing the consequent is multiplying the ratio: (Art. 358.) 
A^ the ratios in a proportion are equd, if they are both 
multipbed, or both divided, by the same quantity, they will 
still be equal. (Ax. S.) One will be increased or diminished 
as much as the other. , Hence, 

383. If four quantities are proportional, two ANALo«oa8 

OR TWO HOMOLOGOUS TERMS HAT BE MDLTIPLIED OR DI- 
VIDED Br THE SAME QUANTITT, WITHOUT DESTROTIKO THE 
PROPORTION. 

If aaalogous terms be multiplied or divided, the ratios wiD 
not be altered. (Art. 360. ) If lumologow terms be multi- 
plied or divided, both ratios will be equally increased or 
diminished. (Arts. 357, 8.) 
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If a : 6 : : c : d, then, 

1. Mulliplyin^ the two firet tenuB, 

2. Multiplying tbe two last t«iiiH, 

3. Multipl]Tiigthe two antecedents,* 

4. Multiplying the two consequents, 
. 6. Dividing the two first terms, 

6. Dividing the two last terms, 

7. Dividing the two antecedents, 

8. Dividing the two consequents, 

Cor. 1. AU the terms may be multiplied or divided by the 
sune quantity.'!' 
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Cor. 3. In any (rf the cases in this article, multiplication 
of the cimsequent may be substituted for division of me ante- 
cedent in the some couplet, and division of the consequent, 
for mvdtiplication of the antecedent. (ArL 359, cor.) 

dl I fa :—: rntcrdl [ma:b::c : ~. 

*" ~ at 

b::e: tnd 



{na:b::fite: 
m in 



883. It is often necessary not only to alter the terms of a 
fm^rtion, and to vary the arrangement, but to compare one 
proporHoa vith anotka: From this comparison vrill frequently 
arise a new proportion, which may be requisite in solving a 
problem, or in carrying forward a demonstration. One of 
the most important cases is that in which two of the terms 
in one of the proportions compared, are the tome with two in 
the other. The similar terms may be made to <finwp«ar, 
and a new [H'oportion may be formed of the four remaining 
terms. Tor, 
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S64. b* TWO KATIOa are RES^OTIVELT BQUlt TO 1 TSlm, 
THET ARE EQUAL tO EACH OTHER.* 

Thii 18 nothing more than the 1 1 th &xi(Ha applied to re^KKk 



1J^:;5;;:;:J"'™-' 


:c:d,ora:c::6:A(Ait.S80.) 


••t.:;i;;:;;i""»» 


■.b::e:d,oi a:c::b:d. 


'^■"^:^^^\'^' 


:i.>c:d.t 


For if the ratio of m : n i 
is also greater than that of c 


greater than that of c : <^ it is 
b, which is equal to that of m : n. 



S85. In ' these instances, the teims which are alike in the 
two proportions are the two jkit and the two lait. But thia 
urangement is not easentiaL The order of the terms may 
be changed, in various waye, without a&eting the equality 
of the ratios. 

1. The similar terms may be the two mUecedenU, or th* 
two conttqaentt, in each proportion. Thu^ 

If mia::n:bi .. ( By alternation, m : n : : a : 6 



And m : c 
Therefore a 



d 5 ( -And m : n : : e ; d 

d, or a ; c : : 6 : d, by the last article. 



S. The antecxdenta in one of the proportions, may be tha 
same as the eon»equenU in the other. 

if m : a : : n : 6 } ,. ( By inver. and altem. a:b:: m:u 
And cim::d:ni J By alternation, c:d:;inin 

Ttierefore a : b, &c. as before. 

ft. Two Aomoiogoui terms, in one oi the proportion^ may 
be the same, as two anaiogous terms in the other. 

If a : m : : b : n ) ,, ^„ ( By alternation, a:b::m:n 

Andc-.d-.im.nr"^'^ i And c:d::m:n 

Therefore, a : h, &c. 

All these are instances of an equalUy, between the ratios in 
ode proportion, and those in another. In geometry, the 

• Euclid 1). S. t Eodid IS. S. 
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peopodlion to whieh iitay heieag is usiully cUad by the 
words "ex atquo," or "ex at^^^alL"* The second cose in 
this article is that which in its form, most obviously answers 
to the exptanation in EucUd. But they are ^1 upon the 
iame principle, and are frequently referred to, without dia- 
crimiualion. 

386. Any number of proportions raay be compared, in th« 
same manner, if the two first or the two last tenna in each 
preceding proportion, are the same with the two first or the 
two last ui the following one.* 
Thus if « : 6 ; : c : d1 
And o:i::h:l I ,^„ „ . 
And A:i::m:nf ">™<' = *"' = !'- 
And m:ni:x:y\ 
That is, the two fiiat iesam of the &st.pn>p«tjon bave the 
same ratio, as the two last terms at the IvA propottioo. For 
k is manifest thai the ratio of ufl the coi^tetais tiie suoe. 

And if the terms do not stand in the same order as here, 
yet if they can be reduced to this form, the same principle is 
afi^icab^ 



Thus if a 


trrirdl ro:4;:c;J 


And e 
And h 


t::1;« .l.e»b,rt»m.*n^-;^-^:i 


And ai 


«::«;ilj Li»:»::»:j( 




Therefore a : fc : : x : y, as before. 



In all the examples in this, and the preceding articles, the 
two terms in one proportion which have equals in another, 
are neither the two means, nor the two extremes, but one Ot 
the means, and one of the extremes ; and the resulting pr<v 
portion is uniformly direct. 

367. But if the two means, or the two estremes, in me 
proportion, be ibe same with the meane, or the extremes, ia 
another, the four remaining terms will be reciprocally propff- 

Ld:;:;;:;5j"»-— 54«""^""'- 

Ami rf=Z| (An-S'*)Thereforeii»=t<l,i>lidii:(!!lilr4i 
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then a:c::d:b. 
i then a:c::d:b. 



niOPORTION. t9i, 

la thn flBunple, the two means in ooe ^tjportm, are Bke 
those in the other. But the [H'iDciple will be Uk nine, if the 
txtterui are alike, oc if the exUones in one prqwriion an 
hk» the means iu the other. 

If m:<.::6:i 

And m'.c::d:ni 

Orifaim ::n:6 > 

And m: c ; :din) 
■ The propoeitiDD in getxaetry whieh appbes to this case, is 
oroally cited bj the words " ex (Ufiio pirfiM-baief* 

S88. Another way in which the terms of a proportion may 
be varied, is by addUtoa or mfdroefton. 

If to or frou two analociovs ob two Bo«OLoa«Tis 

TEBH8 OF A PROPORTION, TWO OTHER QUANTITIES H&TIHG 
TBE SAME RATIO BE ADDED OR SUBTRACTED, THE FROPORTIOH 
WILL BE FREBeRVED-t 

For a ratio is not, altered, by adding to it, or subtiact|n|; 
from it, the terms of another eqiial ratio. (Art. 362.) 
If a:6::c:d) 
And fl : 6 : : m : n J 
Then by adding to, or subtracting fix)m a and h, the temu 
of the equal ratio m : n, we have, 

d-l-fli : (4^ : : c : d, a&d a-m:&-n::e:d. 
And by adding and subtractingm and n, to and frtnn c and 
d we have, 

a:b;:c~{-fK-:d-i-n, ejo.ia-.bne-m-.d-'-n. 
Here the addition and subtraction are to and Irom aaalo- 

C terms. But by altematioo, (Art. 380,) these term« will 
me homoiogoui, and we shall have, 
a-\-m:c::b-\-n:d, , anda-m: c:: b-n:cll ' 
Cor. 1. This addition may, evidently, be extended to oi^ 
mMAeroi equal ratios, j: 



Thtu if a : 6 : : 



Then aibi: e+fc+m+a ; *f tf n+j. 
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For by aIt«raaUoQ a:c::b:d} there- ( a-\-iit : c-f « ::b;i 
And m:n::b:di fore {ata-\-m:b::c-\-n;i, 

389. From the last article it is evident that if, in any pro- 
portion, the terms be added to, or subtracted from each other, 
■ thatis, 

Ir TWO AHALIMOUe OK HOHOLOSOUS TEBMB BE JiDDGD TO, 
OR BDBTBACTED rROH TBE TWO OTHERS, THE PBOFOKTIOK 
WILL BE PBESERTBO. 

Tbu8,i[a:b::c:d, and IS : 4 :: 6 : 2, then, 

1. Adding the two Icut terms, to the two firtt. 

a^c:hJrd::a:b 13+6: 4+2::18 

and o-j-c : 6-i-d : : c : d 12+6: 4-1-2:: 6 

ora+c:a::6+(f :i 12-|-6: 12: :4+ 2 

- and o+c : c : : ft-f-d : rf 18+6: 6::4-f. 2 

%. iSddiag the tvo aiUeeedentt, to the two consequents. 
a+b:b::c^d:d 12+4: 4::6+2:3 

a+i : a : : c+d : e, &c. 12+4 : IS : : 64-3 : 6, kc 
This is called Compontion.f 
S. Subb^ietiag the two fint tenoa, fr<nn the two last. 
c-a:ax: d—b:b 
e~a: c : -.d-b ; d, &c. 

4. SvhtracSi^ the two last terms from the two jErtt. 

o-c; b-d: : o : 6$ 
a-e: b-d; : c:d. Sic 

5. Stibtracting the coniequetUa from the antecedents. 

a—b:b: '.c-d: d 
a : a~b ::c: c-d, &c. 
The alteration expressed by the last of these forms is colled 
Coneertion. 

6. Svbtractiiig the anteetdents frwn the consegventt. 

b~a : a::d~e: c 
b : b-n-.id: d-c&c. 

• BMlidM,s. tBiwUdl^S. tEiuIUU^fc 
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7. Adding and subtracting', 

fl+6 : a-b: ic-\-d : c-(i. 
That Ib, the sum of tbe two first terms, is to ibw differ- 
ence, as the sum of the two last, to their difTerence. 

Cor. If any compound (juantities, arranged as in the prece- 
ding examples, are proportional, the simple quantities of which 
they are compounded are proportional also. 

Thus, if 0-1-6 :b:: c+d : d, then a:b::cid. 
This is called Dkinon.* 

390. Ir THE CORReSFONDIRQ TERMS OF TWO OK BORC 
HANKS or PROPORTIONAL OOANTITIES BB MULTIPLIED 
TOfi.BTHER, THE PROOUCT WILL BE PBOPORTIQNAL. 

This is compounding ratios, (Art. 353,) or compounding 
proportions. It should be distiognished ftom what is cRlled 
caiopontiaii, which is an additioa of the terms of a ratio. (Art. 
389. 2.) 

If a:b::e:dl 12: 4::&; it 

And h:l::m:ni 10:d::8:4) 

Then ak : bl : : cm : da 120 : 20: :48 :8. 

For from the nature of proportion, the two ratios in the 
first rank are equal, and also ine ratios in the secosd rook. 
And multiplying the corresponding terms is multiplying the 
ratios, (Art, 357. cor.) that is, multipljong tanals by e^uob ; 
(Ax. S.) so that the ratios will still oe equal, and tberefef* 
the four products umst be pn^Mational. 

The some poof is applicable to any nunym of poportioiuik 



"& 



,, '.q::x:y 
Then a/i}> : btq:: cnix : day. 
From this it is evident, that if the terms ot a proportion Ije 
multiplied, each into Uteif, that is, if tliey be rmsed to am/ 
power, tliey will still be proporlionaL 

If a: t::c:d 3:4::6: 12 

a:b:ic:d 2:4::6:12 

Tlica a' : 6" : : c" : «P 4 : 16 : : 36 : 144 



* Euclid IT. 9. See Note H 
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Proportioiwls will-also be obtained, by nuenittg thia pio* 
was, taat ie, by extracting the roott of the tenua. 

U a:i::c: d, then V> '■ V^ ' ■ V^ ■ V''- 

For taking the product of extr. and means, ad=bc 
And extracting both sides, ^^ad=i^he 

That is, (Arts. 259, 375.) ^/a: i^biii^ei /^/d, 

Hencei 
391. If several quantities are propt^tional, thkib lies 

POWERS OR LIKE ROOTS ABE PROPORTIOKAL.* 

Ua:b::c:d 
T[xbn<e'. br-.id'id", and V : V^ : : V* ■ V"*-' 

And V" : V^' " \/'=" = ^^> ^*>** is, rf^ : fr^ : : tf^ : *•. 
39S. If the terms in one rank of {voportionabi be dwided 
by the corresponding terms in another rank, the quotients 
will be prt^rtioDol. 

Hub is sometimes called the rewlutton of ratios. 

If a:b::c:d\ 12.-6::16:9) 

AndA:I::fi>:n) 6:2:: 9:3$ 

Then5:*::.i:^ l!:^::!?:^ 

h I m n 6393* 

This is merely rteeriing the process in Art. 390, and may 
be demonstrated in a sioular manner. 

This should be distingui^ed from wliat gecnneters call 
dhuion, which is a mbtraclion of the terras of a ratio. (Art. 
589. cor.) 

When woportions are compounded by multiplication, it 
will oAen be the case, that the aame factor will be found in 
two analogous or two homologous termu. 
Thus if a:b::c:di 
And m : a : : » : c 5 



am : 0^ : : en : c(f . 
Here a b in the two first terms, and c in the two last Di- 
viding by these, (Art. 382,) the proportion becomes 
m : b::n:d. Hence, 
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393. In compounding proportions, tqwU faetart or (fipifon 
in two analogous or homologous lenna, may be rejeaed. 
:d 13:4::9:3 

:/ 4:8::S:6 

8:20::6:1S 



Ca:h::c 

It {b:k::d 

ih:m::l 



Then a : m : : c : n 12 : SO : : 9 : 15 

This rule may be applieil to the cases, to which the terms 
" ex aequo" and " ex aequo perturbate" refer. See Arts, 385 and 
387. One of the metnods may serve to verify the other. 

394. The changes which may be made in proportionf^ 
without disturbing the equality of the ratios, are bo nume- 
rous, that they would become burdensome to the meratnT, if 
they were not reducible to a few geneTol principles. Tl^y 
are mostly produced, 

1. By inverting the order of the terms, Art. 380. 

S. By mu/l^vAftng or dmding by the tame gwmtity, Art. S8S. 

3. By comparing proportions which ha^e 'i^' (eniif, Art. 384, 

5, 6, 7. 

4. By adding or niitrocttng the terms of equal ratios, Art. 

388, 9. 

5. By muttiptyvig or dmdit^ one proportion by another, Art. 

390, 2, 3. 

6. By tnt'oli'tng' or extracfyig the roott of the terms. Art 391. 

395. When four quantities are |H-oportional, if the jint be 
greater than the second, the third will be greater than the 
fota^h ; if equal, equal : if lese, less. 

For, the ratios of the two couplets being the same, if one is 
a ratio of equalUy, the other is also, and therefore the ante- 
cedent in each is ejual to Its consequent ; (Art. 350,) if one 
18 a ratio of greater inequality, the other is also, and therefore 
the antecedent in each is gnater than its consequent ; and 
if one is a ratio of leteer inequality, the other is alsc^ utd 
dierefbre the antecedent in each is utt than its consequcBt. 
ta=b,c=d 

Leto:6::fi: d; thenif Ja>6,c>i 
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Cot. 1. IT the fait be greater than the third, the iteond 
will be greater than the fourth ; if equal, equal ; if lees, less.* 
Fw by alternation, a:h'^:c:d becomes a:e::h:d, with- 
out any alteration of the quaotitiee. Therefore, if a=6, 
e=d, &c. OS before. 

Cor. S. If a ; m : : c : n > ,, ., , . - x 

For, by equality of ratios, (Art. 385. S.] or compouodiug 
tstios, (Alts, 390, 393.) 
a'.h'.'.e'. d. Therefore, if a=h, c=d, &c. as before. 

For, t^ compounding ratios, (Arte. 390, 393,) 

a: b::c'. d. Therefoi'e, if a=6, c=d, &c. 
S95. b. If four quantities are piopcfftioaal, their neyrvcolt 
are pn^x)rticaial i aad t. t. 



For in each of these proportions, we have, by rediKUoOf 
ad=bc 



CONTINXJED PROPORTION. 

396. When quantities are in continued proportion, aU the 
ratios are equal. (Art. 378.) If 

a : b::b ;e::c : d: id :e, 
the ratio of a ; b is the some, as that of b : t^of e : d, or of 
d : e. The ratio of the fast of these quantities to (he last, is 
equal to the product of all the intervening ratios ; (Art. 35S,) 
ihat is, the ratio of a : « is equal to 

Jx-XjX-- 

b c d e 
But as iba intervening ratios are all egwd, instead of multi* 
plying them into each other, we may multiply any one ol 
them into iiself; observing to make the number of factors 
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«(|ual (o the nuiuber of intervening ratioe. Thiu ibe rauo 
of a : e, in the example juet given, is equal to 



TVheH nveral quantities are in continued pn^xtrtiwi, Um 
DDinber of couple^ and of course tbe number of ra^os, ia 
one lets than the number of quantitiea. Thus the five pro- 
portional quantities a,b,c,d, e, form four couplets containing 
four ratios ; and the ratio of a : £ is equal to the ratio of 
tf ; 6', that is, the ratio of the fourth power of the first quan- 
tity, to the fourth power of the second. Hence, 

397. If three quantities are proportionid, the first i» to lite 
Ibird, as Ae square of the firii, to the squart of tiu second; or 
. as the square of the second, to the square of the third. In 
other wcnrda, the first has to tbe third, a thtpliaile ratio of the 
first to the second. And conversely, if the first of the three 
quantities is to the third, as the square <ji the first to the 
square of the second, the three quantities are prtqwrttonal. 
If a:h::b:e, then a:c:i^:b\ Universally, 
S98. If several quantities are in continued popotlion, the 
ratio of the first to the last is equal to one of the mtervening 
ratios raised to a power whose index b one less than the num- 
ber of quantities. 

If there are fovr proportionals a,b,e,d, then a: i;:if : b* 
If there are five a,b,c,dt e ; a : e : : a* : b*, &c. 

399. If several quantities are in continued proportion, they 
will be proportional when the order of the whole is wwnterf. 
This has already been proved with respect to /our proportional 
quantities. (Art. 380. cor.) It may be extended to any num- 
ber of quantities. 

Between the numbers, 64, 33, 16, 8, 4, 

Tlie ratios are 2, 2, 2, 2, 

Between the same inverted 4, 8, 16, 32, 64, 
The ratios are « ii i) i- 

So if the order of any proportional quantities be inverted, 
tbe ratios in one series will be the reciprocals of those in tht 
other. For by the inversion, each antecedent becomes a c«i- 
eequent, and e. v. and the ratio of a consequent to its aDteoe- 
dent ia the reciprocal of the ratio of the aatecedent to tlie 



IS* 
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consequent. (Art S51.) That the recipoeals of equal qnui- 
Uties are ihemselves equal, is evident from Ax. 4: 

400. Harhonical on Musical pROPORTion may be con- 
ndered as a species of geometrical proportion. It coosi&ts in 
an equality of geometrical ratios ; but one or more of tbe 
terms is the difference between two quantities. 

Three orfow quantities are said to be in fuamtniciU propor- 
tion, when the first is to the last, as tbe difference between 
the Am> first, to the difference between the tvo lail. 

If the three quantities a, b, and c, are la haimonlcal pro- 
portion, then a: e::a-b : b-c. 

If Ihe four quantities a,b,c, and d, are in hannoDical fto- 
portion, Uien a: d:;a-b :e-d. 

Thus the three niunbers 12, 8, 6, are in haroKHUcal pro- 
portion. 

Aad the foul numbers 20. 16, 12, 1(^ are in hannoaical 
pnqxfftion. 

401. If; of four quantities in hamHHiical proportion, any 
three be given, the other may be found. For from the pro- 
portion, 

a: d:: a-h :c-d, 
by taking the product of tbe extremes and the means, we 
have ae-ad=ad-bd. 

And this equation may be reduced, so as to ^ve tbe value 
of either of the four letters. 
Thus by transposing - ad, and dividing by Of 
Zad-bd 



Examples, in ukick the principles of proportion are <^Ued to the 

solution of problems. 

1, Divide the number 49 into two such parts, that the 

greater increased by 6, may be lo the less dimuiehed by 1 1 ; 

as 9 to S. 

Let *= the greater, and 49 -*= the less. 
By the conditions proposed, *-}-6 : S8 — x : : 9 : S 

Adding terms, (Art. 389, 2.) ir+6 : 44 : : 9 : 1 1 

Dividing the consequents, (Art 382, 8.) x~(-6 : 4 : : 9 : 1 
Multiplying the extremes and means, c4-^=36. And x=SO. 
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S. Wliat number is that, to which if 1, 5,aQd IStbeeeve- 
rally added, the first sum shall be to the second, as the sec- 
ond to the third 1 

-Letisi the number required. 
By the coDditions, • i+l : x-\-B : : x+5 : x-flS 

Bubtracling terms, (Art. 389, 6.) x+l : 4 : : x+5 : 8 
Therefore 8»+8=4aNf 20. And *=3. 

S. Find twonumbersj.the greater of which shall be to the 
less, as their sum to 43 ; and as their difference to 6 

Let X and y= the numbers. 

By the conditions, 'x:y:: x+y : 4A 

And x:y.:x-y: 6 

By equality of ratios, x-\-y : 42 : : x — y : 6 

Inverting the means, i-f-y : a;-y : : 42 : 6 

Addir%andsubtractingterms,(Art.389, 7,)2x:2y::4S: 36 
Dividing t«nna, (Art. 383,) x : y : : 4 : S 

Therefore 3x=4u. And x=^ 

3 
From the second proportion, Qx=yy.{.x-y) 

Bubetituting ^ forx, tf=:24. And 2=32. 

4. Divide the number 18 into two such parts, that the 
squares of those parte may be in the ratio of S5 to 16. 

Let x= the greater part, and 18 - x= the less. 
By the conditions, x' ■: ( 1 8 - 1)' : : 25 : 1 6 

Extracting, (Art. 391,) i:I8-a:::5: 4 

Adding terms, x:I8;:5: 9 

Dividing' terms, x : 2::5: 1 

Therefore, x=\0. 

5. Divide the number 14 into two such parts, that the quo- 
tient of the greater divided by the less, ehall be to the quotient 
of the less divided by the greater, as 16 to 9. 

Let x= the greater part, and 14-«= the less. 
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:11-'::16:» 

X 

:(14.x)*::16:» 

:14-«::4:8 

:14::4:7 

: S::4:l 
x=8. 



By the condition^ 

Multiplying t«rmi^ 
Extracting', 
Adding temiB, 
Dividing terms. 
Therefore, 

6. If tbe Dumber £0 be divided into two parts, which 
are to each other m the dvptieatt ratio of S to 1, what num- 
ber is a mean propwIJoaal wtween those parts 1 

Let «= the greater part, and SO-x= the lees. 
By the conditions, a; : 80-i::S* : 1*::9 : 6 

Adding terms, x : 80 : : 9 : 10 

Therefore, x=18. And S0-x=2 

Ameanpropor.betweeulSandJ (Art 376.)=^2xT8=6. 

7. There are two numbers whose product is 24, and the 
difference of theii cubes, is to the cube of their difference, at 
19tol. What are the numbers 1 

Let X and y be equal to the two aondMn. 

1. By supposititm, >y=i4 > 

2. And a^-y*; (x-y)': : 19 : I J 

3. Or, (Art. 217.) z'-y' : a^-Sx^y+Say-J/*:: 19 : I 

4. Therefore, (Art. 889, S,) Sx^-Sxy* : (x-y)'::18 ; 1 

5. Dividing by *-y (Art, 382,6,) Sxg'x (ar-y)*::18: 1 

6. Or, as 3iy=;3x24=72, 72 ; (x-y)* : : 18 : 1 

7. Multiplying extremes and means, {x-y)*=:4 

8. Extracting, x~y= 2) 

9. By the first confition, we have zjr=24 5 
Reducing these two equations, we have x=6, and y=4. 

8. U is required to prove that a: xi: ^2a-y: n/y 
on supposition that (o^-x)' : (a - 2)* : : z-f-y ; x — y.* 
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1. Expanding, <f-\-2ax-\-^:a'-i(u-^3^:: x+y:x-y 

2. Adding and aubLracting terms, 3a*-j-3x* : 4az : : Sx : 2y 

3. Dividing tenns, <^-4~^ • ^^ •'■^'•11 

4. Transf. the factor a;, (Art. 374. cor.) a»+a» : ia : : a* : y 

5. Inverting the means, a'+a:* : x" : : 3a : y 

6. Subtracting term% a':f^::2a-~yiy 

7. Extracting, a:x:: ^^Za-y : ^y 

9. It is required to prove that d x=cy , if » ig to y in the 
'jiplicate ratio of o : 6, and a : fc : : %/e-\-x : : \/d-\-y. 

1. Involving terms, a' : 6* : : e-\-x : rf-f-y 

S. By the fiiel supposition, a* : M : : a; : y 

3. By equality of latio^ c-\-x : d^y : :x:y 

4. Inviting the nteaus, c-\-x : x : : d-\-y : y 

5. Subtracting terms, c : z : : rf : y 

6. Therefore, dx=cy. 

10. There are two numbers whoee product is 135, and the 
diflerence of their squaiee, is to the square of their difference, 
as 4 to 1. What are the Dumbere^ Ans. 15 and 9. 

11. What twonomberB are those, whose difference, sum» 
and ivodact, are as the numbers S, S, and 6, respectivdyl 

Ans. 10 and t. 

12. Divide the numba 34 into two such parte, that thev 
product shcJl be to the sum of theii squares, as 3 to 10. 

Ans. 18 and 6. 

13. In a mixture of runj and orandy, the difference be- 
tween the quantitieB of each, is to the quantity of brandy, as 
100 is to the number of gallons of rum ; and the same dif 
ference is to the quantity of rum, ds 4 to the number .of 
gallcms of brandy. How many gallons are there of each 1 

Ans. 35 of rum, and fi of brandy. 

14. There are two numbers which are to each other as 3 
to 3. If 6 be added to the greater and subtracted from the 
less, the sum and remtunder will be to each other, as 3 to I. 
What are the numbers 1 Ans. 34 and 16. 

15. There are twonumberswhose product is 320; and the 
di&ience of their cubes, is to the cube of their difference, as 
Oltol. What are the Dumbeml An8.30andl6. 
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16. There are two Qumbers, which are to each other, in 
the duplicate ratio of 4 u> S ; and 24 is a mean proportional 
between them. What are the numbers 1 Ane. 32 and 18. 

40S. A list of the articles in this section which contaia the 
propoeitions in the 5th book of EucUd.* 



Plop. I. 


An. S63. 




xm 


334, COT. 


n. 


38a 




XIV. 


396, cor. 1 


III. 


388. 




XV. 


360. 


IV. 


382, cor. 1. 




XVI. 


380. 


V. 


36S. 




XVII 


389, coc. 


VI. 


362. 




XVIII. 


.89,2. 


VII. 


S«, cor. 1. 




XIX. 


389, 4. 


VIII. 


SS7, cor. 358, 


cor 


XX. 


393, cot. 2. 


IX. 


349, cor. 2. 




XXI. 


395, cot. 8. 


X. 


357, cot. 368, 


cor 


XXII. 


386. 


XI. 


384. 




XXIII. 


387. 


XII 


363. 




XXIV. 


388. cot. I 



SECTION XIII. 



VARUTION OR GENERAL PROPORTION.! 

Art. 403. THE quantities which constitute the terms of 
a proportion are, frequently, so related to each other, thai, if 
one of them be either increased or diiQinished, another de- 
pending on it will also be increased or diminished, in such a 
maimer, that the proportion will still be preserved. If the 
value of 60 yards of cloth is 100 dollars, and the quantity 
be reduced to 40 yards ; the value will, of course, be reduced 
to 80 dollars ; if the quantity be reduced to 30 yards, the 
value will be reduced to 60 dollars, &c. 



tNewtoD'i Pnncipk Book I. Sec I. Lamnu 10, achoL Ememn <m Pio- 
pOTtioD, Wood'a Alg«lira, LudUm'a M>tk .^ Saundenoa'i Aigebra, Art >M^ 
Forkinson'i Mochame^ p. 34. 
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VABUTION. 107 

ya. yd. dal. dot 
That is, 50: 40:: 100: 80 
50 : 30 : : 100 : 60 
50 : 20 : : 100 : 40, &c. 
Ab the conaeqiieat of the jSrat couplet is varied, the conse- 
quent of the ucoad is varied, in such a maimer, that the pro- 
porUoD is conataatly preserved 

If the two antecedents are A and B ; and if a represents a 
quantity of the tame kind with A, but eitfier greater or less ; 
and 6, a quantity of the same kind with B, but as many times 
greater or less, aa a is greater or less than A ; then 

A:a::B:h; 
that is, if ^ by varying becomes a, then B becomes h. This 
is expressed more concisely, by saying that A varia at B, or 
AwM B. Thus the vaga of a laboring man vary aa the 
lime of bis service. We say that the interest of money which 
is loaned for a given time, is proportioned to the principaL 
Cut a proportion contains four terms. Here are tmly two, 
the interest and the priacipaL This then is an amidgid 
ttalement, in which two terms are mentioned instead of four. 
The proportion in form would be : 

As any given principal, is to any other principal ; 

So is the interest of the former, to the interest of the latter. 

' 404. In many mathematical and philosophical investiga- 
lioas, we have occamon to determine the general relations 
of certfun classes of quantities to each other, without Umiting 
the inquiry to any particular values of those quantities. In 
such cases, it b irequently sufScient to mention only two of 
the terms of a proportion. It must be kept iivmind, how- 
ever, that four are always implied. When it it said, for in- 
stance, that the weight of water is proportioned to its bulk, 
we are to understand, 

That <me gallon, is to any number of gallons ; 

As the veieht of one gallon, is to the weight of the given 
number of g^ons. 

405. The character en is used to express the proportion of 
variable quantities. 

Thtis A <ji B signifies tliat A varies as B, that is, that 

A:a::B:b. 
T)^' expression A <j)B may be called a general proportioa. 
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toe ALOEHLA. 

406. One quantity is said to vary dfrecf^ as another, when 
the one increases as the other increases, or is dimini^ed as 
the other is diminished, so that 

^ c« B, that is, j3 : a : : P : fc. 
llie interest on a loan is increased or diminished, in pro- 
pCM^on to the [»incipaL If the principal is doubled, (he in- 
terest is doubled ; if the principal is trebled, the interest it 
trebled, &e. 

407. One auaaUty is said to vary jnverM^ or redproeaUji 
as another, when the one is prt^rtioned to the reciprocu 
of the other ; that is, when the one is diminished, as the other 
is increased, so thai 

* * "- "-.aiibiB. 

In this case, if ^ is greater ihan a, B is less than h. (Art. 
395.) TIte time required for a man to raise a given sura, by 
his labor, is inversely as hia wages. The higher his wage^ 
the less Uie time. 

408. One quantity is said to vary ■flliNolAert^oiK%,wfWB 
the one is increaaed or diminished, as the product of the othei 
two, so that 

^ <j) BC, that iBA:a::BC:hc. 
The interest of money Tuies as the product of the princi- 
pal and time. If the time be doubled, and the pnnc^l 
douUed, the interest will be four times as great. 

409. One quantity is eaid to voiy dtreclly as a stamd, and 
inversely as a third, when the first is always proportioned to 
the second divided by the third, so that 

-a«:5,thatifi^:a::J®;i. 
C C c 

410. To undereland the methods by which the statements 
of the relations of variable quantities are changed from one 
form to another, little incnB is necessary, than to make an 
ofiplicafion of the principles of common proportion ; bearing 
constantly in mind, that a general proportion is only an 
abridged expression, in which two terms are mentioned in- 
stead of four. When the deficient terms are supplied, the 
reason of the several operations will, in most cases, be appa- 
rent. 
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VARIATION. iOd 

4]1. It is evident, in the first place, that the order of th 
temu in a geuerol proportion may be mverted. (ArtS69.) 
If ^ : a : : £ : 6, that ia, if .^ w B; 
Then B : 6 ; : ^ : o, that ie, Bu>^. 

418. If one or both of the terma in a general proportion, 
oe multiplitd or dmded by a constant quantity, the proportion 
will be preserved. 

For muttiplying^ or dividing^ one or both of the terms is the 
same, as multiplying or dividing anaiogoas terms in the ptOh 
portion expressed at length. (Art. 382. and cor. 1.) 

If ^:a::B:b, that is, if ^ » -9, . 

llien fo^ : ma ::B:b, that is, m^utB, 
And m^ ima:: mB : mb, that is, m^ c/i mB, &c. 

413. If both the terms be multiplied or divided even by 
a variable quantity, the pr<mortion will be [ureserved. For 
this is equivalent to multiplying the two aatecedeals by one 
quantity, and die two eoniequentg by another. (Art. 382.) 

If A:a::B:b, that is, if A^B; 

ThNiJ^Aiinai:MBirab,iho.t.hMA(r,MB, &c. 

Cor. 1. If one quantity varies as another, the fuoljml of 
the one divided by the other is conttaxU. In other w«d8, if 
the numerator of a fraction varies as the denominatar, ^e 
vaine remidns the same. 

If ^: a::J?:6, thaliB,if ^«>JS, 

Th.„|:?::|>::.:l. (A,.. 128.) 

Here the tbiid and fourth terms are equal, because each is 
equal to I. Of couieo the two first terms are equal ; (Art. 
395.) so that if ^ be increased or diminished as many tiioes 
as JB, the quotiefa will be invariably the same. 

Cor. 3. If the frodua of two quantities is constant, one 
varies reciprocally as the other. 

If^B:a6::l:l,then:!^:^::l:l,or^:a:: ^^ 
B b B It B b 

Cor. S. Aiff factor in one teim of a general proportioa 
may be transferred, so as to become a divisor in the other , 



nay be tr 
md V. V. 
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S^tr-Ls then mult, by C,^Cc»-L {Art. 159.) 

414. If two quantitieB raiy respectively as a third, thra 
one of the two vanea as the other. (Art. 384.) 

Then A: a::C : e, that is AtjiC. 

415. If two quantities vary refpectirely as a third, their 
Vm or d^rmce will vary in the same manner. (Art, S88.) 

■And C:c::5:tr'*"'^'^ic^B; 
Then -4+ C : a+c : : B : *, that is, J+C « ^ 
And ^-C:o-c::B:*,thati8,ja-Cc/.JJ. 
Cor. The addition here may be extended to a^mmbcr of 
Quantities all varying, alike. (Art. 388. cor. 1.) 

If ^ cr £, and C u) £, and i) OD J3. and £ CO £, then 

415. 6. If the ofaare of the nm of two quanUtiei^ varies 
W tb« mptwn nf lAflir d^ertnet ; then the nMt of tfter ffwm* 
vajms as their pndvxU. 

If {^+B)V(i^- B)*-, rfien ^+iCu)WS. 
For by the supposition, 

(^+B)» : [A-By-.i (o+t)' : (a-6)'. 
Eiq)anding, adding, and subtractjng terms. (Arts. 817, 
and S8d, 7.) 

S^+SA* : 4AB : : id'+Ht' : 4ah. 
Or, (Art. 388.) 

A*+B^ -.AB:: ^+6' : a&, that is, ^+B" »^B. 

416. The terms of one general ^oportion may be multj- 
nUed or divided by the correspondmg terms of another. — 
(Art 390.) 

If A:a::B:b),,.. ., iAo>B 
AndC:c::i):dr^«*'«''f iOu,i); 



Then ACzaci: BD : bd that is, AC <x BV. 
Cor. If two quantities vary respectively as a third, the pr» • 
duel of the two will vary as the sfptaxt of the other. 



ks\AC(j)B 



then^CwB'. 
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417. If any quantity Tuy aa BDother, any power or roof of 
the Conner irill vary, as a like power or root of the latter. 
(Art. S91.) 

If ^:a::B:by that is, if ^ « B, 

' Then ^ : oT : : B" : f that is, ^ »£-, 

And ^: «f : : ^ : fc", that is, ^cn^. 

418. In compounding general proportions, equal /octort or 
in the two tenns, may be rejected. (Art. 593.) 

If ^-.a-.-.B-.b) C^ixB 

And B : b : : C : c} that is, if {BtxC 
And C:e::D:d) (CcnD 



Then .4: a::D:4, thai is, ^cnD. 

Cot. If one quantity varies as a second, the second, aa a 
third, the third, as a fourth, &c. then the jiril varies as the 

lOft. 

If ^ oo £ CO r (0 D, then ^ o) i). 
1 



reetly as the second, and the secoad varies reriprocoUy as the 
third ; the first varies reciprocaJly as the third. 

419. If any quantity vary aa the product of two others^ 
and if cme of the latter be considered constant, the first will 
vary as the other. 

If TTcrZiS, and if Bbe constant, then IT CO Xb 

Here it must be observed that there are tao amditioni ; 
Rrst/that fT varies aa thaproduet of the two other quautitieB; 
Sec(Hidly, that ooe of these quantities B is corutaat. 
Thui, by the conditions, fF: w: : LB : fB; B being ^e 

same in both terms. 

Divid. by the constant quantity B,W:w.:L:l, that isWoiL, 
And if Xf be considered constant, Wv>B, 

Thus the weight of a board, of unifwm thickness and den- 
sity, varies as its length and bre&dth. If the len^h is givei^ 
the weight Taries as the breadth. And if the brtfulh is given^ 
the weight varies as the length. 
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Cor. The Bame principle may be extended to any noiriier 
of quantities. The weight of a slick of limber, of given 
density, depends on the length, breadtli, and thickness. If 
the teogth is given, the weight varies as the breadth and 
thicknees. If the length and breadth are given, the weight 
varies as the tliickness, &c. 

If Wo> LBT; 

Then making L constant, fFix BT; 

And making L and B constant, Wck T; 

430. On the other hand, if one quantity depends on two 
others ; so that when the second is given, the first varies as 
the third, and when the third is given, the first varies as the 
second ; then the first varies as the product of the other two. 

If the weight of a board varies as the length, when the 
breadth is given, and as the breadth when the length is giv- 
en : then if the length and breadth hvth vary, the weight va- 
ries as their product 

If Wv L, when B is constant, } , nr nr 

And FT «= B, when L is constt.nt, \ *°^° "^ * ■"^• 

In demonstrating this, we have to consider, (uo variable to- 
Ittes of W; one, when L o»ft/ varies, and the other, when L 
and S both vary. 

Let u'= the first (rf these variable values, 

And 10 = the other ; 

So that Wwill be changed to to', by the varying of L; 

And uK will be farther changed to to, by the varying of B. 
Th^n by the supposition, W:v>':: L:l, when B is constant. 
And v>' : le : : B : b, when B varies. 



Mult, correspond, terms, Wte' : toio' : : BL ; bl. (Art. S90.) 
Divid.byto'(Art.382.) W:w::BL:bl,i.e.Wu>BL. 
The proof may be extended to any number of quantities^ 
The weight of a piece of timber, depends on its length, 
breadth, thickness and density. If any three of these are 
given, the weight varies as the other. 

This case must not be confounded with that in Art. 416, 
cor. In that, B is supposed to vary as -S and bs C,atthe 
tame Hme. In this, B varies as Jl, only when C ia congtaol, 
and as C, only when ^ is constant It cannot therefore vary 
as A and as C separately, at the same time. 
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AKlTHMETkiAL PROGRESSION. 218 

Alt. 4S0. 6. If OQS qooatity varies aa another, the former is 
«qual to the product of the latter into some amttaat quantity. 

It^: B::a:b; then, whatever be the value of a, its ratio 
to b must be constant, viz. that of ^ : i3. Let tiiis ratio be 
that of tn: I. 

Then ^: jB: : o: 6 : :m: 1. Therefore^=mB; Anda=mA. 

Hence, if the ratio between the two quantities be found 
for any given value, it will be known for any other period of 
their increase or decrease. If the interest of 100 dollars be 
to the prmcipal as 1 : 30 ; the interest of 1000 or 10,000 will 
have the same ratio to the principal. 

421. Many writei-s, in expressing a general proportion, do 
not use the term vary, or the character which has here been 
put for it. Instead oiJla^B, they say aimply that A it at B. 
See Enfield's PhOoeophy. It may be proper to observe, al- 
so, that the word given ia frequently used to distingubh «m- 
flrmt quantities, from those which are variable ; as well as 
to distinguish knoam quantities from those which are un- 
known. (Art 17.) 



SECTION XIV. 
ARITHMETICAL AND GEOMETRICAI, PROQRESSICN. 

Art. 432. QUANTITIES which decrease by a comatoii 
difference, as the numbers 10, 8, 6, 4, 2, are in contmued 
arithmetical proportion. (Art. 373.) Such a series is also 
called a progreamn, which is only another name for continued 
proporlion. 

It is evident that the proporlion will not be destroyed, if 
the order of the_ quantities be inverted. Thus the numbers 
S, 4, 6, 8, 10, are m arithmetical proportion. 



Do,l,.cdbyGoOglc 



tl4 ALOEffilA. 

QfianUtiei, then, are in arithmeHcal ■prograsvm, wAeA the^ 
inereate 9r decrease by a eaamum difference. 

When they vntrtate, they form what is called aa aacetwln^ 
•erica, a^ 3, 5, 7, 9, 11, Ac. 

When they decrease, they fonn a deacen^ng Beries, as 11* 
9, 7,6,&c. 

The natural numbers, 1, 2, 3, 4, 5. 6, &c. are in arithmet- 
ical pro^eRsioD ascending. 

' 4S3. From the definition it is evident that, in an ascend^ 
mries, each succeeding term ie found, by adding the commiM' 
d^erence to the preceding term. 

If tlie first term is 3, and tlie commra difference 2 ; 

The series is 3, 6, 7, 9, U, 13, Ac. 

If the first term is a, and the common difierence d ; 
Then o-j-d is the second term, a-|-2i+£l=(i+3d,the foiytb, 

a-\'d+d=a+M the 3d, a-^Sd+d=a+4d the 6th, &c. 

And the series is a, a+d, a-^2d, a^Sd^ a-|-4d, Ike. 
If the first term and the common difiereiice are the same, 
tlie series becomes more simple. Thus if a is the first term, 
and the common diOerence, and n the niunber of terms. 
Then a-|-a=2a is the second term, 
2n4-a=3a the third, Slc. 
And the series is a, So. 3a, 4a, no. 

4S4. In a deaceaiiRg series, each succeeding term is found, 
by subtracting the coffunon difference from the preceding term. 

If a is the first term, and d the common diGTerence, the 
series is a, a - d, a-M, a-$d, a-4d, &c. 

Or the common difierence in this case may be considered 
m-d, a negative quantity, by the addition of which to any 
pl^ceding term, we obtain the foQowing term. 

In this manner, we may obtain any term, by continued 
addition or subtraction. But in a long series, this process 
would becMTie tedious. There is a method much more ei* 
peditious. By attending to the series 

0, a+d, a+2rf, a+Sd, a+4d, &c. , 

it will be seen, that the number of times d is added to a is one 
less than the number of the term. 
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ARITHHETiqAL PBOOBESSION. S1& 

Tite (eeond tenn is a-\-d, i, e, a added to once d; 

The third is n-fSd, a added to tieiee d; 

The/ourth ia o-j-M a added to tAHw d, &c. 

Bo if the eeries be continbed, 
The 50th term will be a4-49d 

The 100th t«nn a-f-99<' 

If the series be descen^ng, the lOOth terra will be a — 99d. 

In the ttat term, the number of times d a added to a, ii 
one lest than the number of aU the tenns. If then 
a=the first torm, z^the last, n=:the number of terms, we 
diall have, inall case^ i:=a4-(n-l)X<'; that is, 

4S5. In an arithmetical progression, the latt term U eqtud 
to the Jir3t,-\- the product of the common digatnce inle the mtmber 
of terms Use mw. 

Any other terni may bo found in the same way. For the 
aeries may be made to stop at any term, and that may be 
ctHistdered, for the time, is tlie last. 

Thus the mth term — o+ (m - 1 ) X d. 

If the first term and the common difference are the tame, 

s=a-\-(n-l)a=a-\-na-a, that is, z=na. 

In an ascendv^ series, the first term is, evidently, the leasts 
and the last, the greatest. But in a descending series, the 
first term is the ^eateet, and the last, the least. 

426. The equation z=a-\-(n- \)d not only shows the value 
of the last term, but, by a few simple reductions, will enable 
us to find other parts of the series. It contains four dillerent 
quantities, 

0, the first term, n, the number of tenns, and 

z, the last term, ■ d, the cmvnon difference. 

If any three of these be given, the other may be found^^ 

1. By the equation already found, 

z=a-\-{n -\)d=tke last term. 

2. Transposing (»-l)d, (Art. 173.) 

z-{n-\)d=a=lhe first term. 
S. Transposing a in the 1st, lyid dividing by n-1, 
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4. Trimap. a in the let, dividing by d, and traiup. —I, 
-^-\-l=n=the number of Urnu. 

By the third equation, may be found any number of ar8h- 
mdical nuatu, between two given numbers. For the whole 
number of terms consists of the tao extremes, and all the 
mtermediaU terms. If then m= the number of means, m+ 
2=n, the whole number of tertns. Substituting m-]-2 f<» it, 
in the third equation, we have 
x—a 
m+l = 

Prob. 1. If the first term of an increasing progression iff 7, 
the coimnon difference 3, and the number of terma 9, what is 
the last lermt Ans. «=:a-f-(i»-I)rf=7-|-(9-l)x3=31. 

And the series is 7, 10, 13, 16, 19, 32, 25, 26, 31. 

I^ob. S. If the last term of an increasing pogiession is 60, 
the number of terms 12, and the common difference 5, what 
is the first term I Ans. a=2-(n-I)d=60-{l2-I)x5=5. 

Prob. 3. Find 6 arithmetical means, between 1 and 43. 
Ans. The common difference is 6. 



And the series, 1, 7, 13, 19, 25, 31, 37, 43. 

427. There is one other inquiry to be mi 
series in arithmetical progression. It is dlea necessary t* 
find the ""» of <^ the terms. This is called the mmnuOUm of 
the series. 'Die most obvious mode of obtaining the amount 
of the terms, is to add them together. But the nature of 
progresfflon will fumiah ua with a method more expeditious. 

It ia manifest that the sum of the terms will be the same, 
in whatever order they are written. The sum of the ascend- 
ing series, 3, 5, 7, 9, 11, is the same, as that of the descend- 
;ng series, 1 1, 9, 7, 5, 3. The simi of both the series is, 
therefore, take as great, as the sum of the terms in one of 
them. There is an easy method of finding this dovbU turn, 
and of course, the sura itself which is the object of inquhy. 
Let a given -series be written, both in the direct, and in the in- 
verted order, and then addj.be corresponding terms together, 
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X 



ARITHMETICAL PROGRESSION. 



Take, for instance, the Berifee 
And the same inverted 



S, 5, 7, 9,11, 
II, 9, 7, 5, 3. 



The eama of th« terms vfll be "" 14, 14, 14, 14, 14. 
Take also the series a, a-i-d, a-\-^d, a-^Sd, a-^-id. 
And the some inver, t^^id, a-^Sd, a-\-Zd, o-j-rf, a. 



The sums will be 2a+4d,2a-\-4d,2a-^4d,Za-\-4d,U+44 
Here we discover the important property, that, 
428. In an arithmetical progression, the sum of the ex- 
tremes IS EQUAL TO THE BUM OF ANf OTHER TWO TERUS 
EQOALLr niBTANT FROM THE EXTREMES. 

In the series of numbers above, the sum of the first and 
the last term, of the first but one and the last but one, &e. is 
H. And in the other series, the aum of each pair of corres- 
ponding tenna is 2a-\-4d. 

To find the sum of all the terms in the double series, we 
have only to observe, that it is equal to the sum of the ex- 
tremes repeated as many times as there are terms. 
The sum of 14, 14, 14, 14, 14=14x5. 

And the aum of the terms in the other double series ia 
(8a+4d)x5. 

But this is twice the sum of the terms in the single seriea. 
If then we put 

a=the first term, n=the number of terms^ 

2=the last, <=:the sum of the term% 

we shall have this equation, 

»=— g— X". That is, 
4S9. In an arithmetical progression, the sdh of all the 

TERMS IS EQUAL TO HALF THE SUM OF THE EXTREMES HtTL- 
TIFLIED INTO THE NUMBER OF TERMS. 

IfTob. What is the siun of the natural series of numbers 
1, 2, 3, 4, 5, &c. up to 1000? 

a+z 1-1-1000 



Aub. »= 



-X 1000= 500500. 



If in the preceding equation, we substitute for z^ its value 
IS given in Art. 426, we have 



\ 
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tl8 ALGEBRA. 

In this, there are fbur different quantities, the jmt lenn of 
the series, the common difference, the number of terma, and 
the nan of the temu ; any three of which being given, the 
fourth may be found. For, b^ reducing the equation, we 
have, 

2»-Ai*+*i , , 
8. a= 5- ' the jint term. 

2* -Son 
3. d=- ■.«_i ~ ' the common tJijfermce. 

^^{2a-dr+Ms-Sa+d ^^ ^^^^ 

Ei:. 1. If ihe first tenn of an increaaiDg arithmeUca] eeriea 
is S, the common difference 8, and the number of terms 20 ; 
what is the sum of the series t Ans. 440. 

3. If 100 stones be plac^ in a straight hne, at the di8-> 
tance of a yard frnn eaoi other; how hn must a perecst tra- 
vel, to bring them one b; one to a box placed at the distance 
ofa yard Axon the first sumel Ans. 6 miles and 1300 yards; 

3. What ia the sum of 1 50 terms of the series 

18 4 6 7 

3* 8* ' 3* 3* ' 3* ^^•' ■*™- *'^^- 

4. If the sum of an arithmetical series is 1455, the leasl 
term 5, and the number Of terms 30 ; what is the common 
difference) Ans. 3. 

5. If the sum of an arithmetical series is 567, the first 
term 7, and the common difference 8 ; what is the number 
of terms? Ans. 21. 

6. What is the emn of 32 terms (tf the series 

1> H> S> Si> 3> &c.! Ans. 880. 

7. A gentleman bought 47 iWiks, and gave lO cents for 
the first, 30 cents for the second, 50 cents far the third, &c. 
What did he give for the whole 1 Ans. S80doIIfu^ 90 coits 

8. A person put into a charity bat, a cent the first day of 
the year, two cents the second day, three cents the third day, 
&c. to the end of the year. Wliat was the vdiole sum fiw 
S65 days! Ans. 667 dollars, 95 centa 
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artthmehcal progression. bis 

480. In the series of odd Qumben I, S, 6, 7, 9, &e. con- 
tinued to any givea extent, tbe laet term is tdways me less 
than twice the niimber of terms. 

, For x=a+{n-l)d. (Art 486.) But in the piloted 
series a=l, atra d=2. 
The equation, then, beccaDe8£=l-l-(n-l)x3=^-I• 
431. In the series of odd number% 1, S, 5, 7, 9, &e. the 
mm of the temu U abeani equal to the square of the number of 
(emu. 

For i=J (<H-z)n. (Art. 429.) 
But here a=i=l,«Bd by the last article, £=Stt-l. 
The equation, then, becunes »=i (l-|-2n-l)n=ii'. 
•niua 1+3=4 1 

1-4-34-5=9 } the square of the number of terms. 
, 1+8+5+7=16 i 

432. If there be two ranks of quantities in arithmetical 
profession, the nmu or difference* will also be in arithmetical 
progressian. 

F(« by the addition or subtraction of the correspcHidiDS 
(Arms, the ratios are added or subtracted, (Art 545.) Aim 
by the nature of progresdon, all the ratios in the series are 
equoL llerefore equal ratios being added to, or subtracted 
^im, equal ratios, the new ratios thence ariang will also be 
equal. 

To and from 3, 6, 9, IS, 15, 16, 21 -. /- 3 

Add and sub. S, 4, 6, 8, 10, 12, 14 / ^ . . 13 

Sums 5,10,16,80,^5.80,35 ( '>«««Woi8 < -g 

Diff. 1, 2, 3, ^ 5, 6, 7 ) ^ 1 

433. If all the terms of an arithmetic^ progresraon be mul- 
tylied or divided by the same quantity, the products or quo- 
tients will be m arithmetical prc^esaon. 

For by the multiphcation or division of the terms, the mtfof 
are multiplied or divided ; (Art. 344,) that is, equal quantitioB 
are multiplied m divided by the given quantity. They -will 
therefore renutin equal. 

Iftheseries 3, 5, 7, 9, ll,&c.bemultipliedby4; 

Theprods-willbe IS, 20, 28,36, 44, Stc.andif thisbediv.byS; 
Thequots-willbe 6, 10, 14, 18, 22. &c. 



Do,l,.cdbyGoOglc 



Probleim (rf various kinds^ in arilbmelical pnwreeaion, tmj 
be eolTed, by stating the craiditions algebraicallf, and lliui 
reduciDgi;lhe equations. 

Prob. I. Find four noidierB in aiitfantetical progresaon, 
vhose Bum shall be 69, and the sum of their squnira 864> 

If z=the second of the four numbers, 

And y=: their comUHm difierence : 
The series will be x -y, x, x-i-y, x+ity. 
By the C4Miditionfl, [x~y)+x+{x-\-y)-\-(x+Sy)=SS } 
And (T-y)'+a*+(ir+y)ff(x+2y)»=864 J 

That is 4«-f2!/=56 ) 

And 4i»+4*y+6y'=8«4 J 

Reducing these equations, we have z= 1 S, and y=4. 
Th& numbers required, therefore, are 8, 13, 16, and SO. 

Prob, 2. The sum of three numbers in arithmetical pn>- 
ffreasion is 9, and the sum <^ their cubes is 153. What are 
oie numbers 1 Ans. 1, 3, and 6. 

Pfc^ 3. The sum of three numbers in arithmetical pro- 
gression is 15; and the sum of the squares of the two ar- 
Uremes is 56. What are the oumbMsi 

Prob. 4. There are four numbers in arithmetical progres- 
sion : the sum ^f the squares of the two first is 34 ; and tba 
sum of the squares of the two last is 130. What are th^ 
numbers! Ane. 3, 5, 7, and 9. 

Prob. 5. A certain number conasts of three digits, which 
are in arithmetical {HX)gression ; and the number divided by 
the sum of its digits is equal to ItB; hut if 198 be added to 
it, the digits will be inverted. What is the numberl 

Let the digits be equal to g-y, t, and x+y, respectively. 
Then the number =lOO(z-y)4-10x-f (z4-y) = lllx-9^. 

« , ,. . llli-99u 
By the condttions, — 



=26 } 



And llU-99y+198=100(a!+y)+10a;+(«. 
Therefore »=3, y=l, and the number is 234. 

prob. 6. The sum of the squares of the extremes of four 
numbers in arithmetical pracression is 200 ; and the sum of 
tlie squares of the means is 136. What are the numbers 1 
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OEOMETRIOAL FROGHESSION. 2S>I 

Prob. 7. There are four numberd in aiithmeticAl pogns- 
Bion, whose sum is 38, aad theic continual produc; 564. 
What are the numbers t 



OEOHETBICAL PROOaESSION. 

434. Aa arithmetical proportion continued is arithmetical 
progreBsion, so geometrical proportion continued is geometri- 
calprogression. 

The numbers 64, S2, 16, 8, 4, are in continued geometri- 
cal proportion. (Art. 372.) 

In this series, if each preceding term be dMded by the 
common ratio, tlie quotient will be the following term. 
V=82, and V=16, and ¥=8, and |=4. 

If the order of the series be inverted, the propoflioa will 
etill be preserved ; (Art. 399,) and the common divisor will 
become a multiplier. In the series 
^8,16,32,64, &c.4x2=8,and8x2=ie,andl6xS=S8,&6. 

435. QuAiTTiTiES then are in geohetrioal rRO«u!i4(oii, 

WHEN TBET INCREASE BT A COMMON MOLTIFLIBR, OR DE- 
CREASE ar A COHMOM D 



The common raultipUer or divisor is called the ratio. For 
most purposes, however, it will be more simple to consider 
the ratio as always a multtplier, either inte^al or fractional. 

In the series 64, 33, 16, 8, 4, the ratio is either Z a divisor, 
or { a multiplier. 

To investigate the properties of geometrical progression, 
we may take nearly the same course, as in arithmetical pro- 
gression, observing to substitute continual multiplication aad 
otvinon, instead of addition and subtraction. It is evident, 
in the first place, that, 

436. In an ascending geometrical series, each tmcceaUng 
term is found, by muUiplymg the ratio into the {Receding term. 

If the first term is n, and the ratio r, 

Then axr=''*'t the second term, ar*X'"=<«'**, the fourth, 
arxr=a>', the third, ar'xr=ar*, the fifth, &c. 

Arid the series is a,ar, or', or*, or*, or*, &c. 

437. If the first term and the ratio are the tame, the pro- 
gression is simply a series of powers. 
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If the first tenn and the ratio are each equal to r. 
Then rX*"=H, the second term, r'x<*=i^, the fbtulfa, 
r*x»'='*, the third, r*x»"=i*, the fifth. 

And the Bcries is r, H, r", r*, i*, i*, &c. 

438. In a dacmdlng Beries, eaeh succeeding tenu is found 
by dividing the preceding term by the ratio, or multiplying 
by the fractional ratio. 

If the first term is or', and the ratio r, 
or' 
t^ secood tenn is -— , oror'X'i'; 

Aad the eeriea is or', a/, or*, or*, or*, or, a, &c. 
If the first tenn is a, and the ratio r, 
__ a a a 

. The senes is a» j j»-y &c. or a, or"', oT*, «c. 

By attending to the series a, or, w*, a*, ia*f of*, tic. it will 
be seen tiiat, in each term, the exponent of the power of the 
i&tiO) ifl one Un, than the number of the tenn. 

If then a=the first term, r=the ration 

z=thelast, B=the number of terms i 

we have the equation 2=(»*^, that is, 

439. In geometrical progres^on, the latt term U aptal to the 
fntdttct of tM jirat, mio tttat power t^ the ratio whose index it one 
uti than the number oftmns. 

When the least term and the ratio are the lame, the equa- 
tion becomes s=n'^=t^, SeeArt. 437. 

440. Of the four quantities a,z,r, and n, any thru being 
given, the other may be found.* 

1. By the last article, 

x=at'~'_=:ibe lait term. 
t. Diriding by r~^, 

-S=i=«=the Jirst term. 
S. Dividing the 1st by a, and extracting the root, 
[s \»^airr=the ratio. 



Do,i,™ih,.Googlc 



GEOMETRICAL PBOGRESSION. Stft 

By the last equation may itt foupd any uiinbH ol geime- 
triealmeaiu, between two given numbers. If m= the nuiD* 
berof means, m-|-2=n, the u/u>I« number of tenna. Substi- 
tuting m-|-2 for n, in the equation, we have 



i^^- 



; t)te,ratio. 



When the ratio b found, the means are obtained bjr ood- 
tinued multiplication. 

Frob. 1. Find two geometrical means between 4 and 256. 
Ana. The ratio is 4, and the series is 4, 16, 64, 256. 

Prob. 3. Find three geometrical means between i and 9. 
Ana i, 1, and S, 

441. The next thing lobe attended to, is the rule for find- 
ing the nm vf all the terms. 

If any term, in a geometrical series, be multiplied by tW 
ratio, the product will be tlie succeeding term. (Ait. 436.) 
Of course, if each of the terms he multiplied by the ratio, a 
new series will be produced, in which all the terms except 
the last will be the same, as all except the first in the other 
series. To make tltis plain, let the new series be writlea 
under the other, in such a manner, that each term aiaiA be 
removed one step to the right of that from which it is pro- 
duced m the line above. 

Take, for instance, the series 2, 4, 8, 16, 33 

Multiplymg each term by the ratio, we have 4, 8, 16, 3% 64 

Here it will be seen at once, that the four last terms in the 
upper line are the same, as the four first in the lower line. 
The oiJy terms which are not in both, are the_^r»( of the one 
series, and the last of the other, go that wbm we subtract 
the one series, frran the other, all the leriae except these two 
wiU disappear, by balancing each oljier. 

If the given series is a, ar, or*, or*, .... or""'. 

Then mult, by r, we have or, to", m', , . . . «*"', af". 
Now let 3= the sum of the terms. 

Then s=a+ar+at*+m*, hw^**. 

And molt, hj r, rt= w-i-oi*+ar', \-(a'~'-\-m'. 

Subt'gtbe first equation from the second, r(-«=iir"-il 
Anddividmgby (r-1,) (Art. 121.) #=*Cl5. 
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In this equatkni, or*' is the last term in the new senes, and 
IB therefore the product of the ratio into the last term in the 
gken tenet. 

Therefore t= — — , that is. 

r-y 

44S.' Thesmn of a series in geometrical progression is 
Ipund, by multiplying the last term into the ratio, subtract- 
ing the first term, and dividing the remainder by the ratio 
less one. , 

Prob. 1. If in a series of nmnbers in geometrical pro- 
gression, the first term is 6, tha- last term 1458, and the mtio 
3, what is the sum of ;dl the terms 1 

An,.,=^'=?><|fJ8r«=2184. 

Prob. S. If the first term of a decreasing geometrical ae- 
ries is i, the mtio j, and the number of terms 5 ; what is (he 
sum of the series 1 

The last term=i»"-'=jx (5)'=i-is- 
And thesumof theterms=l2^lIIIU=— 1, 
i-1 162 
. Prob. 3. What is the sum of the series, 1, 3, 9, 27, &c to 
12 terms { Ans. 266720. 

Prob. 4. What is the sum of ten terms of the series I, f. 



it 's^i &c. Ans. 



17407S 



443. Qfumiiliet in geometrieal progreetioa are proporftMoi 
to (A«r diffierences. 

Iiet the series be a, or, at", or*, or*, &c 

By the nature of geometrical progression, 

a : or : : w ; at* : : ta" : at* : : <a' : at*, &c. 

In. each couplet let the antecedent be subtracted from the 
comequent, according to ArL 389, 6. 

Then a : ar::ar—a: ai^— or: lar'— or : or' — or', &c, 

' That is, the first term is to the second, as the difiereoce 
between the first and second, to the dtfiference between tho 
second and tliird ; and as the difference between the second 
and third, to the difference between the third and fourth, &o 
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Cor. If quantities are in geometrical progtean<Hi, their i^- 
femuet are also iu geometrical [vogresaion. 

Thus the nmnbere 3, 9, 37, 81, S43, ftc 

And tlj«ir difierencea 6, 18, 64, 1C3, &c.arBiiigM- 
metrical progiessioo. 

444. Several quantities are said to be in harnumieal progra- 
rien, when, of any three which are contiguous in the seriei^ 
the first is to the la^t, aa the difference betwe^i the two&vl, 
to the difTerence between the two last. Be? Art. 400. 

Thus the numbers 60, 30, 20, 1&, 13, 1(^ ate in hattncni- 
cal progression. ' 

For 60 : 20 : :60-S0 : 30- 80, And 20 : 13 : : 20- 15 : 15-12. 
, AndSO: 15 :: 30-20: 20-16,And 15 : 10:: 16-12 ; lS-10. 

Problems in geometrical progression, may be solvedt u id 
other parls of ^gebra, by the reduction of equations. 

Prob. 1. Find three Qumbers in geometrical pcogrOMioD:, 
such that theii sum shall be 14, and tbA' sum «t their 
squares 84. 

Let the three numbers be x, y, and «. 

By the conditions, x:y::y:z, or *z=«* ) 

And *4-y4-z=14S 

And !c»+y'+r'=84 ) 

Reducing these equations, we find the numbers required 
to be 3, 4 and & 

Prob. 3. There are three numbers in geometrical progras- 
sion whose product is 64, and the sum of their cubes is 584. 
What are the numbers 1 

If X be the first term, and y the common mtio ; the series 
will ]Mx,)nf,xf. 

By the conditions, *X*yX^, or ty =64, > 

And /-i-i»!/*+iy=684. J 

Tliese equations reduced give x=2, and y=i. 
The numbers required, therefore are, 2, 4 and 8, 
Prob. 3. There are tluee numbers in geometrical progre»- 
sioQ : The sum of the first and last is 6i, and the squata of 
tiw moon is 100. What are the numbers ? Ans, 3, 10,aod 561 
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- Ttob. 4. Of four oumbers in geometrical progression, the 
sum of lh« two first is 15, and the sum of the two last is 60. 
What are the numbers % 

• Let the series be z, xy, xy*, xy' ; and the numbers will be 
found to be 5, 10, 20, and 40. 

Prob. ft. A gentleman divided 210 dollars amon^ tliree 
aexrants, in such a manner, that their portions were m geo- 
metrical progression ; and the first had 90 dollars mwe than 
the last. How much had each T 

- Prob. 6. There are three aumbere in geometrical fmgiKs- 
sion, the greatest of which exceeds the least bf 15 ; and the 
d^erence of the squares of the greatest and me least, is to 
the sum of the squares of all the three numbers as 5 to 7. 
What are the numbers t Ans. 5, 10, and 20. 

Prob. 7. There are four numbers in ge*»netrical progres- 
aoDf the second of which is less than the fourth by 34 ; and 
the. sum of the extremes is to the sum of the means, as 7 to 3. 
Wh^ are the numbers 1 Ans. 1, 3, 9, 27. 



SECTION XV. 

INFINITES AMD INnNIT£SIMAL&* 

AftT. 445. THE word tnAiife is used in diiferent senseK 
The ambiguitv of the term has been the occasion of muoh 
perjdexity. It has even led to the abeurd supposition that 
[xopoeitions directly contradictory to each otner, may be 
muhematically demonstrated. These apparent contradic- 
tions are owing to the fact, that what is proved of infinity 

• Lacked BwHn Books, Chap, r Berksley'sAnalTtt. Prefiice to Man- 
lawB*! Fluxioni. Mflwun't Piu>ia& SanndBraoa's Algebn, Ait. 3B& 
UMMSeld*! Etmjt. Ennnoii'i Algebn, tVob, 73. Buffiar. 
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MATHEMATICAL INFINITY. 887 

vhen understood in one particular manner, ia oflen thought 
to be true also, when the term has a very different aignifica- 
tion. The two meaningB are insenaiWy shifted, the one for 
tile other, so that the proposition which la really demonstra- 
ted, is exchanged for another wljich is false and absurd. To 
prevent mistakes of this nature, it is important that the dif- 
ferent meanings be carefully distinguished from each other. 

446. Inpinitb, in the highest, and peihape the most proper 
sense of the word, is that wkkh U so great, that nothing can be 
added to it, or mppoted to be added. 

In this sense, it is frequently used in speaking of moral and 
metaphysical subjects. Thus, by infinite wisdom ia meant 
that which will not admit of the least addition. Infinite power 
is that which cannot possibly be increased, even in suppoei- 
tion. This meaning of infinity is not applicable to the ma- 
thematics. That which is th^ subject of the mathematics is 
quantUy ; ( Art. 1 . ) such quantity as may be conceived of by the 
human mind. But no idea can be formed of a quantity bo 
great that nothing can be supposed to be added to it. In this 
sense, an >H^ni« number is inconceivable. We may increase 
a number t^' continual addition, till we obtain one that shall 
exceed any limits which we please to assign. By this, how- 
ever, we do not arrive at a number to which nothing can be 
added ; but only at one that is beyond any limits which we 
have Ulherto set. Farther additions may be made to it witli 
the same ease, as those by which it has already been in- 
creased so for. It is therefore not infinite, in the sense in 
which the terra has now been explained. It is absurd to 
speak of the greatest postVtle number. No number can be 
imagined so great as not to admit of being made greater. 
We must therefore look for another meaning of infinity, be- 
fore we can apply it, with propriety, to the mathematics. 

447. A HATHEU&TICAL QUANTITY IS SAID TO BE INFINITE, 
WHEN IT IS SUPPOSED TO BE INCREASED BETOND ANT DETER- 
MINATE LIMITS. 

By determinate limits are meant such as can be distinctly 
stated.' In (his sense, the natural series of numbers, 1, 2,3,4, 
6, fcc. may be said t^ be infinite. For, if any number be men- 
tioned ever so great, another may be supposed stilt greater. 

The two significations of the word infinite are liable to be 
confounded, because they are in several points of view the 

• SaeNoKitt. 
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sMDe. The higher meatiiag includes the lower. That whu^h. 
IS 80 great ae to admit of no addition, must be beyond any 
detenninate limits. But the lover does not necessarily imply 
the higher. Though number is capable of being increased 
beyond any aoecified Umits ; it will not follow, that a number 
can be fomid to which no farther additions can be made. 
Tlie two infinites agree in this, that according to each, the 
riiings spoken of are great beyond calculation. But they 
differ widely in another re^ct. To the one, nothing can be 
ndded. To the other, additions can be made at pleasure. 

448. In the mathematical sense of the tenn, there is no 
absurdity in supposing one tn/intte greater than another. 

We may conceive the numbers 2 2 2 2 2 2 8, &c. 

4 4 4 4 4 4 4, &c. 
to be each extended bo &r as to reach round the globe, or to 
ilie most distant visible star, or beyond any greater boundary 
which can be mentioned. But if the two series be equally 
(extended, the amount of the one will be twice as great as the 
other, though both be infinite. 

So if the series o+ «^+ rf+ a*+ i^, &c.- 
and 98-|-9«^-f-9rf4-^4-9''. &<^ 

be extended together beyond any specified limits, tme w0 be 
mne times as great as the other. But it would be absurd to 
suppose one quantity greater than another, if the latter were 
already eo great that nothing could be added to it. 

449. An infinite nrnitbtr of terms must not be mistaken for 
iiu infinite quantity. The terms may be extended beyond 
iuiy given limits, when the amoimt of the whole is a finite 
quantity, and even a small one. If we take half of a unit ; 
thf n half of the remainder ; half of the remaining half, &c. 
we shall have the series 

i>\ wliich each succeeding term is half of the preceding one. 
Let the progresdtm be continued ever so far, the sum of all 
the terms can never exceed a unit. For, by the suppodlion, 
there is still a remainder equal to the last term. And tins 
remainder must be added, before the amount of the whc^e 
can be equal to a unit. 
So )-j-^44-|-^V+iV+iV> &c- can never exceed 8. 
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HATHEHATICAL INFINITY. MQ 

450. Wmrr x (iuahtitt is dihihished till it becohei 

LESS THIN ANT DETE^HIMATE ttCAMTITT, IT IS CALLED AH 

INFINITESIMAL. 

Thus, in a series of fractions rn' ttb' jjsn' nntiff &•«■ a 
imil is first divided into ten parts, then into a hundred, a 
thousand, &c. One of these parts in each succeeding tenn 
is ten times less than in the preceding. If then the progres- 
idon be continued, a portion of a unit may be obtained leas 
than any specified quantity. This is an infinitesima!, and in 
mathematical language, is said to be infinitely small. By this, 
however, we are not to understand that it cannot be made 
less. The same process that has reduced it below any limit 
which we have yet specified, may be continued, so as to di- , 
ininish it still more. And however far the progression may 
be carried, we shall never arrive at a point where we must 
necessarily stop. 

451. lu the sense now esplained, mathematical quantity 
may be said to be it^imtely dieiMU; that is, it may De sup- 
posed to be ao divided, that the porta shall be less than any 
determinate quantity, and the number of parts greater than 
any given number. 

In the series jS, -^ ^^ nmnn &«■ a unit is divided 
into a greater and greater number of parts, till they become 
infinitesimabi, and the number of them infinite, that ia, such 
a. number as exceeds any given number. But this does not 
prove that we can ever arrive at a division in which the parts 
shall be the kaat posrible or the ramber of parts the greatest 
potsible. 

452. One infinitesimal may be Uts than another. 
The series, ^, tSt, tAdi tutit. &C. ) * 
And ™ yjj, yjjj, Twinij *''' ) 

may be earned on together, till the last term m each becomes 
infinitely small ; and yet one of these terms will be only half 
as great as the other. Poi the denominators being the same, 
the fractions will "be as their numerators, (Art. 360, cor. 2,) 
thatis, a3 6:3, or2:l. 

Two quantities may also be divided, each into an infinite 
number of parte, using the term infinite in the mathematical 
sense, and yet the parts of one be more numerous than those 
of the other. 

The series A, tttti -nnnn fwinrj &•<>■ \ 

And A, j^, rtrm nrrnn "■*^* J 
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may bath be infinitely extended ; and yet a nnit in the hst 
•erie^ is divided into ^nr times ks many parte as in the finit. 
But i^ by an infinite number of parU were meant such a 
number as could not be increr sed, it wonld be absurd to sup- 
pose the divuioDs of any quantity to be still more numerous.* 

453. For all practical pvu-poees, an infinitesimal may bo 
considered as absolutely nothmg. As it is less than any de- 
terminate quantity, it is lost even in numerical calculaiioba. 
In algebraic processes, a term is often rejected as of no value, 
because it is infinitely small. 

It is frequently expedient to admit into a calculdtion, a 
small error, or what is suspected to be an errpr. It may be 
difficult either to avoid the objectionable part, or to ascertaia 
its eicact value, or even to detennine, without a long and 
tedious process, whether it is really an error or not. But if it 
can be shown to be infinitely apall, it is of no account in 
practice, and may be retained or rejected at pleasure. 

It is impossible to find a decimtj which shall be exactly 
equal to the vulgar fraction ^. Dividing the numerator I^ 
the denominator, we obtain in the first place ft. This w 
nearly equal to f. But M is nearer, f^, still nearer, &c. 

The error, in the first instance, is i^. 

For ft-[-A=A+A=H=f. 

In the same manner it may be shown, that 

.he dM,rc„«e between {*^j '^isX'^ 4c. 

- If the decimal be supposed to be extended beycmd any aa- 
Hgnable limit, the difference still remaining will be infinitely 
small. As this error is less than any given quantity, it is of 
no accoimt, and may be considered iii calculation as nothing. 

454. From the preceding example it will be seen, that t 
quantity may be continually coming- nearer to another, and 
ye^ iMser reach it. The decimal 0.3333333, &c. l>y repeated 
additions on the right, may be made to approximate ccntinu- 
ally to i, but can never exactly equal it. A didirence wilt 
always remain, though it may become infinitely smalL 
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When one quantity is thua mmde to apjiroach continually 
to another, without ever passing it ; the latter is cfdled a 
Umit of the former. The fraction j ia a limit of the decimal 
0.668 Slc. indefinitely continuedj 

455. Though an infinitesimal is of no account of itself, 
yet its effect on othei quantities is not always to be diare- 
gaided. 

When it is a fector or divisor, it may have an important 
ioflaencer It is necessary, therefore, to attend to the rela- 
tions which infinites, infinitesimals, and finite quantities have 
to each other. As an iafioiteaimal is less than any assigna- 
ble quantity, as it is next to nothing, and, in practice, may be 
considered as nothing, it is frequently represented by 0. 

An infinite quantity is expressed by the character CO 

456. As an infinite quantity is inoompiunhly greater than 
«- finite one, the alteration of the former, by an addition or 
tablmetJon oi the latter, may be disregarded in calculation; 
A single grain of sand is greater in comparison with the 
whole earth, than any finite quantity in compfuison with one 
which is iiUfinite. If Uierefore ii^nite and finite quanti- 
ties are connected by the agn -)- ot — , the latter may be re- 
jected as of no comparative value. For the same reason, if 
finite quantities and infinitesimals are connected by -f- or -, 
the latter may be expunged. 

457. But if an infinite quantity be multi[died by one which 
is finite, it will be as many times increased as any other quan> 
tity would, by the same multiplier. 

If the infinite series SZ3223&C. be multifdied by 4 ; 
The product will be888888Aic. four times as great as 
the multiplicand. Bee Art. 448. 

458. And if an infinite quantity be divided by a finite quan- 
tity, it will be altere4 in the same manner as any oth» quan- 
tity. 

. If the infinite series 66666666 ^.be divided by S ; 
The quotient will beS3333333 &c. half as great as 
the dividend. 

459. If a finite qvanHty be multiplied by an in^Mflno^ 
the {ffoduct will be an infinitesinial ; that is, putting z for a 
finite qtiantity, and for an infinitesimal, (Ait. 455. 

zxOr=Q. 
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If the tnultifdier were a unit, the prodnet would be equa 
to the multiplicand. (Art. 90.) If the multiplier is less than 
a unit, the product is proporticnally less. If then the multi- 
plier ie i^l^nite^/ less than a unit, the product must be lufi- 
nitely less than the multiplicand, that is, it must be an iofi- 
mtesun^I- Or, if an infiniteBimEd be considered as abso- 
lutely nothing, then the product of x into nothing is nothing. 
(Art. 112.) 

460. Oo the other band, if a finite quantity be iimded by 
an infinitesimal, the quotient will be infinite. . 

r- 

For, the leas the divisor, the greater the quotient. If then 
the divisor be ii^mtelv snmll, toe quotient will t>e infinitely 
great. In other words, an infinitesimal is contained an infi- 
nite number of times in a finite quantity. This may, atfirst, 
appear paradoxical. But it is evid«nt, Uiat the quotient must 
increase as the divisor is diminished. 

Thus 6-h3=S, 6-^0.03=200, 

6h-0.3=30, 6-M).003=2000, &«. 

- If then the divisor be reduced, so as to become lesi than 
any assignable quantity, the qtiotient must be greater than 
any assignable quantity. 

461. If a finite quantity be divided by an infinite quantity, 
(he quotient wiU be an infiniteamal. 



For the gTeatP>- the divisor, the less the quotient If then, 
wl|ile the tUvidend is finite, the divisOT be infinitely great, the 
quotient will be infinitely smalL 

It must not be forgotten, that the expressions in/mitely great 
sad in^Uely naaU, are, all along, to do understood m the 
mathematical sense according to the definitions in Aits. 447, 
and 450. 
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SECTION XVI. 

raVISION BY COMPOUND DIVISORS, GREATEST 
COMMON MEASURE. 

Art. 462. IN the section on division, the case in which 
the divisor is a compound quantity was omitted, because the 
qperatioQ in moat instances, requires some knowledge of the 
nature of poneri ; a subject which hod not been previously 
explained. 

Division by a compound divisor is performed by the fol- 
lowing rule, which is substantially the same, as the rule for 
division in arithmetic ; 

To obtain the first term of the quotient, divide the first 
term of the dividend, by the first tenn of the divisor ;* 

Multiply the whole divisor, by the term placed in the quo-^ 
tient ; subtract the product from a part of the dividend ; and 
to Am remainder brmg down aa many of the following terniE^ 
M shall be necessary to contjnue the operation : 

Divide aeain by the first term of the divisor, and proceed, 
ta before, tul all the terma of the dividend are brought down 
' Ex. 1. Divide oc-f k+o^M, by a-j-£. 

ne-f-fte, the first sabtrahead. 



ad^bd, the second subtrahend. :- 



Here tic, the first term of the dividend, w dinded by a, 
the first term of the divisor, (Art 116.) which gives c for the 
first term of the quotient. Multiplying the whole divisor by 
this, we have ac^bc to be subtrocud from the two fint 
terms of the dividend. The two remaining terms are then 
brought down, and the first of them is divided by the first 
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tenn of the diTisw as before. This gives d far the sMimd 
tenn oi the quolient. Then muKipIyiog the divisor by d, 
ym have ad-{-bd to be subtracted, which exhausts the whole 
divid«ad without leaving any remainder. 

liie rule \a founded on this principle, that the product of 
the divisor into the several parte of the quotient, is equal to 
the dividend. (Art. 115.) Now by the operation, the pro- 
duct of the divisor into the first term of the quotient is sub- 
tracted from the dividend ; then the product of the divisor 
itito the itcoad term of the quotient ; aiid so on, till the pro- 
duct of the divisor into each term of the quotient, that is, 
the product of the divisor into the uhole quotient, (Art. 100.) 
is taken &om the dividend. If there ia po remainder, it is 
evident that this product is tqwU to the dividend. If there 
if a remainder, the product of the divisor and quotient is equal 
to the whole of the dividend except the remainder. And this 
i^maindei is not included in the parts subtracted frwn the 
dividend, by operating according to the rule. 

463. Before beginning to divide, it will getitmtlly be ex- 
pedient to make some preparation in the arr m vg e mmt tf tkt 
ttrrn*. 

The letter which is m the first term of the divisor, shouU 
be in the first term of the £videad ako. And the pou>er$ of 
this letter should be arranged in order, both in the divisor 
and in the dividend ; the bluest power Btanding first, the 
next highest next, uid bo on, 
' Ex. «. Divide Sffb+if+iai^+tf^ by (f^V+ab. 

Hero, if we take if for the first term of the divisor, the 
other terms should be an-angod aowrding to the powers of u, 
thus, '■ 

a'-j.o6-|-6«)o»+2«'i-l-fai»-|-fc"(a+6 

a'b+ah*+b^ 



In these operations, particular care will be necessary m the 
maQafi|ement of negolwe mumiitUt. Constant attention must 
be paid to the rules for the signs in subtraction, multiplier- 
ti(m and division. (Arts. 8S, 109, 133.) 
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If the terma be arranged according to the powers of a, 
ihej will stand thas ; '« 



- Za'x+axy 

- 2a'x+axy 



-\-iax~Ty 



464. In multiplication, some of the terms, by balancing 
each other, may ne lost in the product. (Art. 110.) These 
may re-appear in division, so aa to prasent tenn% in the 
couTBe of Uie fKotaa, different from any which are in the 
dividend. 

Ex.4. 



a-\~x)if-{-^{<^ -r ax-\-3^ 



-i^x-a^ 



ax'-i-x' 
oar'+ar' 






•+2ffl'a!-2(r'ar'+4x* 
-|-3aV-4aV-|-4ax' 



• 4-2<^«»-4«r»+4s* 

+2aV-4M«4-4«'. 

If the learner will take the trouble to multidy the q 
tient into the divisor, in the two last examines, he will fi 
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ia the partial producta, the soTeral tettna idiidi sppetu in the 
process of divKUfw. ' But moeb'of them, by balahciiig each 
other, are lost in the general product. 
fx. 6. DmAa-af+<^+i^b+ah+Sac+ichj a+l. 

, Quotient. ^+ab+Se. 

Ex. 7._DiTide a-\-b~c-ax-bx+cx, by o-j-i-e. 

Quotient. 1 - «. 

Ex. 8. Divide 8rf- 18rfiF+ll(^*'-8a*»+2«*, by ia*~a* 
■rj-a:'. Quocient. *" - 6<w+2r.» 

465. When there is a remaiader after all the terms of the 
dividend have been Ittought dovn, this may be plac^ over 
the divisor and added to the quotient, as in arithmetic. 
Ex. 9. 

ft+b)ac+bc+ad^bd+x{c+^- JL— 
ac-\-be 





ad- 


• • ad+bd 
ad+ld 




• • « 


d 


El. 10. 

■ah 




« 


• bd-bh 
Id-bh 




* • y 



It is evident that a-^-b ia the quotient beliHiging to the 
whde of the dividenu, excepUt^ the remainder y. (Art. d6S.) 

And-iL, is the quotient belonging to this remainder. (Art. 

IM.) 
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Ei.ll, DWae»u+«»»"**-*»+'<«+<»+*!*y*ff>- 
Ex. IS. Divide <i"4-Jo"+S«k-6.-4»4^2,ljyJ-S.' 

Ex. IS. See Art. 283. 

ae+c^/b 
* * oV<H-V'^ 

Ex. 14. Divide <H-V!'+'»"'Vl(+'K. ^y 'H-W- 

Quotieat. l-H'^^. 

15. Divide3?-Saa!'+3o'*~aVbya;-a 

16. Divide Sy* - 1 V+26v - *'''» tiy tf - 8- 

17. Divide a:*-!, by I -1. 

18. Divide 4i*-0«'4-«af-S, by 2a:'+3ar-l. 

19. Divide if+4ifb+Sf>*, by <^Zb. 

to. Dividea'-aV+Srfa-tf'.bys^-ajH-'*'- 

466. A tegular seriea of quotients is obtained, by dividing 
the difference of the potters of two quantities, by thib differ- 
ence of the quantities. Thus, 

(S»-a')-J.(!f-a)=ir'+«y+<i'. 

(»*-«»*) -^(y-<')=y'+'n/'+«V+»'' 
(»•-«') -5-(»-'>)=y'+'W+«y+«VH''. 

&c. 

Here it will be seen, that tbft index Of y, in the fi«l term 
of the quotient, is less by 1, than in the dividend ; Uvi that 
it decieoses by I, from the first term to the last bvA one : 

While the index of a, incrcoMS by 1, from the ssMndbtnn 
to the last} where it is less by 1, (hau in the dividend. 
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Tbis my b«. e:^re8sed in a .geBeml f<»BniIa, thuE^ 

*r-«*")-^(y-'»)=s""'+'»!r----.+'^-^+'*"-'. 

fo d^on^tnUe this, we hava only to mnltipfy the qpoi 
tient Into ttM diviaor. (Art. 116.) 

All the terms except two, in the partial products; will be 
balanced by each other ; and will leave the general product 
the same as the dividend. 

Mult y*+oj^+aV+a^,+o* 

Into y -a , 



^+a!t+<^+aX+'2 



-ay*- ay- ay - 



ProducUy* 



Into y-a 

S"+fly— '+ay-«. . . .+0— V+o— V 
_ ay— »_ oy— ■...,_ fl—y_ flr-*!/ - rf" 

Prod.s- * • ~* * TrfT 

406. b. In the same manner it may be proved, that the dif- 
ference of the powers of two quantities, if the index is an 
am number, is divisible by the mm of the quantities. That 
is, as the double (rf every number is even ; 
(y*- a'-)-H(!,+a)=ir-' -oy— . . . .+a--^ - «*-•. 

And the mm of the povers of two quantities, if the index 
is an odd number, is divisible by the lutn of fAe ^wmtiHet. 
That is, as Sm-f 1 is an odd number ; 

(!r*'+«'^')-i-(y+«)=!r-«r-'. • •• -o^-'y-H^- 

For in each of these cases, the product of the quotient and 
divisor, is equ^ to the dividend. 
Thus, 

,(y*-*')-r(y+«)=v-a, 
(sr* - «')-5-{v+9) =»•- -y-l-A - fl*, 
(y*-«*)H-(»+o)=i/'-<y+(^*-<i?y'+oV-o', fee- 
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COMMON MEASURE, 2^0 

A&d, 

GREATEST COMMON MEASURE. 

466. e. The Oreatest Conunwi Measure of two quantitiei^ 
may be found by the following rule ; 
Divide one or the QoinTiTiES bt the other, akd the 

PRECEDING DITISOS BT THE LAST BEHAIITDER, TILL NOTHINO 
REMAINS ; THE LAST DIVISOR TVILL BE THE OREATEST GOHHOH 
UBASCKE. 

The algelnaic letters are here sufmoaed to stand for whole 
numbers. In the demonstratioQ of the rule, the following 
principles muat be admitted. 

I. Any quantity measures iUe^, the quotient bang 1. 

S. If two quantities are respectively measured by a third, 
their awn or a^erence is measured by that third quantity.— 
If b and e are each measured by d, it is evident that b-\-e, 
and fc - c are measured by d. Connecting them by the aigD-{~ , 
3r -> does not affect their capacity of being measured by d. 

Hence, if 6 is measured by d, then by the preceding pro- 
position, b-{-d is measured by d. 

3. If one quantity is measured by another, any mnlt^h 
of the former ia measured by the latter. If 6 is measured 
by (2, it ia evident that b-\-b, 3b, 4b, n6, &c. are measured 
by ,4 

Now let D=the gp-eater, and d:=the leas of two algebraic 
quantities, whether simple or compound. And let the pro- 
cess oi dividing, according to the rule be as follows : 
J)D(, 






;r 
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In which «, q' q", are the quoHatts, from the eaccfmn 
divinons ; and r, r', and o the rmmindert. And as the divi- 
deod is equal to the pioduet'of the divistH* and quotient addo^ 
to the remainder, 

I>=dq-\-T, and d=rq('-fr'. 

Thui, as tbe last divwot r* meaauTes r the reniunder being o, 
it measures (2, and 3,) tv'-J^r'=d, 
and measures Jq-\-r=l>y 

That is, the last divisor' r' i« a commoo mftOtuK of Uie two 
given quantities D and d. 

It is also their greatttt common measure. For every com- 
taoa measure of D and d, is also (3, and S) a measure of 
D — dq=r ; and every common measure of d and r, is also a 
measure of d-rq'=r'. But the greatest measure of K fs 
Useff. This, then, is the greatest ctHUmon measure Of D 

The demonstration will be substandally the same, what- 
ever be the Bumber of eiicccasive divisions, if the operation 
be continued till the remainder is nothing. 

To find the greatest common measure of three quantities ; 
first find the greatest common measure of two of them, and 
then, the greatest common meaeuie of this and the third 
quantity. If the greatest common measure of D and d be 
r', the greatest common measure of r' and c, is the greatest 
common measine of the three quantities D, d, and c. For 
etefif measure of /, is^ a measure of D and d; therefore the 
greatest common measure of r' and e, is also the greatest 
cunmon measure of D, d, aod c. 

The rule may be extended to any number of quantities. 

,466. d. There is not much occasion for the preceding 
operations, in finding the greatest common measure of ttni- 
'ple algebraic quantities. For this pnrpoBe, o glaitce of the 
eye will generally be sufficient. In the application of the 
rule to'conuHttitid quantities, it will frequently be expedient 
ti^ reduce the divisor, or enlarge the dividend, in conformit}' 
with the following principle ; 

7^ greatett common measwe of two qvaa^ee is not altered, 
by multiplymg or dtrufing either of them by am/ qwmtity uAtcA 
is not a divisor of 1^ othir, and whkk conf onu no factor nhkh 
U a dmsor of ike other. 

The common measure of ab and ac is o. If either be 
mtdtiplied by d, the common measure of <d>d, and ac, or of 
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ab and aei, n still a. On the other hand, if ab and ac4 turn 

the ^ven quantitiea, the common measure ia a; and if aed 
be meided by d, lite common measure of ab and acia a. 

Hence in finding the common measure by divisitni, the 
divisor may often be rendered more simple, by dividing it hy 
aotne qoantiQr, which does not contain a divisor of the divi- 
dend. Or the dividend may be trndUptied by a f&ctor, which 
does not contain a ineasure of the divisor. 

Ex. I. Find the greatest common measure of 
Gtf+Uax+Sa*, and Sa'+roi-Sx*. 

<b'+7<w-3a*)6o'+llax+Si'(l 
6a'+ tax-Sx' 



Dividing by Zx)4ax-{-Sa? 

6(^+9ax 



After the first divinon here, the remainder is divided I^ 
9x, which reduces it to ia-\-Sx. The division of the pre- 
ceding divisor by this, leaves no remainder. Therefore 2a4- 
Sx is the common measure required. 

8. What is the greatest conmion measure ot a? — l^x, and 
«*+26j;+6'1 Ans. t+b. 

3. What is the greatest conunon measure of cx-\-3?, ud 
aFc~\-o^x t Ans. c+x. 

4. What is the great«st common measure of 3i* - S4« - 9, 
aod&t'- 16*- 6? Ans. a;*- 8*- 3. 

5. What b the greatest common measure of a* - 6', and 
rf-6»rf7 Ans. a'-y. 

6. What is the greatest common measure of 3^-1, and 

7. What 13 the greatest common measure of a* - ff*, and 
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8. WbM k the greatest common measan of t^-ofr-M** 

Midrf-Sat+«*t 

9. What is the greatest common measure of n*-^, and 
V- A- ««*+«' 1 

10. What is the greatest commoD measure of ^-a£*,aiiid 



SECTION XVII. 
INVOLUTION AND EXPANSION OP BINOMIALS .• 

Abt. 467. THE manner in which a binomial, as well as 
any othei compound quantity, may be involved by repeated 
midtiplicalitHiB, has been shown in the sectioa co powers, 
(An. 213.) But when a hi^ power is required, the <^>eia* 
tion becomes long and tedious. 

This has led mathematicians to seek for some genera] prin- 
cmle, by which the involution may be more easily and expe- 
ditiously performed. We are chiefly indebted to Sir Isaac 
Newton for the method which is now in common use. It is 
founded od what is called the Bmomial Theorem, the inven- 
tion of which was deemed of such importance to mathemati- 
cal investigation, that it is engravea on his monument in 
Westminster Abbey 

468. If the binomial root be a+b, we ma; obtain, by mul- 
tiplicatitm, the following powers. (Art. 213.) 



1817. Woodbou*e*8 AJoalyUcsI Cslculatioc. 
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(<i+6)'=iti*+5o'fi+10a'6'+10a'V+5o6*+6', &c. 
. By attending to this series of powera, we sbsJi find, tbftt 
tke ea^psnenfa {xeaerve an mvariabU order through tlie wkile. 
Thii will be very obviouB, if ve take the ezpoDenta by them- 
seLvee, oncoimecled with the letters to vhico they behxi^. 

In the square, the exponents ) rfiMoo' 1*2 

In the cube, the exponent ji^;:;:^ fii,' J 

IaU»4th power, the exponents j^J^j^^' JJ;];; 

Here it viU be seen at once, that the exponents of a in the 
JirU term, and of 6 in the last, are each equal to the index of 
the power; and that the Mm of the cz|K>aeBts of ^t«» tet- 
ters IB in every term d>e suae. Thus in the fourth power, 

C in the first term, b 4-)-0=4 
The BOm of the ezponentfl < in the second, 3-1-1=4 

C in the lUid, t^ta4,kc. 

It is &irthor to be observed, that the exponents of a rega- 
lady decrtate to 0, and that the exponents of b incnate from 
0. That this will universal^ be the case, to whatever ex- 
tent the involution may be carried, wUl be evident, if we con- 
sider, tliat in raieing from any power to ihe next, each term 
is multi[died both 1^ a and by h. 

Thus (H-*)*=*^-f-2ai+6' 
Mult, by a+b 

[of a in ea«h term. 

a'+2rf't-|-a6». Here 1 is added to the exp. 

a*b+2ab*+i^. Here I is added to the 

[exp. of 6 in each term. 

(a+fc)»= o»-|-3a'ft-|-3ai«-|-6'. 

If the exponents, before the multiplication, increase and 
decrease by 1, and if the multiplication adds 1 to each, it ia 
evident they roust still increase and decrease in the same 
manner as Before. 
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469. Ifthena-fbheraised toapowerwhoMiexpooeDtiic 
The ezp'sof a will be n, n-1, n-2, . . . . 2, 1,. 0; 
And the e^8 of & will be 0, 1, 3, . . . . n-S, n-l, n. 

The terms ia which a power is expressed, consist of th« 
letten with their exponentt, and the co-efficuntt. Betting adde 
(he co-efficients fm the present, we can determine, from iha 
preceding observations, the letters and expedients of any 
power whatever. 

Thus the eighth power of a-\-b, when written without the 
coefficients, is 

a" + fl'6 + 0*6* + o'fc' + 0*6' -I- rfi' -J- rf6*+ a6' + 6*. 

And the nth power of a-j- b a, 

tf^a—'b+a'-'b* a'6— •+06— »4-6-. 

470. The aamher (rf terms is greater by 1, than the index 
of the power. For if the index of the power ian, a bra, in 
different terms, every index from n down to 1 ; and there ii 
one additional term which contains only b. Thus, 

- The aquare has 3 terms, The 4th powei> 6, 
The cube 4, The 5Lh power, 6, &c. 

471. The next step is to find the to-^aaOi. Thispu^ 
tH the subject is more complicated. 

In the series of powers at the beginning of Art. 468, the 
eo-efficiente, taken separate from the letters are as follows'; . 
In the square, 1, S, 1, whose sum is 4=S* 

In the cube, 1, 3, 3, 1, 8=iP 

In the 4th power, I, 4, 6, 4, I, 16=2* 

In the 6th power, 1, 5, 10, 10, 3, 1, 8«=2«. 

The order which these coefficients observe is not obvious, , 
like that of the exponents, upon a bare inspection. But they 
Mdll be found on examination to be all subject to the follow- 
ing law; 

47S. The co-efficient of the first term is 1 ; that of the 
second is equal to the index of the power ; and univeraally, 
if the coefficient of any term, be multiplied by the index of 
t^ leading quanUty in uiat term, and divided 1:^ the index of 
the following i^nantity increased by 1, it will give the co- 
efficient of t^ succeeding term."*^ 

• See Now T. 
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INyOLUTiOH OF BINOMIALS. B4t 

Of the two letters in a term, the first is called the Uadiag 
quantity, and the other the following quantily. In the ex 
lunples which have been g;iYen in this section, a ia the 
leading quantity, and b the Mbwing quantity. 

It may frequently be convenient to represent the co-e£&- 
ciente in the several terms, by the capital letters, ^, B, C, &c 

The nth power of tt-{-b, without the co-efficienle, is 

a"+rf'-'fc-|-rf'-'6*+o— "fc'+a—'fi". Sec (Art, 469.) 
And the cO'efiicients are, 
•5 = n, the co-efficient of the tecond term ; 

JS=»iX^^, of the third term ; 

C=nx^^X^^ of the /owrtft term ; 
7>=»X^X^X~, of the ^yiA term; &c. 

The regulfu: bianner in which these co-efficients are de 
rived one from anotlier, will be readily perceived. 

473. By recurring to the numbers in Art. 471, it will be' 
Been, that the co-efficient« first increase, and then deemue, aV 
the same rate ; so that they are equal, in the first term and 
the last, in the second and last but one, in the third and last 
but two ; and uoiversally, in any two terms equally distant 
from the extremes. The reason of this is, that (a-\-by is the 
same as {b-\-a)' ; and if the order of the terms in the bino- 
mial root be changed, the whole aeriec of terms in the oower 
will be inverted. 

It IB sufficient, then, to find the co-efficients of ha^ the 
terms. These repeated will serve for the whole. 

474. In any power of {a-\-b,) the sum of the co-efficien.3 
>s equal to the number S raised to that power. Bee the list 
of co-efficients in ArL 471. TheresASi of this is, thai, ac- 
cording to t)ie rules of multiplication, when any quantity is 
involved, the Utters are multiplied into each other, and the 
oo-t^eaU into each other. Now the co-efficients of o-f-6 
being 1-4-1 =% if these be involved, a series of the power? 
of 3 will be produced. 

475. The principles which have now been ez[dAined may 
mostly be comprised in the following general theorem, called 
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THE BINOMIAL THEOKEM. 
The index of the lbadikg quANTiTr or the power 

OF A BkHOHIAL, BEQIHS IS THE FIRST TEKM WITH THE lit- 
DEX OP THE POWER, AKD DECSEASEB REGOLARLf BT 1. 

The index op the following quANTiTr begins with 1 

IN THE SECOND TEKH AND INCREASES REGULA&LT BY 1. 

(Art. 468.) 
The CO-EFFICIENT op the first term is I ; that 

OF THE SECOND IS EQUAL TO THE INDEX OF THE POWER ; 
AND UNIVERSALLT, IF THE CO-EFFICIENT OF ANT TERM BE 
MULTIPLIED BY THE INDEX OF THE LEADINfi QUANTITY IK 
THAT TERH, AND DIVIDED BY THE INDEX OP THE POLLOW- 
INO QUANTITY incREABED BY 1, IT WILL GIVE THE CO-EF- 
FICIENT OF THE 8UCCEEDIHS TERM. (Art. 472.) 

In algebraic characters, the theorem is 

-V, &c. 

It is here Bupp<wed, thai the ternu of the binomial have r»0 
other co-efficients or exponents than 1 . Other biaomials may 
be reduced to this form by substitution. 
Ex. 1. What is the 6th power of x+yl 

The terms without the co-efficients, are 
a*, 3^, aY. a:^'. *y» *»"> !*'• 
And the co-efficients, are 

, 6 6x6 15x4 20X3 g j 

' ' 8 ' 3 ' ~T~' ' ' 

thatn • ' 1, 6, 15, SO, 15, 6, 1. 

Prefixing these to the several terms, we have the power 
required ; 

j<'+6a;^+ 1 5*y+20)Y + 1 SaY+^^V'+y'- 

9. What is the nth power of b+y 1 
Ana. tr+^if-'y+Bb'-Y+Cb'-y+Db'-y, &c. 
That is, Bun>ly>ng tHe co-efficients which are here repre- 
IVnted by J, B, C, Stc. (Art. 472.) 
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- 4. WiatistheSthpowerofa'+Sy'l 
Bubetituting a for a", and 6 for Sy*, we have 

(a-|-6)'=o'+5,^6+ 10aW4- I0a*6'+5<it'+6', 
And reBtoring the yaluoa of a and b, 
(«'+V)'=>'"+tS!ry+90xy+270*y+405rfy+«435r'« 
5. What is the sixth power of (3x+iiy) 1 
Ana. 

- 72dx*+S916T^+4860xV+^S0^+2160xV-|-576w' 
+64y'. 

476. A fMitfaioi quantity may be involved in the 8am« 
manner, without any Tariation, except in the ttgnt. By re- 
peated multipKcations, ae in Art 313, we obtain the fdUow- 
ing powers of {a — b.) 

(o-by=a*-Zab+b*. 

(a ' 6)»=tf - 3<^6+3ai* - b\ 

(a-6)*=o*-4rf6+6a'6»-4af+fc*, &c. 

By comparing these with the like powere of (a+6) in Art 
468, it will be eeen, that there is no difieieoce except in the 
tigns. There, aJl the terms are positive. Here, the terms 
wnicl) contain the odd powers of fi are negative. See Art 
218. 

^ The sixth power of («— u) is 

The nth power of (a — 6) is 
ar-Jla—'b-{.Ba"*b^-Ca—*b\ &.c. 

ATI. When one of the terms of a binomial is « tmjf^ it ia 

. generally omitted in the power, except in the first or last 

tenn ; because every power of 1 is 1, (Art 309.) and this 

when it is a factor, has no effect upon the quantity with 

which it is connected. (Art, 90.) 

Thus the cube of (i+l) ia i'+3a;'xl+3a!Xl*+,*'i 
Which is the same as j^+ar'+3x+!. 

The insertion of the powers of 1 is of no use, unless it 
be to preserve the exponents of both the leading and the fol- 
lowing quantity in each tenn, for the purpose of finding the 
co-efficients. But this will be unnecessary, if we bear io 
mind, that the fitm of the two exponents, in each term, if 
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equal to tbe index of (be power. (Ait. 468.) So tlwit, if ir« 
have the exponeBt of tbe hadmg quantity, we may kaaw 
that of ihvfoUomag quantity, a 



Ei. 1. The sixth power of (1 -y) is 

1 -6y+lsi*-2<V+15/-6/4.!^. 

478. From the oompeiratively rain[de manner in which iho 
power is expressed, when the first term of the root ie a uaitt 
ifl soggeetM Uw expediency of ledtKing oth« iHnomiBb to 
thisfonn. 

, Thequotientof (o-fz) diTidedbyaisM-j-^y Thismul 
^Ued into the dinwc, is equal to the dividend; that i% 
(o+»)=ax(>-i-^)tlierefore («+*)"=rf*xf»+^". 

By expanding the factor [ l-{-^) f ^^ b^Te 

(.+.)-=rf'x(l+^)"=«'x(i+^^£^,) »c 

479. When the index of the power to which any binomial 
is (o be raised is a positive whoh number, the series will termi- 
nate. The number of terms will be limited, as in all the 
preceding examples.' 

For, as the index of tbe leacBng quantity continially de- 
creases by one, it must, in the tiM, become 0, and thea the 
series will break off. 

Thus the 6th term of the fourth power of a~\-x is a;*, or 
if^, if being commonly omitted, because it is equal to 1. 
(Art. SOT.) If we attempt to continue the seiies farther, the 
co-efQcient of the next term, according to the rule, will b« 
*ilr=:0. (Art. lU.) And ae the co-efficients of all sac- 
ceeding terms must depend on this, ihey wiU also be 0. 

480. If the index of the proposed power u tugtitioe, tiiia 
can never become 0, by the successive subtractioiiB of a unit. 
The aeries will, therefore, never ttrminate; but like many de- 
cimal fractiiHis, may be continued to any extent that ia de- 
sired. 
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Ex. Expand into a series =(a-\-y)-\ 

The terms without the co-e£Bcients, are 
a-', a-'y, a-y, a-y, o-y, &c. 

The co-efficient of the 2d term b - 3, of the 4th'^-^-*=-4. 
Of the third, "^^~?=+3, of the 6th ~^^~^=+5. 

The series then is 
a-»-2o-'y+Sa-y-4o-y+6a-y, &c 

Here the low of the progression b apparent ; (he co-effi- 
ciento increase regularly by 1, and ^eir signs are alternately 
positive and negative. 

481. The Binomial Theorem is of great utility, not only 

in raising powers, but particularly tn fiuding the root* of bino- 

. mials. A root may be expressed in the same manner as a 

power, except that the exponent is, in the one case an inte- 

er, in the other a ^^oclfon. (Art. 245.) T^ma {a-i~b)' may 
either a power or a root. It ia a power if n= 2, but a root 
if n=i. 

48S. If a root be expanded by the binonuat theorem, thk 
series will never termiaate. A series produced in this way 
terminates, only when the inde^ of the leading quantity be- 
comes equal to 0, so as to destroy the co-efiicients of the suc- 
ceeding terms. (Art, 479.) But according to the theorem, 
the difierence in the index, between one term and the next, 
is always a unit ; and a fraction, though it may change from 
positive to negative, cannot become exactly equal to 0, by 
successive subtractions of unita Thus, if the index in the 
first term be }, it will be, 

IntheCd, i-l=-|, In the4th.-f-l=-f, 
In the 3d. -1 - 1= -i, In the 5th -4- 1 = -i, &c 

Ex. What is the square not of (a+b) 1 

The teniu, without the co-efficients, are. 
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The co-efficient of the second tenn is -f-| 

of the 3d, ^~^= - h of the 4th, li^^-+ A- 

And the serioo is a^+ia^b - io"*A»+ iS a"**", &c. 

When a quantity is expanded by the Binomial Theorem, 
the law of the series will frequently be more apparent, if the 
fadort, by which the cb-efficienta are fOTmed, are fc^t di$- 
tmet. 

1. Expand into a series {a'-\-x)'. 
Substituting b for a\ we hare 

{b-\.x)^=b^+M'^x+Bb~^i^+ar*^+Db'^x\ &e 

J=i, (Art. 472.) 



zi- * 

s " 

-*_ 



2.4"^ S 3.4 6 2.4.6* 






2.4^ ' 2.4.6a' 2.4.6. 
S. Gzpand iutoa series (I-}-a:) , 



3.5j;* 



S. ExpandV2, or (1+iy 



. , 3 3.6 

A 'a 



4. Expand (<H-i)*,or a*x(l+-y. See Art. 478, 



2.4.6.8a' 



&c. 
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e. Eipaiid(o+i)*,or o4x(l+-)'. 

\ ^3o S.6o"^3.6.9o' S.6.9.T15' / 

6. Expand into a serieB (a - by. 

^ 4a 4.8a» 4.8.12i^ .4.8.12.160^ / 

7. Expand (a+«)~*. 8. Expmtd (1 -a)! 

9. Expand (l+a:)~t 10. Expand (a'+i)~*. 

48S. The binomial theorem ma; also be applied to quan- 
tities consisting of more than two terms. By eidielitutioii, sev- 
eral terms may be reduced to tvo, and when the compound 
expressions are restored, such of them as have exponents 
may be separately expanded. 

Ex. What is the cube of o+t+c 1 

Subetituting h for (6+c,) we have«-f-(i+c)=a+fc. 

And by the theorem, (a-|-A)'=<^+3o'A-f 3aA*-f A*. 

That is, restoring the value of h, 
(o+6+c)'=a'+So'x(H-c)+8aX(H-c)'-h(M-c)'- 
The two last terms contain powers of (i-f-<) i hut these 
may be separately involved. 

Promiscwus Exampkt. 

1. What is the 8th power of (a+b) % 

Ans. <i'+8a'6+28a'6'+66(i'6=+70fl'6'+S6(i'^ J. 

2. What is the 7lh power of (a - 6) 1 

3. Expand into a series _ , or (I -o)-' 

Ans. l+o-|-<^+o*+a;-|-o', &c. 
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5. Expand into a series (rf-|-6^'. 
Ans. a+— - — +-=-» "-^ 

6. Expand into a series (a-\-y)~*- 

Ans. 1-^19*^-?^^/ &c. ■ 
V ?^ 1^ a' tf 

7. Expand into a series ((?+*') . 
e. Ejpimii__^ orii(i?+i")"', 

9. Find the 5th power of (a'+y*.) 

10. Find the 4th power of (o-f fe+ffr) 

11. Expand (»•-«)♦. IS. Expand (I -V*)*. 
IS. Expand (a-.)*. 14. Expand Krf -*■)*. 
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ETOLTJTION OP COMPOUND QUANTITIEa 

Art. 4S4. THE roots of compound quantities nuty be ex* 
tiacted by the following geueral rule : 

After anaaging th« terms according to tho powera of ona 
of the letters, eo that the highest power dull stand first, tha 
next highest next, &g. 

Take IA« root cf the fast tena,for thejlrst term of Ua ra^- 
eirool: 

SiibtraH the power from the given guantity, and dioide the 
firtt term of ihe remainder, by the frsl term of the root mvohed 
to the next v^arior poaer, and nwiUpUed oy tiu index of the 
given maer;-f the quoHetit mU be the next term of the root. 

Suotract the power of the termt already found from the gteea- 
quantity, and using the <ame dioisor, proceed as before. 

This rule verifies itself. For ttie root, whenever a new 
term is added to it, is involved, foi the purpose of subtract- 
ing its power from the given t^antity : and wbea the power 
is equal to this quantity, it is evident the true root b found. 

Ex. 1. Extract the cube root of 

1^, the first subtrahend. 



So*)* $<f, &c. the first remainder 
(^-l-V+So'+a*, the Sd BubtrahetuL 

So')* * -6a*, &c. the Sd renuunder. 
rf+So^-Stf- lla'+6<r'+12a-8. 



t By the given foutria meant a power of tk« Bkoraiuune with the rtqaired 
rooL As powen and rooli on eoirelaiire, anjr qiuutilr ii Uie iq/itn of iu 
•quare root, Ihe cube of iu cube root, kc 
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H«re d^, the cube root of t^, is taken for the first term of 
the required root. The power tf is eubtracted from the given 
quantity. For a divisor, the first term of the root is muared, 
tost ia, raised to the next inferiw power, and milltiplied by 
3, the index of the grren power. 

By this, the first term of the remainder Saf, &.c. is divided, 
' and the quotient a is added to tiie root. Then (i*-{-<S the 
part of the root now found, ia involved to the cube, for the 
second subtrahend, which ia subtracted &om the whole of 
the given quantity. The firet term of the remainder - 6a*, 
fcc. IS divided by the divisor used above, and die quotient — 2 
is added to the root. Lastly the whids root is invdved to 
the cube, and the power is found to be exactly eaual to the 
givm quantity. 

It is not necessary to write the renuunder at length, as, in 
dividing, the first term only is wanted. 

3. Extract the fourth root of 

o«+8o'+24a*+Sao+ 16{ff4-S 



4a»)* 8a^,&c. 



3. What is the 5th root of 

a*+5o«6+10<iV+10a'6'+5aA'+6' 1 Am. a+b. 

4. What is the cube root of 

a«-6B'6+ 2ffl6»-8ft*? Ans. a-Sb. 

0. What is the square rout of 

4a«-I2o6+96'+I6aA-IB4AM.16A»(«a-S6+4A 



4d)*-liab,ecc. 

4a)* • •+ 16 oA, &c. 
4^- li(a>+W+Uah-Ubh~{-Uh: 



In findings the diviscH heie, the terra {a in the root la not 
involved, because the power next below the Equai'e b the 
first power. 

485, But the square root is more conunonly extracted by 
the following rule, which is of the same nature as that which 
is used in Arithmetic. 

After arranging the terms according to the powers of one 
of the letters, take the root of the first term, for the first term 
of the required root, and subtract the power from the given 
quantity. 

Bring down two other terms for a dividend. Divide by 
double the root already found, and add the quotient, both to 
the root, and to the divisor. Multiply the divisor thus in- 
creased, into the term last placed in the root, and subtract 
the product from the dividend. 

Bring down two or three addilkHial terms and proceed aa 
before. 

Sx. 1. What is the square root c^ 

rf^-«o6-f6*+2ac+«Ac+c*(a+H-c. 
a', the first subtrahend. 



ta+b)* ftab+b* 

Into h= iab-\-l^, the second subtrahend. 



2a-i-26+c) • * Sac+Zbc+e 

Into c= Soc-fS^-i-'^i *^^ third subtrahend. 

Here it wilt be seen, that the several subtrahends are suc- 
cessively taken from the given quantity, till it is exhausted. 
If then, these subtrahends are together equal to the square 
of the terms placed in the root, the root is truly assigned by 
the rule. 

The fint subtrahend is the square of the first term of the 
root. 

The second subtrahend is the product of the second terra 
of the root, into itself, and into twice the preceding term. 

The third subtrahend is the product of the mird terra 
of the root, into itself, and into twice the sum of the two pre- 
ying terms, &c. 

That is, the subtrahends are equal to 

a»+{2»+6)x6+(2a+26+c)xc, &C. 
and this expression is equal to the square of the root. 
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Vet{a+b)*z=<f+tab+b*=<^+{^a-\-b)xh. (Art, ISO.) 

And putthif h=a+b, the square &'=(^-f (So-f fi) x&. 

And {a+M-c)'=(A+c)'=A«+(2M-c)xe; 
that i^ restoring the values of A and k*, 

{a+h+cy=<f+{ta+b)xb+[Sa+tb+c)Xe. 

Iq the eame manner, it may be proved, tliat, if another 
t«nu be added to the root, tha power will be increase^ by 
the product of that term into itself, and into twice the «um 
of the precedinf terras. 

The demonBtcatioo will be ndMtantiaUy the nine, if sane 
of the terms be negatite. 

9. What is the ftquare root of 

1 _ 46+4*'+«y - 4fty+y»{l - ib+y 



t-tb)*-4b+4b* 
Into-£6=-4H-4A' 



2-46+y)» • %-%+»» 
Into y= ^ - 4^+y*> 



3. What is the square root of 

tf" - iW+So* - 2o'+<i' t Am 1^- «■+«. 

4. What is ths squoie root of 

o'-^4a't4-46" - 4a" - 8i+4 1 Ana. rf+«i - 8. 

486. It will frequently facilitate the extraction of rootc^ 
to consider the index as composed of two or laorefaetori. 

Thnsfl*=o*><t (Art. 258.) Anda*=o*>^*. Thatii^ 

The fourth root is equal to the square root of the square 
eot; 

Tiw uxth root is equal to the square root of the cube root ; 

The ei^^th root is equal to the square root of th« fourth 
loot, fcc. 

To find the sixth root, therefore, we amy first extioet tbe 
cube root, and then the square root of this. 



Do,l,.cdbyGoOglc 



aroLunoN. 857 

1 Find th« square root of a:*- 4a*+6a?-4as4-l. 

2 Find the cube root of a:'-6a:'+15i'- 20x*-f-15i»- 6x+l. 

3 Fiddthesquarerootof 4a;*-4i»+13a:'-6i+9. 
4. Find the fourth root of 

16a* - 96(^j;+216£(V- 216at^+81«'. 
f. Find the 5th root of a:'+5i*+10a:»-f.l0a;*+5«4-l. 
&, Find the sixth root of 

a* - 60"*+ 1 Sa'ft' - 20aW+ 1 Sa'b* - 6a6'+6*. 



BOOTS OF BINOMIAL SURDS. 

486. 6. It is Bometimes expedient to express the aqtiare 
root of a quMitity of the form tit^b, colled a Inaomial or le- 
aidual surd, by the sum or diiference oi two other surds. A 
formula for this purpose may be deriyed liiom the folknriiig 
propositions; 

I. The square root of a w1;toIe number cannot condst of 
two P<«'ft one oi which is rational, and the other a tvrd. 

If it be possible, let r^a=x-\-i^y, in which the put i ia 
tationaL 

Squarin^f both ride% a=x*']-2x\/y-4*y 

And leduciog, W^ — a~^' ^ rational quantity^ 

'frbich is contrary to the supposition. 

S. In ereiy equaticm of the tami «-4~Vy=<H-'\^> ^'^ "^ 
tional parts on each side are equal, and also the remaining 
ports. 

If a; be not equal to a, let «=atz. 

Then o+j+v-yso+yi. And A^b=z-\'.^y ; 

That is, f^h consists of two parts, one of which is rational/ 
and the other not ; which, according to tbe'preeeding propo> 
rition, is impoedble. 

In the same manner it may be shewn, that in the equa> 
ticHi, X — \^=a — y6, the rational parte on each side are 
equal, and also the remaining parts. 

3. IfV<H-V*=*+'\^» tbenV»-V*=»-'\^- 

For, by squaring the first equation, we have 

»5 
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And bf tbe last propoatioo, 

a=«'-|-y 



By subtracUon, a - Vt =i^ SarVy+y 
By evolution, Va-V^=at -VJ- 

486. c. To find, now, an expteanoa for- the square root of 
& tUBomial or residual surd. 

Let Vg+Vb= x+Vy 

Then ^a-A/h=^x-^ 
Squaring both sides of each, we have 

ffl-V6=a:'-8aV!H-!' 
Adding the two last, and dividing, o=a*-|-!f 
Multiplying the two first, V?^=a'-y 
Adding and subtracting, 
/ a4- yn* - 6 

fl-V"?^=8» AndVy= V"^^ 
Therefore, as Va+\^=»-|-Vy, and ya-V fc=»- VJf» 

Or, Bubstituting i for ^<^-K 
1. v.+vt =vK'M-'')+Vi('— '') 
|!,V"-V'=Vl(«+'')-Vl(»-'0- 
Ex. 1. Find the Bquare root of 3+2v^. 
Here a=S, o'=9, V'= V. l=e,«'-i=9-8=I- , 
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2. Find the equare root ot\l-\-6,^. Ans. 9-i^^. 

i. Find the square root of 6 - 2^5. Ana. ^5 - 1 . 

4. Find the square root of T-f-^V^- ■^'^^ S+V^ 

&. Find the square root of 7 - 2^10. Ans, ^S - ,^/2. 

These results ma^ be verified, in each instance, by multi- 
dying the root into itself and thus re-producing the binomud 
Dom which it is derived. 



SECTION XIX. 



INFINITE SERIES. 



Art. 487. IT is frequently the case, that, in attefbpting to 
extract the root of a quantity, or to divide one quantity by 
another, we find it impoasible to assign the quotient or root 
nith exactness. But, by continuing the operation, one tena> 
after another may be added, bo as to bring the restilt nearer 
and nearer to ' the value required. When 'the number of 
terms is supposed to be extended beyond any determinate 
limits the expression is called an mjimte seriii. The quantity^ 
however, may be finite, though the, number of- terras be un- 
limited. 

An infinite aeries may appear, at filst view, much less sim- 
ple than the ezjuiessioQ from which it is derived. But the 
iiKmer is, frequently, more within the power of calculation 
than the latter. Much of the labor and ingenuity of mathe- 
maticians has, accordingly, been employed on the subject of 
series. If it were nece^sairy to find each of the terms by ac- 
tual calculation, the undertaking would be hopeless. But a 
few of the leading terms will, generally, be sufficient to de- 
termine the law of the pit^ression. 
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466. Afraetioa nmy often oe ezpanded into mn infinite 
series, by mnding the ttum«rator by the denotimator. For the 
value of a fraction is equal to the quotient of the numerator 
dinded by the denominator. (Art. 135.) When this quotient 
caoDot be expnssed, in a limited number of terms, it may be 
represented by an infinite series. - 
1 
l-a 
div'ide 1 by 1 - 0, accordinfr to the rule in Art. 462. 
l-a)l (1 4.«+b'+(I^, &c. 



* a', &c. 

By continuing the opemlion, we obtain the terms 

l-^a+t^-\-a*-\-<^-{-(^-{-if, &c. which are sufficient to 
shov mat the series, after the first term, ctuisists of th^ 
powers of a, rising regularly one above another. 

f caniitxge, that is, come nearer and 
le'of 4hfi fraction, it is necessary that 
risor be greater than the second. In 
I, 1 must be greater than a. For at 
0, there ia a remainder ; and the quo- 
ill tbis is placed over ihe divisor and 
et remainder is a, the second a*, the 
is greater than 1, the remainder con- 
tinually increases t which shows, that the farther the division 
is carried, the, greater is the quantity, either positive or nega- 
tive, which ought to be added to the quotient. The series 
is, therefore, divergmg instead of con/etr^ng. 

Bu.'. if a be less than 1, the remainders, a, a*, if, &c. will 
continually decrease. For powers are raised by multipLca- 
tion ; andlf the Multiplier he less than a unit, the product 
will be less than the muldpUcand. (Art. 90.) If a be token 
equal to |, then by An. 323, 
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mKINITE SERIES. Ml 

and we hare 

Here the tao first terms =t-|-^, which is less than S, by ^ ; 

the thve fii-st = l+ii lees than 2, Iqr J ; 

the four first = 1-f f > less than 8, by -J* 

So that the forther the series is; carried, the nearer it *p- 
proaches to the value of the ^ven fraction, which is equal 
to 2, 

S. If be expanded, the series will be the same as that 

1+0 ^ 

fmn , except that the terms which connst of the odd ' ■ 

powers of a will be negatite. • . 

Sothat— l_=l-<H-a'-a»+a*-o'+a', &c. 

3. Reduce j. to an infinite Beries. 

/ , \a d* _«i . 

a 

* " t. * ■ ' . ■ 



tieat. (An. 124.) ThisismultipliedAitoa-'fr, andthaprodu^t. 
is h--!t; (Arts. 159, 158.) ^£b subtrac^ejl fr«n %'Ieav^ 



tenn of the quotient. If thp operation be continued in. the 
same manner, we shall obtai^ Uie series, 

in which the exponents of-b and of a increase regularly by 1. 
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t6i ALGBBRA. 

4. Reduce .X2 to an infinite series. 
I -a 

Aim. i-^Sa-{-i<f+M-\-t<^f &c. 

489. Another method of forming an infinite series i^ &y 
fftractmg the rodt of a cotnjtovnd mrd. 

Ei. 1. Reduce Vo'+t* to nn infinite series, by extracting 
tne square root according lo the rule in Art. 485. 



a* 



Here a the root of the first term, is taken for the first term 
of the saries ; and the power f' is subtracted fi'om the given 
quantity. Tlie, remainder b' is divided by So, which givea 

t^ for the B^ond tenn of the root (Art. 124.) ■ The divi- 

^o • . . - 

Bor, with tiifi 1%rm added to it, is then multiplied into the 

■subtracted itomb^leave^- — .. which divided I^ Sa gives 
■ t ' ■ * ', ■^** 

-^*5rthe' third term of the root. (Art. 163.) &c. 

2a 8a' ISa* 
3. V«=VM^.= I+i.-Hif. &«■ ■ 
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INFINITE SERIES. , fCft 

490. A tHiMMDial whkh has a negstiTO at fractional expo- 
nent, may be expanded into an infinite eeries by the biaoimal 
Aeorem. See Arte. 480, 482, and the ex8m[de8 at the enfl 
of Sec. xvii. 



INDETERMINATE CO-EFFICIENTS. 

490. h. A foarth method of expanding an algebraic ex- 
pres^on, is by aa$wning a series, with mdeiermMole co-^- 
et«nt«;, undaftervardafinding the value of tbfse co-efficients. 

If the EerieE^ to which any algebraic expression is assumed 
to be equal, be 

A+BK+Ca^-\-Di^-\-Ex*, &c. 

let the equation be reduced to the form in wliicb one of the 
memberaisO. (Art. 178.)^ Theaifauchva'ues be assigned 
tOiSf B, C, &c. that the co-efficients of the several powers 
of «, as well aa the aggregate of the terms into which x does 
not enter, shall be each tqiud to ; it is evident that the whole ' 
will be equal to 0, and tnat, upon this condition, the eqiAtion 
is correctly stated. • 

The values of <9, B, C, &c. are determined^ by reducing 
the equations in which they are respectively contained. 

EiX. 1. Expand into a series _. 

*^ c+bx 

Assume ,-lj.=A+Bx+C^+Di^+E3*, &c. 

c-{-bx 

Then niuUiplying by the denominator c~{-bx, and traas- 
podng a, we have 
0={Ae-a)-{-{M+Bc)x+{Bb-{-Ce)x'-^{C^Ik)3*, ftc. «'■ 

Here it is evident, that if (Ac-a), (M+Bc), {Bb+Cc), 
&c. be made each equal to 0, the several parts of the second 
member of the equation wUl vanish,- (Art. IIS,) and the 
tpfiole will be equal to 0, as it ought to be, accordwg to the 
awumption which has been made. ■ 
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H UGOBA. 




RadoeiBg tlie following equatiooa, 




^«-it=0, , we 


havoJ!=i 
e 


M+Be=0, 


. B=-ij, 

e 


Bb+Ct=0, 


c 


Cb+I)c=0, 


D=-»-C, 



That is, each of the coefficients, C« D, and £, is equal to 
ihs preceding one multiplied into -_ We have therefore 

3.f-Eiq«nd into a series __^55_j. 

Assume l±t^f—=A-\-Bx+C^+Dj^, &c. 

Tb^n multiplying by the dsnominator of the fraction, and 
transposing a-f6x, we have 0=(Ad-a)-\-(Bd-\-^h-b)x 
^{Cd+B/i-{-^c)i?+{Dd+Ch+Bc)3», Sue. 

And _5+^=«-(^-*W-ftj?+£^y.&c. 
5+K+e? d 'U * dj U d / 

S. Expand into a series "^ " .,. 

*jis. l+3!r+4a?+7«'+lli*+18a'+S9y, «tc. 
In which, the co-effiaient'of each of the powers of x, is equed 
to the fum of the co-efficieats of ^he too preceding lenna. 
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INFINITE SEHIES 



*'/t_l_**_L''*'_l_*^**_L'''** 



^5('+l 



6. Expand into a series 



Ana. l-|-«+5i*+lS«'+41x'+121a;*+S65a:', &c. 

6. Expand into a seriei 

*^ 1 -«-»»+*• 

Ans. l+!i4-2a;*+2x»4-3**^-3i'+4a;*4-4a;', &c 

7. BxMBd _V. 8. Expand '"* 

9. Expand ,'^?';, 10. EAand _J±^ 

SUMMATION OP SERIES. 

491. Though an infinite series conEdsts of an unlimited 
number of terms, yet, in many cases, it is not difficult to find 
what is called the ram of the terma; that ie, a qiiantitywhtcb 
dlfiers less, than by any assignable quantity, from the Mue 
of the whole. This is also called the liihU of the series. — 
Thus the decimal O.S3SS3, &c. may come infinitely near to 
the vulgar fraction i, but never can exceed it, nor, indeed, 
exactly equal it. See Arts. 463, 4. Therefore i is the limit 
of 0.33333, &c. that ie, of the aeries 

IB i'TDii [ tvto I 1 01 no I iiiiuus) &C. 
If the number of terms be supposed infinitely great, the 
difierence between their sum and f , will be infinitely small. 

492. The sum of an infinite series whose terms decrease 
by a common divisor, may be found, by the nile for the sum 
of a series in geometrical progression. (Ait. 442.) Accord- 
ing to this, S=—~, that is, the sum of the series is found 

br multiplying the greatest teriQ into the ratio, subtracting 
the least term, and dividing by the ratio less 1. But, in an 
infinite series decreasing, tl^ least term is lafinitely small- 
It may be neglected therefore as of no comparative value. 
(Alt, 466.) The formula will then become, 
S=I^orS=" ■ 
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Ex. 1 . What ia ibe^sum of tlie Infiaita buim 

Here the fitst tenD is ^ and the ratio is 10 

Then S=-!^ =1221:sr=f =1, the answer, 
r-l lO-l 
8. What is the sum of the infinite series 

Ans. s=-!^=«>ll=e. 

r-l 8-1 

S. What is the sum of the infinite series 

l+f+i+.-S+A, &c. 1 Am. f =l+i. 

493. There are cevtain claarcs of infinite series, whose 
aunu may be firnud by nibtraction, 
•By the ruleq for the reduction and subtraction of firaetioi^ 
1 l_3-8_ 1 
8~S 2x3 25<S' 
1 l_4-3_ 1 
8"4 3X4 Sx? 

4 b 4X5 4x5 

If then the firactjons on the rig'ht be formed into a eerie^ 
they will be equal to the ^fference of two series formed from 
the tections on the left. Tfaia difference is easily found ; ' 
for if the first term be taken away from one of these two 
series, it will be equal to the other. 

Suppose we have to find the sum of the infinite series 

L4. _L4_Lh-^ &c. 

2-3^ 3-4 4-5 5-6 
From this, let another he deriyed, by removing the laat 
factor from each of the denominators ; and let the sum of 
tne new series be represented by S, 

That is, let S=^+Li.lfl, &c. 

Then ' S- 1=1+1+1+1, &c 

And jy subtraction i=_ — 1— J — [- 1 — — , ic 
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INFINITE SERIES. 



SI? 



Here the new series is made one side of an e(fiiatJoa, and 
directly under it, is writlea the same series, after the first 
term i is token away. If the upper one is equal to S, it is 
evident that the lower one must be equal toS-^. Then 
subtracting the terms of one equation from those of the 
other, (Ax. 2,) we have the sum of the [vc^x>3ed series 
equaltoi. For S-(S-J) = S-S+i=^. 

2. What is the sum of the infinite s 



Here a new series may be formed, as before, by omitting 
the last &ctor in each denominator. 



«='+H+3+J 



And by sublracUon -=: 



4 l-8^«-4^3-5^ 4-6^5^ 



&C. 



In repeating the new series, in this case, it is necessary to 
omit the two first terms, which are l-|-i=i. 
3. What is the sum of the infinite series 



r.+: 



1 



, &c.t 



S-4-6 ' 4-6-8 ' 6-8-10 ' 8-10-18 
Heie ft new series may be formed by omitting the last fac- 
tor, and retaining the two first, in each denominator. And 
we shall find 



4. What is the sun of the infinite series 
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tS8 ALGEBRA. 

493. (. Series whose soms can be detMmmed, mvy also 
be found by the following method. Assome a decieanog 
series, (Mmtaining tbe powers of a voriaUe quantity x, whostt 
■um = S. Multiply both sides of tbe equation, by a com- 
pound factor, in woich x and some constant quantity are ctm- 
tained ; and give to x such a value, that the ctmipound &c- 
tor shall be equal to 0. If one or more of the first tenDS bs 
then transposed, these wilt be equal to tbe sum of tbe re- 



Multiplying both sides by x - 1, we hare 

. If we make x=I, the first member of the equation becomes 
5x(I-I)=0. (Art. 112.) Then traospowng - I from the 
othw side, we have 

I 1,1,1,1 



^2^3^ 4^r 

Multipljnng by :^ - 1, we hare, 

8^ 1-3^ 2-4 ' 3^ 
Making r=l, and transposing the two first tenue of Om 
series, we hare 

^2 S l-3^2-4 3-6 4-6^6-7 





we have 






Sxit^-Sx+l), 


-' r'"r*3+ 


2-S-4 




And if X be put equal to 1, 






3 S 
t l'i'3 


'"2-3-4+3-4-5 ' , 


S 


Kc. 
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From the two last examples it w91 be seen, that i^ereat 
teria may have the ntme nan. 

RECURRING SERIES. 

493. e. AThen a series is so constituted, that a certaia 
number of contiguous terms, taken in any part of the series, 
have a giv^a rda^m to the tenn immefuately eucoeeding, 
■it is called a recwriag leriea; as any one of the following 
ternis may be found, by recwring to those which precede. 
Thus in the series l+3i+4i'+7a^+liy+18i', &c. 
the turn of the co-efficients of any two contiguous terma^ is 
equal to the co-efficient of the foUo%viiig tenn. If the series 
be expressed by 

■ Then .9=1, the first term. B=ix, the second 
C=J?x-fJi*= 41*, the third, 
D=Ci+Ba?=7a^, the fourth, fcc. 

Th^ is, each of the terms, after the second, is equal to the 
one immediatdy preceding multiplied by «, -4- the one next 
[R-ecediog multiplied by r. 

In the series 1+%x+Sj!'+4i^+S3!'+6:^, &c., . 
each lerpi, af^r the second, is equal to 2x multijdied by the 
tenn immediately preceding, -x* multiplied l^ the term 
Dext preceding. The ooi^ffieiente of x and a^, that is -|-S - 1, 
consUtote what is c^ed the acttU of relation. 

In the series l+ii-f-6*'4-llx'4-88a:'+63«', Stc, 
any three contiguous terms have a constant relation to tfie 
succeeding term. The tcale of rebftm is 2 - 1+3 ; so that 
each term, after the tliird, is equal to &e into the term imm^ 
diately [H'eceding, - x* into the term next preceding, -{-3x* 
into the third preceding term 

Let any recurring eeries be expressed l^ 
^-\-B-{-C-\~D+E-\-F, &.C. 

If the law of progression depends upon too cwtiguoug 
terms and the scale of relation consists of two partSr ill 
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Tlwn C=:Bmx-i-^m^i the tfaiid tenn, 
D=Cmx-i-Bia^, the fourth, 
E=Dmx+Cnx^, the fifth, 
&c. &c. 

If the law of progression depends on threp cont^otw 
terms, aod the scale of relation is m+n-f-r, 

Then D= Omx-^-Bni^-^.,9n*, the fourth tmn, 
E=Dmx+Ciu!'+Br^, the fifth, 

&e. &c. 

|f the law of piogieseion depends on more thtn three tenatt 
the succe^ng terms aie derived from them in a eimilu 
manner. 

49S. d. In any recurring seriei^ the scale of relaSoa, if it 
cmsistB of tno parts, ihay be found, by reducing the equa- 
tions enresang the TalueB of two of tihe terms ; if It con- 
asts of ihree parts, it may be found by reducing the equatiiMis 
expressing the values of three terms, &c. As the scale of 
relation is the same, whatever be the value of x in the series, 
thfi reduction may be rendered more eumyl^ by making «= 1. 

Taking then the fourth and fifth tWrns, in the first exam- 
ine above, and making x=l, we have 

^~^j;+^ J to find the valuM of m «Dd n. 
These reduced, (An. $39,) give ' 
^_ DC-B E _CE~ DD 

CC-BD "^^CC-SD' 

, In the series | ^^2+5^+7?+ J+11 J[ &c. 
Making x'=\, we have 

__ 7x5-3x9 _a n^^'T*- ] 

5'-3x7: S»-3X7~" ' 

Therefwe, the scale of relation is S — 1. 

To know whether the law of progression depentk on lipOt 

three, or more terms ; we may first make trial of' two terms : 

and if the scale of relation thus found, does not correspond 
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with the ^ven sericB, we may try three n more tetnm. Or 
if we begiD with a number of tcnns greater than is neces- 
Bary, one or more of the values found will be 0, and the 
others will constitute the true scale of relation. 

498. e. When the scale of relation of a decreasing recur- 
ring series is known, the mm of the terms may be found. 
. , (^ 5 C D E F 
"•^ I a+bx+cx'+dx'+ex'+fj^, &c. 
be a recurring series, of which the scale of relation ia nt-f-n. 
Then ^= the first term, B^ the bwod^ 
C=Bxmx-\-Axnx', the third, 
D=Cxmx+Bxnx', the fourth, 
E=DX»n*-l-Cx«a^. the fifth, 
&c. &c. 

Here mx is muldphed into every term, except the first and 
the last ; and n;^ into every term except the two last. If 
the series be infinitely extended, tlie last terms may be neg- 
lected, as of no comparative value, (Art. 456,) and i( S= 
the sum of the terms, we have 

S=^~i-B+mx(B-\-C-i-D, &c.)+»u?x(^+-B+0, &c.) 
But S~^=B+C+D, &c. And S=^-\-B+C, &c 
Therefore 8=^-\-B+fiixx{S-^+n!c'xS. 
Reducing this equation, we have 

1 - mat - nx* 
Ex. 1. Whet IB the sum of the infinite eeiiea 

l+6:E+12«'+48a:*+12(te', &c. 1 
The scale of relation wilt be found to be l-|-6. 
Then^=l, B=6x, m=l, »=6. 



The series thereftn-e = 



1+5j 



S. What is the sum of the infinite series 

l+3»+4»*+7a'+JU*+18«'+S9»», fte.t 
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BTt ALGCltKA. 

S. Whal is the gum of the infinite fleries 
l+»+6«"+ISi'+41.'+lSI»'+S65i', So. » 
a™. _ili__. 

I -.81 -Si* 
4. What is the sum of the infinite Beriea 
l+S«+S»'+4i"+6i', 810.1 
4„. l+8a:-2a: 



6. What is the sum of the infinite seHes 
l+S«J-5«>+7«'+9."+l 1 j", &c.! 

An..J+f_ 

6. What is the sum of the infinite series 
l+Si+8i"+28»"+100»', &o. I 

^■ l-'sx-g.- - 

»'»*''■«'" {i-f.+S.+£.+S-4|., «.e. 
the scale of relation consiats of ihrte parte, ffl-{-n-f-r, 

Then ^E= the first term, B= the second, C= the tbbd, 

D= Cx»>a+Bx»ir*+*3xi'«', the fourth, 

£=i>Xmi+Cxna'+Bxra:', the fifth, 

f=£Xm*H--Dx»w*+CX»^. the siith, 

&C. &c. 

Therefore 
S=^+B+C+in«x(C+7)+E SicO+iw'X 

(B+C+D&c.)+r*'x(^+-B+C«w;.) That^ 
fil=.tf+B+C+nwX{S-^-5)+fw'X(S-^)+r*»XS 
Reducing this equation, we have 

„_ A-\-B-\-C~{A-\-B)mx-,6nJ' 
t-ww-iw'-ra:* " 
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INFIHITE SraiI£S. 

Ex. I. What is the Eum of the infinite seriea 
l+*F+6*'+lla:', +26x'+63«', &c 
ID vbica the scale of relation is S - 1 -f 3 % 
Ana. l+2'g+^'-2»' _( l+a:)'-8j' 
l-Zi+T^-Sr" (l-x)»-3jr' 
2. What is the sum of the mfiQite eeries 
^ \+x+%ii'+2!e>-^Sx'+3x/'-i-4x'Jr4x\ &c. 
i& nfbich the scale of relation is t-fl - 1 1 



METHOD OF DIFFERENCES. 

493. e. In the Summation of Series, the object of inquiry 
IS not, always, to determine the value of the tehole when in- 
finitely extended ; but frequentiv, to find the sum of a cof 
tion number of (emu. If Ine series is an inereasing one, the 
eum of all the terms is infinite. But the value of a limited 
nmnber of terms may be accurately determined. And it ia 
frequently the case, that a part of a decreasing series, may 
be more easily summed than the whole. A moderate num- 
ber of terms at the commeiH:ement of the series, if it conver- 
§ea rapidly, may be a near approximation to the amount of 
le whole, when indefinitely extended. 
One of the methods of determining the value of a limited 
namber of terms, depends on finding the several orderi of i^- 
fermcu belonging to the series. The differences between 
the terms themselves, are called the fir«t order of differences; 
the differences of these differences, the 9K<mA orda; &c. In 
the series, 

1, 8, 27, 64, 125, &c. 
by subtracting each term from the next, we obtain the first 
order of differences 

7, 19, 37,61, &c. 
and taking each of these from the next, we have the second 
order, 

12, 18, Z4-, &.C. 
Proceeding in this manner with the seriea 
a,b,c,d, e,f, &c. 

we obtaiA the Allowing ranks of difference^ 
24» 
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Ist. IKfT. b~a,e~b,d-e,e~d,f-e,tA. 

Sd. Difi:c-3H-a,(I-Sc-l-6, s-S(l-K/-£e-K&:e. 

Sd. J>]S.d-3c+ib~a,e-Sd+Se-hJ-S^Sd-eitus. 

4th. Diff. e-4(H-6e-4b4-a,/-4&4-M-4e+6 &c. 

6th.Diff./-5e+lM-10c+5i-o,ftc 

In these ezpreaffionB, each diSereoca, here pointed off b^ 
commas, though a compound fjuantity, ii called a. term. Tfava 
the first term in the6rBtrankis6-a; intheeecond, c-26-f-<*t 
m the third, d~Sc-\-Sb-a; &c. The first tenat, in the 
eeveral orders, are those which are priDcipally employed, in 
inveatigating and af^ying the m«thod of differottces. It vill 
be seen, that in the preceding scheme of the euccessiTe dif- 
ferences, the co-effidetUs of the first term. 

In the seccmd rank, are 1, S, 1 ; 

lathe third, I, 3, S, 1; 

In the fourth. 1, 4, 6, 4, I; 

In the fifth, 1, 5, 10^ 10, 5, 1; 

Which ftre the same, as the co-efBeients in the poutn tfht- 
nomtoi*. (Art. 471.) Therefore, the co-dBcients of ^ flnt 
urm in (he hUi order of diSerencvs, (Art. 472,) are 

49S. / For the purpose of obtaining a ^neral enteaoiMi 
for ony term of the senes a, b, e, d, &e. let I>', D", iP', I}"", 
&.C. represent the frit terms, in the Rret, second, tbiiil, fonrtli, 
&c. orders of differences. 

Then !>'=(. -fl, 

D"=c-2b+a, 

D""=e-4d+6e~U+a, 
&c. &c. 

Transposing and reducing these, we obtain the fdlowin^r 
expressions for the terms of the original series, a, fr, ^ d, &c. 
The second term b=a-{-D', 
The third, c^a+Ziy+D", 

The fourth. d= a+Siy+iD"+D"\ 

The fifth, e=a+4I>'+6i?"+4D"'+I>"", 
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INFINITE, »RIE9. t7ft 

Here the co-^Scients observe the same lav, w in the jiou- 
m of a hinomitH; with this diflference, that the oo-eflicieali 
of the nth term of the series, ore the co-efiSdenta of the 
(n— l)th power of a binomiaT. 

Thus the coefficients of the fifth term are 1, 4, 6, ^ 1 ; 
which are the same as l^e co-efficients (A- the fowth power 
of a binomial. Subslltiiting, then, n - I forn, in the formula 
for the co-efficients of an involved binomial, (Art. 472,) and 
applyiog the co-eSicieots thus obtained to D", D", J)"\ D""f 
&c. a« ill the preceding equation^ we have the following gen- 
eral expression, for tjie nth term of the series, ayb,c,d, &c. 

The nth term 

=a+(n-l)I>'-|-(»-l)rir2D"-|-n-l!i^X^", &c. 

When the differences, after a few of the first orders, become 
0, any term of the series is easily found. 

Ex. I. What is the nth term of the serieB 1, 3, 6, 10, 1$, CI 9 
Proposed series 1, S, 6, 10, 15, 21, &c. 
First order of diff. %, 3, 4, 5, 6, &c. 
Second do 1, I, 1, 1, &c. 

Third do. 0, 0, 0, 

Herea=l, iy=2, D"=z\, V'^.d. 
Therefore the nth term = 

TbeSOth term =1+38+171=210. The50th = 1276. 
S. What is the 20th term of the series V, 2\ 3', 4*, 6*, &c. 1 
Proposed series 1, 8, 27, 64, 125, &c. 
. First order erf diff. 7, 19, S7, 61, &c. 
Second do. 12, 18, 24, &c. 

Third do. 6, 6, &c 

Here D'=7, I>"=1S, i>"'=6. 
Therefore ihe'SOth term =8000. 

3. What is the 12th term of the series S, 6, 12, 20, 30, &c.1 

Ans. 156. 

4. What ii the 16th tenn <rf the «riM I", 2', 3', 4", b\ 6', V*' 

Ana. 225. 
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t7f ALGEBBA. 

- 4dS. g To obtain nu ex[i«snon for the turn of any mudber 
of terma of a series a,b,e,d, &,c. let one, two, ihieo, he. teras 
bo Bucceasively added together, so as to form anev uriti, 
0, a, 0+6, a+6+e, a+b+c-^d, &c. 
Taking the differeaces in this, we have 

iBt Dliff. a, b, c, d, \ f, &c. 

2d Diff. b-a,c-b,d-c,e-d,f~t,&c. 

8d Diff. e-U+a, d-ic+b, e-Zd+cf-Zt+d, fitc. 

4th Diff. d-Sc+Sb-a, e -9d^3i-b,f'te+id-c, &c. 
&.C. Sic. 

Here it will be observed that the second rank of differences 
m the new series, is the same as the^sl rank in the criginat 
sedes a,b,c,d, e, &g. and generally, that the (n-|-l)th rank 
in the new series is the same as the nth rank in the original 
series. If, as before, D'= the first term of the first differen- 
ces in the original series, and d'=: the first term of the first 
differences in the new series ; 

Then rf'=o, d!'=iy, d"'=iy', df'"=I>",&c. 

Taking now the formula (Art. 493./.) 

^Kn-!)B'+(»-l)^^'+(»-l)l^xSjJz>''+SL:. 

which is a general expression for the nth terra of a series in 
which the first term is a ; applying it to the new series, in 
which the first term is 0, and substituting n-f-1 forti, we have 




Orno+nltliy-fn!!^ 

[Sec. 
VPhichisa general expression for the (n-{-l)th termof the 
series 

0, a, a+b, d+fc+c, o-Ui+c+rf, &c. 
or the nth term of the series 

a, a+b, a+b+c, a+b+c+d, Sic. 
But the nth term of the latter series, is evidently the smn 
of A terms of the series, a, b, c, d, &c. Therefore At 
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INFINITE SERIES. fYT 

for the svm of a terms of a »eriet of vlueh a 
M the first term, is 

Ex. 1. What is the sum of n terma of the series of odd 
mmbtri, 1,3,5,7,9, &c.? 

Series proposed 1, 3, 5, 7, 9, &c. 

First order of diflf 2, S, 2, 2. &c. 

Second do. 0, 0, 0, 

Hetea=l, iy=% iJ"=0. 

Therefore the Bum of n terms =n-f-»"~ -X2=w'- 

That is, the rant of the terms is equal to the tquart of tkt 
nmnber of terms. See Art. 431. 

2. What is the smn of n terms of the series 

1», 3S 3», 4", 5\ &c. 1 
Here a=\, iy=S, 2>"=S, I>"'=0. 

Therefore n terms =-i(?n'4-3n'+n)=in(n4-l)x(2n+l). 
Thus the sum of 20 terms =2870. 

3. What is the sum of n terms of tha series 

V, 2*, 3^ 4', &C.1 
Here 0=1, i>'=7, D"=n, D"'=6, D""=0. 

Therefore n terms = J(rf+2n"+n'') = (inx«-pl)'' 
Thus the sum of 50 terms =1625625. 

4. What is the sum^of n terms of the series 

2,6, 12, 20,30, &c.? 

AnB.H'H-l)X{»+2.) 

5. What is the sum of 20 terms of the series 

1, 3, 6, 10, 15, &c. r 

6. What b (he sum of 12 terms of the series 

l',2*,S*,4*, 5S&C.1* 



• So* Note U. 
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SECTION XX. 



Art. 494. EQUATIONS of any degree may be produced 
from gimple equations, by midtiplication. The mamier in 
which they are compounded will be best understood, by 
taking them in that Btate in which they are all brought on 
one side by transposition. (Art. 178.) It wUI also be neces- 
sary to assign, to the same letter, (Merent v^uee, in the 
different simple equations. 

^ Buppoee, that in one equation, x=2 ) 
And, that in another, x=3 ) 



By transpositioo, x - 3 = 

And £-3=0 



Multiplying them uigether, x^-ffx-{-6=0 
Next, suppose x - 4=0 



And multiplying, i'-9i"+26a;-24=0 

Again suppose, x~S=0 



Ami mult, as before, if - Ux'+lW - 1541+120=0, &e. 
Cdlecting together the products, we bsVe ■ 
(x-i){x~S) =a»-iM:+6=0 

(«-«)<«-3)(»-4) =i'-9*'+26ar-24=0 
(«-J)(*-3)(a;-4)(a;-6)=e'-14a'-|-7li*-154«4-I«0=iO&c 
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EQUATIOHS. tro 

Thati8,tIuprDdtKt 

v€ two simple equations, is a ^iiodrattc equatioo ; 
of tkrtt simple equalions, is a mfric equation ; 
of Jour simpte equations, is a biqwdratit, or an equa- 
tioQ of the franh degree, &c. (Art. 300.) 

Or a cubic equation may be considered as the product of a 
quadratic aud a simple equation ; a biquadratic, as the 
product of two quadratic ; ur of a cubic and a simple equa- ' 
(ion, &,c. 

495. In each case, the exp<mentof the unknown quantity, 
ID the first tann, ia equal to the degree of the equation ; asd, 
ia the aucceedior terms, it decreases regularly by 1, like the 
exponent of the leadiiig quaatiiy iu the power of a biDonuoL 
(Art. 468.) 

In a quadratic eqiiation, tbti exponents are 3, 1 . 

In a cubic equation, 3, 2, 1. 

In a biqi.adraiic, 4, 3, 3, 1, &c. 

496. ^enmnierof terms, is greater by 1,'than the degree 
of the equation, or tlie number of aim|de equations from 
which it is prodiiced. For besides the terms which conUin 
the ditTerent powers of the unknown quantity, there is on* 
which consists of known quaotitice only, llie equation is 
here supposed (o be mmfi^. But if ^t« are in las partial 
products, terms which baltuice each other, these may duop- 
ptar in the restdL (Art. 110.) 

497. Each of (he values of the unknown quantity ia cal- 
led a roof of lAc equation. 

Thus, in the example above. 

The roots of the quadratic equation are 3, S, 

of the cubic equation 4, 3. 2, 

of the biquadratic 5, 4, 3, S. 

The term fort 13 not to be understood m the same sense 
here, aa in the preceding sections. The root of an tqaation 
is not a quantity which multiplied into iUeif will produce ths 
equation. It is one of the values of the unknown quantity ; 
and when its sign is changed by transposition, it is a term in 
ooA of the binomial fuctots which enter into Iho cnnpoBitton 
of the equation of which it ia a roou 
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The value of the unknown letter x, io the «qaatIon,'It a 
quantity vliich may be substituted for x, without afiecting 
tne equality of the members. la the equationi which we 
are now conEidering, each member is equal to ; and the 
first is the product of sereial factors. This product will cof»> 
ttnue lo be equal to 0, as long as any one of its factors is 0. 
(Art. 1 12.) If then in Ute equation 

(»-2)x(«-3)x(»-4)-(«-6)=0, . 
Ve substitute 2 for t, in the first factor, we have 
Ox{t-3)x(*-4)-(x-6)=0. 

Bo, if we substitute S for x, in the second factor, or 4 in 
the third, or 5 in the fourth, the whole product will still be 0. 
This will also be the casei when the product is formed by an 
actual multiplicatiou of the several factors into each other. 
Thus, AS iT* - 9a»4. «««- a4«=0 ;' (Art. 494, 

So 2»-9x2'+26x2-24=0, 

And3*-»x3»+S6x3-24=0, &c 

Eitlier of these values of x, theiefive, VfM Miafftbaem- 
ditions of the equation. 

498J The number of roots, then, which belong to an equa- 
tion, is equal to the degree of the equation. 
' T^Qs, a quadratio equation ha« toe roots ; 
a cubic equ^ion, three; 
a biquadratic, Jmar, &c. 
Some of these roots, however, may be wu^pnmy. For an 
iinogi nary expression may be one of the factors from wliicb 
the equation is derived. 

499. The resolution of equations, which consists in fin^g 
their roots, cannot be well understood, without brining into 
view a number of principles, derived from the manner in 
which the equations are compounded. The laws by which 
the co-e^cMnt< are governed, may be seen, from the fulowiog 
view of the multiplication of the factors 
' x-a, x-b, x — c,x-d, 

each of which ia supposed equal to 0. 

The several co-efficients of the same power of «, are pla- 
ced under each other- 
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BQUATIONS. . S81 

Thus, -ax -bx 13 written "* r J * ; and the other co-effi 
cients in the same manner. 

The product, then 



Of («-a)=0 
lnto(x~b)=0 



Is **_! ( x-{-ab=0, a quadratic equation. 
This into »-c=0 



:!l 




+061 . 
ar-f dc > X- abc=0, a cubic equation. 



X'\-abcd=0, a biquadntk. 



500. By attending to these equations, it will be tttax that. 

In the first tenn of each, the co-efficient of x is 1 : 

In the second tenn, t)ie co-efficient is the sum of all the 

roots of the equation, with contrary signs. Thus the roota 

of the quadratir. equation are a and b, and the co-efficients^ 

in the second term, are - a and — b. 

In the third term, the co-efficient of c, is the sum of all 
the products which can be made, by multiplying together 
any two of the roots. Thus, m the cubic equation, aa the 
roots are 0, 6, and c, the co-efficients, in the third term, are 
ab, ac, be. 

In the fourth term the co-efficient of a: is the sum of all 
the products wliich can be made, by multiplying togetliei 
any three of the roots after their signs are changed. Thi«. 
the roots of the biquadratic equation are o, 6, c, and d, and 
the co-efficientB in the fourth term are - abe, - abd, - acd, 
~bcd. 

The hst term is the product formed from all the roots of 
Hm equation atter the signs are changed. 
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In the Cubic equaUou, His -ax^^X~c= -abe. 

In tlie biquadratic, -ax-bx -cx ~d=+abcd, &c. 

501. In the preceding examples, the roots are all positive. 
The agna are changed by tranapositifm, and when the seve- 
ral factors are multiplied together, the tenns in the product, 
as in the power of a residual quantity, (Art. 476,) are alter- 
nately positive and negative. But if the roots are all nega- 
tive, they become positive by transposition, and all the terms 
in the product must be positive. Thus if the several values 
of X are -a,—b,-c,-d, then 

a:-|-a=0, x+b=0, a:-f c=0, x-\-d=0 ; 
and by multiplying these together, we shall obtain the same 
equations as before, except that the signs of all the terms 
•will be positive. In other cases, some of the roots may be 
positive, and some of them negative. 

503. As equations ace raised, from a lower degree to a 
higher, by multiplication, so thej may be depresseA, from a 
higher degree to a lower, by divwiM. The product of (x - a) 
into (z-o]is a quadratic equation; tbk into (x— c) is a 
cubic equation ; and tliis into {x - d) is a biquadratic. (Art. 
494.) If we reverse this process, and divide the biquadratic 
by (x—d), the quotient, it is evident, will be a cubic equa- 
tien; and if we divide this by {x~e) the. quotient will be 
quadratic, Sic. The divisor is one of the factors from which 
UK equation is ^^uced; that is, it is a biQootial consisting 
of X and one of tlie roote with its sign changed. When, 
therefore, we have found either of the roots, we may divide 
by this, connected with the imknown quantity,, which will 
reduce the equation to the next inferior degree. 

RESOLUTION OF EOUATIpNS. 

503. Various methods have been devised for the resolution 
of the higher equations ; bur many of them are intricate and 
tedious, and others are applicable to particular cases only. 
19'he roots of numerical equations may be found, however, 
with sufficient exactness hy successive approximations. From 
the laws of the co-efficients, as stated in Art. 500, a general 
estimate may be formed of the values of the roots. They 
must be such, that, when their signs are changed, their 
product shall be equal to the la»l term of the equation, aod 
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lime turn equal to the co-efficient of the nMnil term. A tri«l 
may then be made, by subatituting, in the fdace of the uhp 
known letter, its supposed value. If this [H'ovca to be too 
small or too great, it may be iocreased or diminiabed, and 
the trials repeated, till one is found which will nearly satisfy 
the conditions of the equations. After we have discovered or 
assumed two approximate values, and calculated the «iTors 
which leeult firom them, we may (^CaJH a more exact cor- 
rection of the root, by the following proportion. 

At the d^erence of the erfon, to the difference of the <ttnimt4 
numbers; 

So is the hatt errw, to Ike correction required, in Ih* cortes- 
wmdkag atmaaed namher. 

This is founded on the supposition, that the errors in the 
MuUf are proportioned lo -the taxon in the astwmd ntM>6er«. 
Let JV and n be the assumed niunbers ; 

S and s, the errors of these numbers ; 
R and r, the errors in the leaults. 

Then by the suppo^tion R:r%: S :s 

Andsubt. the consequents (Art. 389.) R-r: S-s::r:s. 

But the difference of the assumed numbers is the same, 
as the difference of their error?. If for instance, the true 
Dumber is 10, and the assumed numbers 12 and 15, the er- ' 
rors are 2 and 5 ; and the difference between 2 and 6 is the 
same as between 13 and 15. Substituting, then, JV*~n for 
S-s,we have B-rtiV-n: : r:s, which is the proportion 
stated above. 

The term dt^erence is to be understood here, as it is com- 
monly used in algebra, to express the result of subtfaction 
according to the general rule. (Art. 83.) In this sense, tha 
difference of two numbers, one of which is positive and the 
other negative, is the same as their sum would be, if their 
signs were ahke. (Art. 85.) 

The supposition which is made the foimdation of the rule 
for finding the true value of the root of an equation, is not 
strictly correct. The errora in the results are not exacl^ 
proporlicDed to the errors in the assumed numbtars. But 
as a greater error in the assumed number, will generally lead 
to a greater error in the resull, than a less one, the rule will 
answer the purpose of approximation.. If the value which is 
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firet found, is not sufficiently correct, thisituty be taken aa ons 
of the numbers for a eecond trial ; and the process maj be 
repeated till the error is diminished as much as is required. 
There wflt generally be an adTantage in assuming two num- 
bers whoee difference is .1, or .01, or .001, Sic. 
£x. 1. Find the value of x, in the cubic equation, 
.«»-8«*+17i-l0=0. 

Here as th^signs of the terms are alternately posi^re and 
negative, the roots must be all positive ; (Art 501.) their 
prmluct most be 10 and their sum 8. 

Let it be suppoeed that one of them is JS-1 or 5-S. Then, 
Bubstituling these numbers for x, in the given equation, we 
have, 

BytholBtBuppos'n,(5-l)"-8x(5-l)»+17X(6-lHO=l-«7l. 
Ik the second (6-2)'-8x(5-2)'4-17x(S-2)- 10=2-688. 
"niat is, By the 6Tst supposition. By the second supposition. 
The 1st term, iK»= 132-651 140 608 

The 2d -8x»= -20808 -216-32 

The 3d 17x= 86.7 88-4 

The 4th -10=- 10. - 10- 



Sumsor eirora, -f 1-271 +2-688 

Subtracting one from the other, 1-271 



Their difference ia 1-417 

Then stating the proportion 
1-4 : 01 : : 1-27 : 009, the cortection to be sub. 
uacted from the first assumed number 5-1 : The remainder 
e 5-01, which is a near value of x. 

To correct this frirther, assume x=5-01, or 5-02. 
By the fiist supposition. By the second supposition. 



rhe Ist term 
ThcSd 
ThBM 
The4tli 


••= 126-751 
-8i"=- 200-8 
17» = 85-17 
-I0 = - 10- 


126-506 
-201-6 

85-S4 
-W. 


Emn 


+ 0-lSl 


+ 0-M8 
0-181 




Diflerence 


0-lU 
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- Thtfii O-lSfi ; OOl : : 0-lSl : 0«1, tbo xoireclioo. Tbia 

■nbbwited from 5*01, leaves Stottbit value of x ; which will 

be fomid, on trial, to satisfy the c<«diUoiia of the equation. . 

For ff-8xS'+ltx6-lO-0. 

We li&ve thua obtained one of the three roots. To 6nd 
the other two, let the equalioa be divided hy x~S, according 
to Art 46S, and it will be depressed to the next inferior de- 
gree. (Art. 502.) 

» - 6)x' - 8»»+17« - 10(«* - 3i+S=0. 
Here, the equation becomes quadratic. 

By transpo«tion, ^-S*=-S. 

Completing the square, (Art. 306.) x*-S«4-f=t-<=J. 

Extract, and transp. (Art. SOS,) a;=S±vi=*:!4' 

The first of these values of «, is £, and the other 1. 

We have now found the three roots (^ the proposed equ^ 
tion. When their signs are changed, their sum is -^^ the 
co^ffioiest . of the second term, and their product - 10, the 
last term, 

S. What are the roots of the equation 

ir»-83^+4*+48=0J Ans. -J,+4,+6. 

3. What are the roots of the equation 

J*- 16ii»+66«-60=0l Aju. 1, 5, 10. 

4. What are the roots of the equation 

x>-|.Sx*.33x=90 1 Ans. 6,-5,-3. 

5. What is a near value of <Hie of the roots of the equation 

»'+9i*+4i=80T 

6. What is a near value of one of the roots of the equation 

^+:t>4.;F=1001 

503. b. Another method of apravxiraating to the roots of 
numerical equations, is that of Newtoii, by succesHve stAsH- 
tutUma. 

XM r be put for a number found by trial to be nearly equal 

to the root required, and let z denote the difference between r 

and the true root x. Then in the given equation, subetitute 

rig tot X, and reject the terms which contain the powers of x. 

26* 
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Tbia WiH reduce t!w eqasLtioQ to a nmnfe one. .Anil ff t 
be less than a unit, ita powers will be etill less, and therefen 
the error occadoned by* the rejectioD of the tenos in wfaieh 
they are coatiuned, will be coinparatJTely emalL If the 
value of z, as found by the reduction of the new equation, 
be added to or subtracted from r, accwdin^ as the latter is 
found by trial be too great or too email, the assumed root will 
be once corrected. 

By repeating the process, and substituting the corrected 
value of r, for its assumed Talue, we may come nearer and 
nearer to the root required. 

Ex. I. Find one of ibe values of x, in the equation 
a:»-l&t'+66i=S0. 

Let r-z=:x. 

( e5w= 65(r-i)= 6Sr -66* } 

Bejecting the terms which contain ^ and z*, ve have 
r"- 16H+65r-8r»i+S2«- 6fa=50. 
- This reduced gives 

60-r'+16T*-65r 

-V +38r-fi6 



and x=r-z nearly =11 -0-8=10-S. 

To obtain a nearer approximation to the root, let the c«- 
rected value of 1.0'2 be now substituted for r, in the preceding 
equation, instead of the asstuned value 11, and we snail have 

i=:-188 a:=r-r=>=10-012. 

Tor a (W-dapproidmation, let r^lO-Oia, and we have 
z=-0]2 s=r-z=lO. 

S. What is a near value of one of the roots of the equaticm 
2»_|-10^+5x=:26001 Ana. 11-0067. 



S. What are the roots of theequation 
3*+S;^-llz=iai 
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4. What are the foots of the equation 

503.C. An sqnalioo of the mth degree coniute ot af, the 
eoTeral inferior povers of x with their co-efficienta, and one 
teim in which x is not contained. If ^ S, C, . . . . T, be 
put for the several co-efGcients, and U for the last term, 

then »-+.^-'4.BT"-*-f Ci— » 4-IV+l7=0, 

will be a general expression for an equation of any degree. 

If Oi 6, e, &c. be root* of any equation, that ie, such quan- 
tities as may be substituted for a:; (Art. 497.) it maybe 
shown, without reference to the method of producing the 
equation by multiplication^ that tht jirtt memtr U exatUg 
dmnhU by x~a,x-h,x-ey &c. 

Fw by substituting a Iot x, we have 

<r+^(r-'+Bo— '-t-Ccr-* .... +7'«-|-t?=o. 

Anu teaiisposing terms, 

U= - of" -^a"-'- Ba—"- Crf— • . . . . - r«. 

Substituting this value (oi U, in the original equation, 

^_|.,5x"-'+Btf— '+Caf— » \.Tx \ _n 

-^-M—'-Ba—'-Ckr-'.... -Taj-"- 

Or, uQiting the corresponding terms, 
(C«— '- Co— •) .... +T{x-a)^0. 

In this expression, each of the quantities (aT-a"), 
(AiT-'-^a—^, &c. is divisible by x-a ; (Art. 466.) there- 
fore the whole is divisible by a; - o. 

In the same manner it may be shown, that the equation is 
divisible hy x-b,x-c, &c. 

503.(1. The quotient produced by dividing the original 
equation by x - a, is evidently equal to the aggregate ta the 
particular quotients arising from the division of the several 
quantities (i" - <r), (x— '-(T-"), &c. 

The quotient of (x" - a") -j-(x - a), (Art 466) is 

*-- '-Hur-'+rfj^-'+aV- ' . . , +a— '. 
The quotient of A (i"-* -rf'"')-T-(»- o) is 
Ji3r-'^iur-''-{-A(f3f-* . . . -l-^rf— • 

&c. fee. • 
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Collecting these pwlkular qugtiento (gather, and pktcing 
under each other the co-efflcienla of the eeme power of x^ we 
have the following exprcaeion for the quotient of 

<"-M^-'+J(>!— ■+Cir-' hT»+P 

divided by X- a. 

+B > +B« ( +B«— ■ 

I. +C ) +C«— • 

+1-; ' ■ 

The qoolientof the same equation divided byx-6, is 

+^ i "^ +JH S ^-•-Ml' ( ,-, +-9»-' 
+J» ) +BJ i'^ +BS— • 

II. +c > +a— • 

+T.' ' ' 

The quotient from dividing by z - e, is 

I— '-H ! j-rf"" ) +«■ ) ...+ «— 

+Ji'^ ■M«'>I— +^( ^-. -Me"-' 

+B i +Bc ( "^ +Be— 

III. +C ) +C<— < 

+r.' ■ 

In the same monaer may be foUDd the quotients produced 
by mtroducing successiTely into the divisoc the Beverol roots 
of the equation ; which are equal in niunbec to ni. 

SO$.e. From the known relations between tlie roots and 
the co-efficienta of equations, as stated in Art. 500, Newton 
has derived a method of determining the co-efficients, Irom 
the ntm of the roots, the sum of their i^aaret, the sum of 
their cubu, &c., though the roots themselves are unknown ; 
and in the other hand of determining^ from the co-efficients, 
the sum (d the roots, the sum of their squares, the sum of 
their cubes, &c. For this purpose, the following plan of qo- 
tatitm is adopted. Si is put for the sum of the roots, S, for 
the sum of their $quare$, iS^ fw the sum of their evbei, ^. 
If the roots are a, 0, e, d, , , . t, then 
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S, =a*+b*-\.e*+d* . . . +P 
S,=a'+b'+e'+a' ...+!■ 
S,=tf-+6-+«--|-*' . . . +f 
S._,=a— '+6— '+c— '+(f-' . . . 4-f"-' 
&c. &c. 

By means of this notation, m i^taia the ft^owhig ez|veB 
■ion for the tunt of all the quotients marked I, II, III, &c 
(Art. BOS.d.) and continued till their number ia equal to m. 



+ntr. 



In the <NrigiDal equati(»i, 

the co-efficients, ^, Zf, C, &c. have determinate relations to 
the sum and products of the roots, a, b, c. Sec. (Art. dOO.) 
But the quotient marked I, (Art. 503. d.) produced by divid- 
in? by X - 0, is the first member of an equation of the next 
wfenar degree, (Art. 502.) ftom which the root a is exdaded. 
8o 6 is excluded from the quotient II, c from the quotient III, 
&c. In the expression above marked Y, which is the awn 
of m quotients, the co-efficieqt of z in the second term is 
Si -\-mJi. But •&, which is the co-efficient of x in the second 
term of the original equation, is equal to the sum of the 
roots a, b,e, &c. with contiaiy signs; (Art. 500.) that is 
5, = -A Therefore, 

Si-\-mA={m~\)A. 

In the lAmI term of the oii^nal equation, B the co-effi- 
cient of X, is equal to the sum of all the products which can 
be made by multiplying together any two of the roots. (Art. 
600.) But each (rf these products will be excluded from 
tuo of the quotients, I, II, III, &:c. For instance, ab will not 
be found in the first, from which a is excluded, nor in the 
second, from which b is excluded. Therefore in the expies- 
siwL r, the co-efficient of x in the third tenn ia equal to 
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mB~tab-iac- iad, &c. But- Sob, -tac,~ Sod, &c. = - 
tB. So -thai 

Srf ^5,+»itB={«- %)B. 

In the ,/bur(h term of the original equation, C the co-effi- 
ci0\it of X, is equal to the sum of oil the products which can 
b^ made by multiplying together any thret of the roots, after 
their ugna are chaugea. Bat each of these products willlie 
ezcludM firom t)tra of the quotients, I, II, III, &c. Bo that, 
iu the expression K, the co-efficient of x in the fourth term, 
is equal it> mC -^abc -Zdbd, &c. That is, 

S^ JSr4-BS,4-mC= (« - S) C. 

In the same mamter, the values of the co-efficients of x in 
succeedutg terms may be found ; the number of the co-effi- 
cieuts being one less than the number of roots iu the equation. 

Collecting these results, we have 

SH-*9'S,+mB= (m - t)B, 

Si-MSrf BS,-|-mC= (m - 3) C, 

8i-irASr\-B8r\-C8^-\-mD=lm-4)D, 



&c. 



Transposing and uniting t«rme, 



I. S,-|-^=0, 
S,-f-^5,-l-SB=0, 

S,-^^Sr\-BSr^ CS,+4-D=0, 
&c. &c. 

Substituting for S,, S^ St, &c, their values, and reduciner. 

II. 5,= -A 
S,= JP-2B, 

S,= -^+3^B-SC, 
S,= ^-4^B+4^C+iB'~4D, 
&c. &c. 

We have here obtained eymmetiical expressions for the 
sum of the roota of an equation, the sum of their squaxea, 
the sum (rf their cubes, &c. in tenns of the co-^ffictents^ 
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By transpoem^ the tenue in the e^i^saions marked I| ire 
have the following values of A, B, C, &c. 
III. A=-S, 

B=-i{AS,-[.S,) 

D= - ilcS,+SSrfAS,+S,) 

By which the co-efficimts of an equation may be found, 
from the sum of ite roots, the sum of their squares, the sum 
of their cubes, &c. 

Ex. 1 . Required the sum of the roots, the sum of their 
squares, and the sum of their cubes, in the equation 

Here A= - 10. £=35. C= - 60. 

Therefore S, = \0 

S,= 10'-(2x35)=30. 
fii=l(P+(3x - 10x35) - (3x - 50) = 100. 
2. RMuired thetermsof ihebiquadraticequalton in which 
S,=l, i5,=39, S,= - 89, and the product of all the rooU 
after Uieit agoa are changed is - SO. 

Aiw.**-a?-19**+49»-50=0.* 
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SECTION XXI. 



APPLICATION OF ALGEBRA TO GEOMETUT.* 



Abt. 504. It is often expedient to make use of the alge- 
Draic notation, for expressing the relationa of- ge<HiietricaI 
quantitiee, an<i to throw the eeveral stepe in a demonstration 
ipto the form of equations. By this, the nature of the reason- 
ing is not altered. It is only translated into a difiereat Itm- 
guage. Signs are substituted for tsordt, but they are intend- 
ed to convey the same meaning. A great part of the de- 
mcmstrations in Euclid, reaJly consist of a series of equa>- 
tione, though they may not be presented to us, under the al- 
gebraic forms. Thus the propodtion, that the nan of th» 
atrte angla «/* a triangle it eimai to two rigJu vtgUt, (Euc. it. 
1 .) may be demonstrated, either in common language, or by 
means of the signs used in Algebra. 

Let the side ^B, of the triangle £BC, (I^g. 1.) be coa- 
tinued to D; let the line BE be parallel lo ^C; and let 
QUI be a right angle. 

The demoQstratiott, in words, is as follows : 
L Theangle£Bi)i8e9uaIlotbeangle;B^0, (Euc. £9. 1.) 
t. The angle CBE is equal to the angle JlCB. 

3. Therefore, the angle EBD added to CBE, that is, the 

angle CBD, is eqttd (o B^C added to ^CB. 

4. Ifto these equals,we add the angle ^fiC, the angle CBD 

added to ABC, is equai to B^C added to JCB and 
^BC. 

o b« rod ifitr the Elmiena of 
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5. But CBD added to ^BC, is equal to twice GHI, (hat is, 

totwo right aDgles. (Euc. 13. 1.) 

6. Therefore, the angles SAC, and JICB, and JIBC, are to- 

gether equal to twice GHI, or two right angles. 

Now by substituting the sign +, for the word added, of 
ami, and the character = , for the word emud, we' shall have 
the same demunstration in the following form. 

1. By Euclid 29. 1. EBD=BAC 

2. And CBE=ACB 

3. Add the two equations EBD-\-CBE=BAC-\-ACB 

4. Add ^SC to both sides CBD+ABC=BAC+ACB+ 

ABC 

5. But by Euclid 13. 1. CBD+ABC=2GHI 

6. Make the 4th & 6lh equal BAC+ACB+^BC=2Gm. 

By comparing, one by (me, the steps of these two demon- 
strations, it will be seen, that they are precisely the same, ex- 
cept that they are differently expressed. The algebraic mode 
has often the advantage, not oiuy in being more eoncite than 
the other, but in exhibiting the order of the quantities more 
distinctly to the eye. Thus, in the fourth and fifth steps of 
the preceding example, as the parts to be compared are 
placed one under the other, it is seen, at once, what must be 
the new equation derived from these two. This regular ajr. 
rangement is very important, when the demonstration of a 
, theorem, or the resoIuUon of a problem, is unusually compli. 
cated. In ordinary language, the numerous relations of the 
quantities, require a. series of explanations to make them un- 
derstood ; while by the algebraic notation, the whole may be* 
placed distinctly before us, at a single view. The disposi- 
tion of the men on a chess-board, or the situation of tbe ob- 
jects in a landscape, may be belter comprehended, by a 
glance of the eye, than by the most laboured description in 
words. 

605. It will be observed, that the notation m ttie examjrie 

i'ust given, diflers, in one respect, from that which is genera)- 
y used^n algebra. Each quantity is represented, not by a 
single Utter, but by several In common algebra when ono 
letter stands immediately before another, as ab, without any 
character between them, they are to be considered as mutti- 
piMiI together. 
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But in geometry, ,&B ie an expression for a tingU line, utd 
not for the product of <d into B. Multiplication is denoted, 
either by a point or by the character X- The product trf 
^B into Cn, is .SB- CD, or AB x CD. 

BOS, There is no impropriety, however, in representing a 
geometrical quantity by a nngle letter. We may make & 
stand for a line or an angle, as well as for a number. 

If, in the example above, vre put the angle . 
EBD=a, ACB=d, ABC=h, 

BSC=b, CBD=g, QHl=l; 

CBE=c, 
the demonstration will stand thus ; 

1. By Euclid, S9. 1. a=6 

t. And c^d 

S. Adding the two equations, a-\~e=g=b-^d 

4. Adding A to both side^ g~\-h=h-\-d-i-h 

5. By Euclid 13. 1. g+h=a 

6. Making the 4th and 5th equal, b+d-\-k=fa. 

This notation is, a[marently, more simple than the other ; 
but it deprives us of what is of great importance in geometri- 
cal demonstrations, a continual and easy reference to the 
figure. To distinguish the two methods, ct^aU are gener- 
afiy used, for that which is peculiar to geometry ; and nnoU 
taten, for that which is properly al^braic. Ini latter has 
the advantage in long and complicated processes, but the 
^ther is often to be preferred, on account of the facility with 
which the figures are consulted. 

507. If a line, whose length is measured from a given 
point or line, be considered positive ; a line proceeding in the 
apposUe direction ic to be considered negative. If .SB (Fig. 
Z.) reckoned from DE on the right, is positive ; .SC on the 
J^ is negative. 

A line may be conceived to be produced by the motion^ 
a point, SuMWse a point to move in the direction of .SB, 
and to descnl>e a line varying in length with the distance c^ 
the point from tS. While the point is moving towards B, its 
distance from .S will increau. But if it move from B to- 
words C, its distance from .S will diminish, till it is reduced 
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to Dothioff, and thea will increase cm the omoiite tide. As 
that which increitses the distance on the right, diminishes it 
on the left, the one is considered positive, and the other nega- 
tive. See Arts. 59, 60. 

Hence, if in the course of a calculation, the algebraic 
value of a line is found to be negatioe; it must be measured 
in a direction opposite (o that which, in the same proceso^ 
has been considered positive. (Art. 197.) 

508. In algebraic calculations, there is fluent occasim 
fiir tiMiIlnlteiiltm, dinaion, invtriution, &:c. But how, it may- 
be a^eo, can geometricai quantities be multiplied into each 
other t One of the factors, in multiplication, is always to be 
conaideied as a number. (Art. 91.) The operation consists ia 
repeating the multir4icand as many times as there are tmU$ 
in the mulUpiier. How then can a Bm, a. tvfaee, or a («&4 
become a multiplier ? 

To explain this it will be necessary to obflerve, that when- 
ever one gttonMtrical quantity is multiplied into another, 
some partiatlar extent is to be considered Me unit. It is imma- 
terial what this extent is, provided it remains the same, ia 
diSeient parts of the same calculation. It may be an inch, 
a foot, a rod, or a mile. If aa inch is taken for the unit, 
each of the lines to be multiplied, is to be considered as made 
up of so many parts, as it cont^ns inches. The multiphcand 
will then be repeated, as many times, as there are units in 
the multiplier. If, for instance, one of the lines be a foot 
long, and the other half a foot ; the factors will be, one 12 
inches and the other 6, and the product will be 72 inches. 
Though it would be absurd to say that one line is to be re- 
peated (U ofien aa another is long; yet there is no impropriety 
m saying, that one is to be repeated as many times, as there 
are feet or rods in the other. This, the nature of a calcula- 
tion often requires. 

509. If the line which is to be the multiplier, b only a 
part of the length taken for the unit ; the product ia a uka 
part of the miutiplicand. (Art. 90.) Thus, if one of tha 
factors is 6 inches, and the other half aQ inch, the [Koduct is 
3 inches 

510. Instead of referring to the measures m common use, 
as inches, feet, &c. it is o^n convenient to fix upon one at 
the Unes in a figure, as tne unitwith which to compare all tha 
others. When there are a number of lines dmwn withia 
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and about a circle, the rodtui ie commonly taken for the unit. 
This is paiticularly the cose in trigonometrical calculations. 

611. The obserrationa which have been made concerning 
lines, may be apjjlied to nafactt and tolidi. There may l» 
occadcn to mintiply the area of a figure, by the number of 
inches in some given line. 

But here another difBculty presents itself. The product 
of two lines is often spoken of, as being equal to a iwface ; 
and ihe product of a une and a surface, as equal to a tolid. 
Thus the area of a parallelogram is said to be equal to the 
product of its base and height ; and the solid contents of a 
cylinder, are said to be equd to tlie product of its length into 
the area of one of its ends. But if a line has no breaiih, 
how con the multiplication, that is the reptHlion, ot a line 
produce a surface % And if a surface has no tbickneii, how 
can a repetition of it produce a-solid 1 

If a parallelogram, represented on a reduced scale by 
•dBCD, (Fig. 3.) be five inches long, and three inches wide ; 
the area or surface is said to be equal to the product of 5 into 
3, that is, to the number of inches in AB, multiplied by the 
number in BC. But the inches in the lines ^B and BC are 
linear inches, that is, inches in length only; while those 
which compose the surface ^C are fupcr^ciol or tguan 
inches, a different species of magnitude. How can one of 
these be converted Into the other by multiplication, a process 
which consists in repeating quantities, without changing 
tfieir nature t 

512. In answering these inquiries, it must be admitted, 
that measures of length do not belong to the same class of 
magnitudes with superficial or solid measures ; and that none 
of'uie steps of a calculation can, properly speaking, trans- 
form the one ioto the other. But, though a line cannpt be- 
come a sur&ce or a solid, yet the several measuring units in 
eommou use are so adapted to each other, that squares, 
cubes, &c. are bounded by lines of the same name. Thus 
the side of a square inch, is a linear inch ; that of a square 
rod, a linear rod, &c. The Ut^tk of a linear inch is, there- 
fore, the same as the length or breadth of a square inch. 

if then several square inches are placed together, as frran 
Q to A, (Fig. 3.) the number of them in the parallelogram 
OR b the same as the number of linear inches in the sido 
QR .- and if we know the length of this, we have of coursa 
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the area, of the paralletegiam, wbicb is here supposed to be 
ooe inch wide. 

But, if the breadth ia several inches, the larger parallelo 
gfram contains as many Einaller ones, each an inch wide, aa 
(here are inches in the whole breadth. Thus, if the paral- 
lelogram AC (Fig. 3.) is 5 inches long, and 3 inches broad, 
it may be divided into three" such paraiiclograms as OR. To 
obtain, then, the number of squaics in the large parallelo- 
gram, we have only to multiply the number of squares ia 
one of the small parallelograms, into the number of such 
parallelograms contained in the whole figure. But the num- 
ber of square inches in one of the small parallelograms is 
equal to the number of linear inches in the length AB. And 
the number of small paraUelograms, is equal to the number 
of linear inches in the breadth BC. It is therefore said con- 
cisely, that (he area of the partditlogram is eqwd to the lengllk , 
multiplied into the breadth. 

513. We hence obtain a convenient algebraic expression, 
for the area of a -right-angled parallelogram. If two of the 
sides perpendicular to each other aie AB and BC, the expres- 
sion for the area is JlBxBC ; that is, putting a for the area, 

tt=ABxBC. 
It must be understood, however, that when JiB stands for 
a Um, it contains only linear measuring units ; but when it 
enters into the expression for the drea, it is supposed to con- 
tain twperfidal units of the same name. Yet as, in a givea 
length, the nvmber of one is equal to that of the other, they 
may be represented by the same letters, without leading to 
error in calculation. 

514. The expression for the area may be derived, by a 
method more simple, but less satisfactory perhaps to some, 
from the principles which have been stated concerning eon- 
abU qv-axdiiies, in the 13th section. Let a (Fig. 4.) represent 
a square inch, foot, rod, or other measuring unit ; -and let 6 
and I be two of its sides. Also, let Jl be the area of any 
right-angled parallelogram, B its breadth, and L its length. 
Tnen it is evident, that, if the breadth of each were the 
same, the areas would be as the lengths ; and, if tbe length 
of each were the same, the areas would be as the iReadths. 

That is, A: a:%L .1, when the breadth ia given ; 
And A: a::B -.b, when the length is given ; 



Do,l,.cdbyCoOJ^IC 



S98 ALGEBRA. 

Therefiire, (Art.4S0.) Jl: a: : £xi^ :Hwfa«n bothvary. 

That 18, the areaie aa the prodvct of iht UngA anibrtadth. 

51 5. Heac«, in quoting the Elements of Euclid, the tenn 
product is frequently su^tituted fqr rectat^U. And what- 
ever is there proved concerning the equality of certain recU 
angles, may be applied to the product of the lines which 
contain the rectangles,* 

51 6. The area of an obliqw parallelogrBin is also obtained, 
by multiplying the base into the perpendicular height. Thua 
the expression for the area of the parallelogram ^B^Jtf (Fig, 
6.) is JtfJVx^-D or ABxBC. For by Art. 618, ABy,BC 
is the area of the right-angled paratlelogram ABCD ; and 
by Euclid 36, l,f parallelograms upon equal bases, and be- 
tween the same parallels, are equal ; that is, JiBCD is equal 
to^BJWW. 

517. The area of b, "t^^ >s obtained, by multiplying one 
of the sides into Utelf. Thus the expression for the area of 

the square ^C, (Fig. 6,} is lO, that is, 
a=JlB. 
For the area is eoual to ABy.BC. (Art 513.) , 
But AB=BC, therefore, JlBxBC=AByAB='^. 

518. The area of a triangle is equal to keif the product of 
the base and height. Thus the area of the triangle ABG, 
(Fig. 7.) is equal to half AB into GHm its equal BC, that is, 

a=\ABxBC. 

For the area of the pamUelogmm ABCD is ABxBC, 
(Art. 5!3.) AndbyEuc. 41,1,^ if a parallelogram and a tri- 
angle are upou'the same base, cmd between the same paral- 
lels^ the triangle is half the parallelogram. 

159. Hjgnce, an algebraic expression may be obtained for the 
area of any figme ^diatever, which is bounded by right lines. 
For every such figure may be divided into triangles. 
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Thus the right-lined figure -■ 

ABODE (Fig. 8,) is compoecd of the trianglcB 
ABC,ACE,&aAECD. 

The area of the triangle ABC=\ACxBL, 

That of the triangle ACE=\ACy<.EH, 

That of the triangle ECD=\ ECx-DG. 

The area of the whole figure is, therefore, equal to 

(i^CxBi.)+{MCx££o+(ii;cxDGf). 

The explanations in the preceding articles contain the 
first princijMea of the meiwuratton of iwperfide!. The object of 
introducing the subject In this place, nowever, is not to make 
a practical application of it, at present ; but merely to show 
the grounds of the method of representing geometrical quan- 
tities in algebraic language. 

620. The expression for the superficies has here, been de- 
rived from that of a line or lines. It is frequently necessary 
(o Ttverts this order ; to find a side of a figure, from knowing 
its area. - 

If the number of square inches in the parallelogram 
ASCD (Fig. 3.) whose breadth BC is 3 irtchea, be divided 
by 3 ; the quotient will be a parallelogram ABEF, one inch 
wide, and of the same length with the larger one. But the 
length of the small parallelogram, is the lerigth of its side 
AS. The number of square inches in one is the same, as 
the number of linear inches in the other. (Art. 512.) If 
therefore, tfie area of the large parallelogram oe represented 
by a, the side WB=-J_, that is, the length of a parallelogram 
U found by dividiag the area by the breadth. 

5S1. If a be put for the area of a ifuore whoee side is^^. 

Then by Art. 517 a=AB 

And extracting both sides ^a=tSB. 

That is, the tide 0/ the iqttare ia found, by extracting the 
square root of the maiAer of'meaturiag unite m its area. 

632. If AB be the base of a triangle and BC ita perpen 
dicular height ; 
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Then by Art. 518, a=^BCx-SB 

And dividiiig byJBC, -±-=AB. 

That IB, the b<ue of a Irvmgk U foxmd, oj/ dieiding the area 
by htdf the height. 

523. As a turface is expressed, hy the product of its length 
and breadth ; the contents of a iolid may be expressed, by 
the product of its len^h, breadth and depth. It ia necessary 
to bear in mind, that the measuring miit of soUds, is a cube ; 
and that the side of a cubic inch, is a square inch ; the side 
of a cubic foot, a square foot, &c. 

Let >ABCD (Fig. 3.) represent the base of a parallelopi- 
ped, 5 inches long, three inches broad, and one inch deep. 
It is evident there must be as many cu6ic inches in the solid, 
as there are square inches in its base. And, as the product c^ 
the lines ^B and BC gives the area of this base, it gives, of 
course, the contents of the solid. But suppose that the depth 
of the parallelepiped, instead of being one inch, is four inches: 
Its contents must be four times as great. If, then, the 
length be AB, the breadth BC, and the depth CO, the ex- 
piessi(m for the solid contenta will be, 
ABxBCxCO. 

524. By means of the algebraic notation, a geometrical 
demonstration may often be rendered much more simple and 
concise, than in ordinary language. The proposition, (Euc. 
4, 2.) that when a straight line is divided into two parity the 
^uare of the whole line is equal to the squares of the two 
parts, together with twice the product of the parts, is demon- 
strated, by involving a binomial. 

Let the side of a square be represented by s ; 

And let it be divided into two parts, a and b. 

By the supposition, i=a-\~b 

And squaring both sides, f'=a^-\-iab-^l^. 

That is, «* the square of the whole line, is equal to a' and 
6*, the squares of the two parts, together with iab, twice the 
product of the parts. 

525. The algebraic notation may also be apf^iied, with 
great advantage, to the solution of geometrical problems. In 
doing this, it will be necessary, in the first place, to raise an 
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B=b \ 
C=a-x J 



OEOHETRIGAL PROBLEMS. SOI 

algebraic equatioa, from the geometrical relatisoB of the 
■quantities given and required ; and then by the usual reduc- 
tions, to find the value of the unknown quantity in this equa- 
tion. See Art. 19S. 

Prob. 1. Given the baae, and the turn of the hypothenuse 
and perpendicuhur, of the right angled triangle, ^BC, (Fig. 
9.) to find the perpendicular. 

Let the base ^B=b 

The perpendicular BC= 

The sum of hyp. and perp. x-|-^C= 
Then transporang x, AC= 

1. By Euclid 47. 1,* BC+^=ltC 

S. That is, by the notation, a^+6'={o-!F)»=(^-8iw-fii?. 

Here we have a common algebnuc equation, containing 
on^one unknown quantity. The reduction of this equa- 
tion in the usual manner, ^111 give 

x= — — =SC, the side required. 

The solution, in letters, will be the same for any right 
angled triangle whatever, and may be expressed in a gene- 
ral theorem, thus ; ' In a right angled triangle, the perpendi- 
I cular is equal to the square of the sum of the hypothenuse 
and perpendicular, diminished by the square of (he base, and 
divided by twice the sum of the hypothenuse and perpendi- 
cular.* 

It is applied to particular cases by substituting nwnfieri, for 
the letters a and h. Thus if the base is 8 feet, and the sum 
of the hypothenuse and perpendicular 16, the ezpres»on 



traded from 16, the sum of the hypothenuse and perpendi- 
cular, leaves 10, the length of the hypothenuse. 

Prob. 3. Given the hose and the d^erenct of the hypothe- 
nuse and perpendicular, of a right an^d triangle, to find the 
perpendicular. 
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Lei the bue JU3 (Fig; I0.)=hf=t0 \ 

The perpendicular, BCs=x f 

The given diflbrenee, =sd=10. ( 

Then will the hypothenuae AC=x+d. f 

Then 

1. By EucUd 47. 1, IC^lB^B^ 

t. That ifl, by the notation, («+<i)*=6*+a:» 

3. Expanding {x-\-^\ ai'+tdx+f=)^-+^ 

4. Therefore j= *'"'*'= 15. 

Prob. S. If the hypothenuse of a right angled triangle if 
30 feet, and the diSerence of the other two aides 6 feet, vhat 
is the length of the base % Ans. 24 fee* 

Prob. 4. If the hypothenuse of a right angled triangle ii 
50 rods, and the base is to the peroenoQcular as 4 to S, vhat 
18 the length of the perpendicular i ^ Ans. SO. 

Prob 5. Having the perimeter and the diag(Hud of a par- 
allelogram ABCD, (Fig. II.) to find the ddea. 



hat the diagonal ^C=A=10 ) 

The side AB=x 

Half the perimeter JBC+.£Bs:J?C4-xs: 
Then by transpoaJn^ «, BC= 



C=h=\0 \ 
.£=6=14 ( 



By Euclid 47. 1, AB+BC =J1G 

Thatie, ' ai»+(A-i)''=fc« 



Therefore «=16+Vi6*+itf - Jt"=8. 

Here the side AB is found ; and the side BC is equal to 

b-K=14-8=:6. 

Prob. 6. The area of a right angled triangle ABC (Fig. 
It,) being given, and the ndee of a parallel^ram uueiibed 
in it, to find the nde BC. 

Let the given area =a, DE=BF=b ) 

EB=>DF=d, BC=t. } 

Then by the figure, CF^SC-BF=x-h.} 
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SXOHKTIIKMI. FSOBLEMS. 1« 

1. Br eimilnr triangles, CF-.BF:: BC: AB 

2. Thatis x-b:d::x:AB 
8. Therefore, ii={x^h)X'^B 

4. By Art. 518, <i=,«BxiflC= JBxJ« 

5. Dividing by is, ^=AB 

6. Therefore ii»=(i-J) X— =2o-5!i 

r. ATKi „?+VF?=««- 

Pnb. 7. The three sidee of a right angled triangle, ABC, 
(Fig. IS.) being ^ven, to find the segments made by a per- 
pendicular, drawn from the right angle to the hypothenuse. 

The perpendicular will divide the orisinal trian^ into 
two right angled triangles, BCD and ABD, (Euc. 8. 6.)* 

1. By Euc. 47. 1, SD + CD=5C 

«. By the figure, CD= JC- AD 

S. Squar. both Bides, ^—{AC~AS)* 

4. Therefore, BD+(^C- AD)=S^ 

5. Expanding, B^5C- SJCAD+ADLSC 

6. Transposing, BD^zBC- JC+S^C. AD- ID" 

7. By Euc. 47. I. 5d*=5B- AD 

8. Mak. 6th & 7th eq. BC- 'SCJ^%AC.kTi=.^ 

9. Therefore AD=-^i:^:^ 

The unfcnoun lines, to distinguish them from those which 
are known, are here expressed by Roman letters. 

Prob. 8. Having the area of a parallelogram DEFG (Pig. 
14,) inscribed in a given triangle, ABCy to find the ades tk 
the paraUeJogram. 
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Draw CI perpendicular to AB. By suppoeitioD, DO is 
parallel to ^B. Therefore, 

The triangle CHG, is similar to CIB ) 

And CDO, toOSBj 

Lei C/=rf DG=xl 

JlB=b The given area =a] 

I. By similar triangles, CB : CG : : ^B : DO 

8. And CB.CGi'.CIiCH 

3. By equal ratios, (Art. 384.) JIB : DG : : CI : CH 

4. Therefore ^^^L=CH 

AB 

5. By the figure, CI~CH:=:IH=DE ~ 

6. Substituting for Cff, CI-^^^^=DE 

7. That is, d~^=DE 

& By Art. 518, a=DQxDE=ix{d^\ 

9. Thati^ a=dx-^ 

10. This reduced gives *=*+ AL~^D6 

2-V (4 d 

Tlie side DE is found, by dividing the area by DG. 

Prob. 9. Through a given point, in a given circle, so to 
draw a right line, that its parte, between the point and the 
periphery, shall have a given dUTerence. 

In the circle A^R, (Fig. 15.) let i> be a given point, in 
the diameter AB, 

UtAP=a, PR^x, 

BP=b, The given difference=rf, 

' Then will PQ=i+<i: . 
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GEOMETRICAL PROBIXMS. SOS 

1. ByEuc. 35. 3.* PRxP(l=-SPxBP 

8. Thatis, xx{x+d)=axl> 

5. Or, ^-\-dx=ab 

4. Completing the square, 3^-\-dx'{-l^=ld'-\-ah. 

6. Extia«t. and tranBp. x=-^dtA/i^+^=PR. 

Wilh a livtle practice, the learner may very much alnidgft 
these solutions, and others of a Bimilar nature, by reducing 
several steps to one. 

Prob 10. If the smn of two of the sides of a triangle be 
1 155, the length of a perpendicular drawn from the an^e in- 
cluded between these to the third side be 300, and the differ- 
ence of the segments made by the perpendicular, be 495 ; 
what are the lengths of the three sides i 

Ans.945,37S,and7Sa 

Prob, 11, If the perimeter of a right angled triangle be 
TSO, and the perpendicular falling from the right angle on 
the hypotbenuse be 144 ; what are the lengths of the sides t 
Ana. 300, 240, and 180. 

Prob. IS. The difference between the diagonal of a square 
and one of its sides being given, to find the length of the. 
sides. 

If Mss the ade required, and d= the given difference ; 

Prob. 14. The base and peroendicular height of any plane 
triangle being given, to find the side of a square inscribed in 
the triangle, and standing on the base, fn the same manner 
aa the plwallelogram DEFG, on the base AB, (Pig. 14.) 

If x= a side of the square, b= the base, and A= the 
height of the triangle ; 

Prob. 15. Two sides of 8 triangle, and a line bisecting the 
iBcluded angle being given ; to find the length of the base 
or third side, upon wnich the bisecting line fallB. 

*LH:eiidra3a4. 
27 
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If x=s the bam, «= <Hie <tf the given nde% e=s tbe other, 
and b= the bisecting lim ; 



TheD«=(o+c)x^- 



Prob, 16. If llie hypotheause of a right an^ed triangle 
be 35, and the eide of a square inacribed in it, in the saoie 
manner aa the parallelogram ££1)^, (Fig. IS.) be IS ; what 
ale the lengths of the other two sides of the triangle t 

Ans. 88, and SI. 

Prob. 17. The number of feel in the perimeter of a, right 
angled triangle, is equal to the number of square feet in the 
area ; and the base is to the perpendicular as 4 to 3. Re- 
qiured the length of each of the sides. 

Ans. 6, 8, and 10. 

Prob. 18. A grass plat IS rods by 18, is surrounded by a 
grarel walk of uniform breadth, whose area is equal to tbat 
of (he grass plat. What is the breadth of the gravel walk % 

Prob. 19. The sides of a rectangular field are in the ratio 
of 6 to 5 ; and one sixth of the area is 1S5 square rods. 
What are the leDgths of the sides 1 

Prob. 20. There is a right angled triangle, the area of 
which is to the area of a given parallelogram as 5 to 8. The 
shorter side of each is 60 rods, and the other side of the tri- 
lUigle adjacent to the right angle, is equal to the diagonal of 
the parallelogram. Required the area of eachi 

Ans. 4800 and 3000 square rods. 

Prob. 21. There are two rectangular vats, the greater of 
which contains 30 cubic feet liiore than the other. Their 
capacities are in the ratio of 4 to 5 ; and their bases are 
squares, a side of each of which is equal to the depth of the 
other vat. Required the depth of each 1 

Ans. 4 and 5 feet. 

Prob. 82. Given the lengths of three perpendiculars, 
drawn from a certain point in an equilateral triangle, to the 
three sides, to lind the length of the sides. 

If a, b, and c, be the three perpendjculius, and x= half 
the length of one of the sides ; 
Then „«+t+°. 

ys 
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Prob. S3. A square public green is surrounded by a street 
of uniform breadth. The side of the square is 3 rods lea* 
tbau 9 times the breadth of the street ; and the number of 
aquate rods in the street, exceeds the number (^ rods in the 
perimeter of the square by 328. Wnat is the area of the 
square t Ans. 576 rod& 

Prob. S4. Given the lengths of two lines drawn from the 
acute angles of a right angled triangle, to the middle of the 
opposite sides ; to find the lengths of the sides. 

If «= half the base, )= half the perpendicular, and a 
and h equal the two given lines ; 



Thenx: 
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SECTION XXH 



EQUATIONS OF CURVES. 



Art 5S6. IN the preceding sectioD, algebra has been 
applied lo geomeiricol figures, bounded by ri^ht lines. Its aid 
is lequixed also, in Investigating the nature and relations of 
curves. The advances which in modem times have been 
made in this department of geometry, are, in a great measure, 
owing to the method of expressing the distinguishing proper- 
ties of the different kinds of Unes, in the form of eqwiHoiu. 
To understand the principles on which inquiries of this sort 
are conducted, it is necessary to become familiar with the 
plan of hotation which has hem generally agreed upon. 

537. The posUiom of the several points in a curve drawn on 
a phme, are determined, by takii^ the distance of each from too 
right IxMs perpendicular to each other. 

Let the Unea JIF and AG (Fig. 16.) be perpendicular to 
«ach other. Also, let the hnes DB, D'B', D"B" be peipen- 
dicular to AF ; and the lines CD, OU, CD", perpendicu- 
lar to AG. Then the position of the point D is known, by 
the length of the lines BD and CD. In the same manner, 
the point D' is known by the lines B'D' and GD' ; and the 
pdnt D", by the Unes B"D" and CD". The two lines 
which are thus drawn, from any point in the curve, are, to- 
gether, called the co-ordhaatei belongii^ to that point. 

But, Hi there is frequent occasion to speak of each of the 
Unes separately, one of them for distinction's sake, is called 
AD ontinote, and the other, an ahtassa. Thus BD is the or- 
dinate of the point D, and CD, or its equal AB, the abscisaa 
of the same point. It is, generally, most convenient to take 
the abscissas on tlie Une AF, as AB is equal to CD, ABf 
to C/y, and AB' to CB'. Euc. 33. 1. Tbe line. At 
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lHlUATH»rS OF CUHVES. 309 

ud AO, to which lh« ctMjidioates aie drawn, are called th« 
(MCf of the co-ordinates. 

528. If co-ordinates could be draws to eoery poinl in a 
curve, and, if the relations of the eereral ab&ciwas to their 
corresponding ordinates could be expressed by an equation ; 
the position of each point, and consequently, the nature of 
the curve, would be determined. Many important proper- 
ties of the figure might also be discovered, merely by throw- 
ing the equation into different forms, by transposing, dividing, 
involving, &c. But the number of points in a line is unlim- 
ited. It is impossible, therefore, actually to draw co-ordi- 
nates to every one of them. Still there is a way in which an 
equation may be obtained, that shall be applicable to all (he 
parts of a curve. This is efTecled by making the equation 
depend on some property, which is comvum to every pmr ofco- 
ordmatet. In explaining this, it will be proper to begin with 
a itraigia Une, instead of a curve. 

Let AH (Fig. 17.) be a line from which co-ordinates are 
drawn, on the axes AF and AG perpendicular to each other. 
And let the angle FAJf be such, that the abscissa CD or AB 
shall be equal to twice the ordiziate BD. 

The triangles ABD, AB'D', AB'D" Slc. are aU feimilar. 
(Euc. 39. i.)» Therefore, . 

^B:BD.:AB': BU : : AB" : B"iy', 
Andif JJB=«*Athen^JJ'=2ffl>',and^B"=2i?"Z)",&c 

That is, each abscissa is equal to twice the corresponding 
ordinate. But, instead of a separate equation for each pair 
of co-ordinates, one will be sufficient for the whole. Let x 
reprwent any one of the abscissas, and y, ths ordinate be- 
loi>ging to the same point. Then, 

This is an equation expressing the ratio of the co..ordiiiatee 
of the line AH to each other. It differs from a common 
equation in this, that x and y have no determinate magni- 
tude. The only condition which limits them ia, that tney 
shall be the abscissa and ordinate of the tame pokU. 

If x=AB, then y=BD 

If x=AB', y=Biy 

If x=ABf', y=B"D", tie. 

M* *Lepadn,tB, 
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From tjiis it is evideAt, tiiftt, if one of the MMMdiDiites be 
taken of any particular length, the other will be ^ven by the 
equation. I^ for iustance, the abaciasa x be two inches loo;, 
the ordinate y, which is half x, must be one inch. 

If *=8, then y=4, If »=30, then !(=16, 

If *=10, y=5, If 1=100, y=50, &c 

On the oiher hand, if y = % then x=4, ttc. 

SS9. If the an^le H^F be of anydifierenl magnitude, as 
in Fig. 18, the general equation will be the same, except the 
co-efficient of x. Let the ratio of ^ to x be expressed by a, 
that is, let y : z : : a : I. Then by converting this into an 
e4]uation, we have 

■ax=y. 
The co-efficient a will be a whole number or a fraction, 
5r M lees than x. 

explanations to curves, let it be re- 

il eqtiaUon of the common parabola. 

tinguishiog iwoperty of this tigure, as 

Conic Sections, that the abscissas 

squares of their oidinateB. Let the 

any one ordinate to iu abscissa, be 

expressed by a. As the ratio is the sante, between ths 

square of any other, ordinate of the parabola and its abscissa, 

we have universally y* : a;: : a : 1 ; and by converting this 

into an equation, 

ax=y*. 
This is called the equation of the atrve. The im^rtant 
advantages gained by this general expression, are owin; lo 
this, that the equation is equally applicable to every point of 
the curve. Any value whatever may be assigned lo the ab- 
Bcissa X, provided the onliniKe y is considered as belonging 
to the same point. But, while x and y vary together, the 
quantity a is supposed to remain constant. 

By the equation of the parabola, ax=^, and extracting the 
root of both sides, (Art. 397.) , 

i/=\^ax. If 0=2, theny =\/gx. And 
If'x= 4.5=.aB(Fig.l9.)thcny=y2xO=v'9=3=Bi? 
If x= 8. ^AB y=V 2x8=V l6=4=g-jy 

■If «=18.6=^S" y= yZ X 1 8 .6= V23=5= jy^iX' 

Ifx=I8. =AB"' y=V2x>8 =V36=!8=B"'Z>"'. 
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EQUATIONS or ClTRrKS. 3 1 

8S1. When <wdinates are drawn on b«th sides of the axis 
to which they are applied ; those on one side will be pontm^ 
while those on the other sitle will be negative. Thus, in ¥ig. 
19, if the ordinates on the upper sidi of ^F be considered posi- 
tive, those on the wider sid* will be negative. (Art 507.) 
The abscissas also are either positive or negative, according 
aa they are on one side or the other of ihc point from which 
they are ineaeiired. Thus, in Fig, 20, if the abscissas on the 
right, .5B, AB", &c. be considered positive, thoae on the left, 
•SC, A(y, &c. will be negative. And in the solution of a 
problem, if an abscissa or an ordinate is found to be negative, 
it must be set off on the side of the axis opposite to that on 
which the values are positive. 

533. In the preceding instEinces, the straight line orcun'e to 
which the ordinates and abscissas are applied, crosses the 
axis, in the point where it is intersected by the other axis. 
Thus the curve (Fig. 19.) and the straight line JS'i>'(Fig. 
20.) cross the axis »3 J", in the point A, where it is cut by the 
axis AG. Bui this is not always the case. The abscissas on 
the axis QF, (Fig. 21.) may be reckoned from the line GN. 

Let a: represent any one of the abscissas, MB, MB", &c. 
and If the corresponding ordinate. 

_ \Aiix=AB, b=MA. 

And a= the ratio of BD to AB, aa before. 

Then az=^y, (Art. 529.) that is, x=t 

But by the figure, ^B=JlfB- JIM, L p. e=x-h 
Making the two equations equal, x — h=t. 

Therefore a:=Sf-[.6. 

633. In investigating the properties of curves, it is impor- 
tant to be able to dis^nguish readily the cases in which the 
abscissas or ordinates are positivt, from those in which they 
are negatioe ; and to determine under what clrcumataBces, 
either of the co-ordinates vanishes, ^n ahcisaa vcmishei at 
the poial laiiere the curve meets the axis from which the alscisias 
are meaiwed. And an ordinate vanishes, at the point where 
the curve meets the axis from which ik» oinuuitee are 
Doeoaured. * 
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Thus, in Fi^. 19, the ordbiatee sre measured from the line 
AF. The length of each ordinate ie the dUtanxu of a particu- 
Ur point in the curve from the line. Ab the curve approachei 
the axis, the ordinate diminishes, tiU it becomes nothing, at 
the point of intersection. For, here, there ia no distance 
between the curve and the axis. 

The abtattas are measured from the line AG. These 
must diminish also, as the curve approaches this line, and 
become nothing at A. 

534. From this it is evident, that when the two axes meet 
the curve at the tame point, the two co-ordinates vonufc to- 
getker. In Fig. 19, the two axes meet the curve at A, the 
one cutting, and llie other touching it. But in Fig. 2), the 
axis AfF crosses the line JV7? at A ; while GJV* croaaea it at 
JV*. The ordinate, being the distance from MF, vaniahes at 
A, where the diatance is nothing. But the abscissa, being 
the distance from GA*, vaniahea at ^or Jff. 

535. An abaciaaa or an ordinate changes from poaUvot to 
negative, by passing through the point where it is equal to 0. 
Thus the ordinate if, (Fig. 20.) diminishes as it approaches 
the poiut A ; here it m nothing, and ai the other side of A, 
it becomes negative, bect-use it ia below the axis CF. (Art. 
.507.) In the some manner tlie lAsdssa, on the right of AO, 
diminishes, as it approaches this line, becomes at A, and 
then negative on the left. 

In this case, the two co-ordinates change from positive to 
negative, at the same point. But in Fig. 21, the ordinates 
change from positive to negative at A ; while the abscissas 
continue positive to GJV, being still on the right of that line. 
On the right from A, tlie co-ordinatea are both positive : be- 
tween A and the line GJV, the abaciasaa are fmaitive : and 
the ordinates negative: and, on the left of GJ^ both are 
negative. 

536. The most important af^Iications of the principles 
stated in this section, will come under consideration, in suc- 
ceecKag branches of the mathematics, particularly in Flux- 
ions. A few examples will be here given to illustrate the 
observations which have now been made. 

Pnd>. 1. To find the equation of the circle. 
In the cirfle l^CJtf,. (Fig. 22,) let the two diameters GJV 
and FM be^perpendicular to each otbei. From any point 
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IB 4he curve, draw the udtnate DB perpendietdtr to AF; 
and AB will be the coiTee)>OBdu)g absciSBa. 

Let the radius AD=r, AB=x, BD=y. 

Then, by Euc. 47. 1,* 

That is, 

And by evolution, y=lV^ ~ ^ 

In the same manner, x=t-^t" - y*. 

That is, the abscissa is equal to the square root of the dif- 
ference between the square of the radias and the square (rf 
the ordinate.. 

If the radius of the circle be taken for avnff, (Art. 510) ila 

square will also be 1 , and the two last equations will become 

=±•^1 - X*, and »=i\/l -t)*. 

These equations will be the same, in whatever part of the 
«rc GDF the jx>int JD is taken, Fot the co-ordinal will be 
the legs of a nght angled trian^e, the hypothenuse of which 
will be equal to AD, because it is the radius of the circle. 

537. To understand the application to the other quartera 
of the circle, it must be observed, that, in each of the 
equations, the root is ambigwms. The values of y ang. of x 
may be either poeitive or negative. This results from the 
nature of a quadratic equation. (Art. 297.) It corresponds 
also with the situation of the different parts of the circle, with 
lespect to the two diameters FM and G^. In the first 

Juarter GF, the co-ordinates are supposed to be both positive, 
n the second, GJ\f, the oidmates are still positive, hut tha 
abscissas become negative. (Art. 53] ,) In the third, <M^, 
both are negative, and in the fourth, J^F, the ordinatea are 
negative, but the abscissas positive. That is, 
[■ FG, a: is +, and y+, 
h the quadrant ij^'^ Z' »+; 
[ XF,i +, SI-. 
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5S8. In- geometry, Ihies are eu^oMid to be prodoMd by 
the footion of a point. If the point moTes uniformlT in one 
ditectioQ, it produces a sfratg&I line. If it coDtinnaliy variea 
its direction, it produces a curve. The particular nature of 
the curve depends on certain conditions by which the motion 
is regulated. If, for instance, one point moves in such a 
manner, as to keep constantly at the same distance ftviu 
another point which is fixed, the figure described is a ctrd^ 
of which the fixed point is the centre. It is evident tmm 
the preceding problem, that the equation of this curve de- 
pends on the manner al description. For it is derived frma 
the property that different parts of the periphery are equally 
distant ftvm the center. In a similar manner, the equations 
of other curves may be derived from the law by which they 
arc described ; as will be seen in the following examples. 

Prob. 2. To find the equation of the curve called the Ow- 
aoid of Diocles. (Fig. 23.) 

The descripliMi, which may be conadered as the definUbm 
of the figure, is as fbllows. 

In the diameter ^B, of the semi-circle A.N'B, let thejKnnt 
/t be at tlie same distance from 5, as P is from .4, Draw 
iUV perpendicular to ^B, to cut the circle in A". From ^, 
through ^, draw a straight line, extending if necessary be- 
yond the circle. And from P, raise a perpendicular, to cut 
this line in JIf. The curve passes through the point M. 

By taking P at diflerent distances from ^, as in Fig. 94, 
any number of points in the curve may be determined. As 
the line PJf moves towcyds £, it becomes longer and longer; 
so as to extend the Cissoid beyond the semi-cncle. 

To find the equatim of the curve, let AH and AB he the 
axes of the co-ordinates. 

Also, let each of the abscissas JlP, JIF AP", &c kx, 
each of the ordmates PM, FM, P'M', &c.=«, 
and tbe diameter AB =:h. 

Then by tbe constnicUon, PB=AiB-AP=b-». 

As PM and RJf are each prpendicular to AB, tbe trian- 
gjes AP-M and AUX are smiilar. (Euc. 87 and 29. 1.) 
Therefore, 
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1. By rimiUr triangles, .SP : PM,: : ^R : JRJV 

2. Or, by putting PB for its equal JlR, . 

^P:PM.:PB:RX 

3. Therefore, , *f.J>fxfg _By 

^P 

4. Squaring both sides, PMxPB ^-^ 

~AP 

5. By Euc. 35. ^ and S. 3,* JlR-)iRB=RK 

6. Or, putting PB for its equal AR, and Ap for its equal RB^ ■ 
PBx-SP=Rj^ 
7. Making 4th and 6th equal, PBx-aP=^^ ^ f^ 

^8. Therefore, AP^PM'xPB 

V Or, x'=fxib~x). 

That is, the cube of the abecista is equal to the jsquare of 
the ordinate, multiplied by the difference betfreen the diame- 
ter of the circle, and the abscissa. The equation is the same 
for every pair of co-ordtnales. 

Prob, S. To find the equation of the Cenchmd of Kco- 
medee. 

To describe the curve, let AB, Fig. 26, be a line given in 
position, and C a point without the line. About this PMUt, let 
the line Ch revolve. From its intersectv^ns with .3B, make 
the dktaBces EM, E'M, E"M', &.c. each equal to AD. 
The curve will pass through the points JD, M, M, M\ &c. 

To find its eqvtUUm, let CD and ^B be the axes of the co- 
wdinates. DrawJWparallel to ^P, and P^ parallel toCii'. 
From the construction, AD is equal to EM. * 

Let the abecissa AP=FM=t^ 

the ordinate PM=AF=y, 

t'he ^ven line CA=a, 

and AD=EM=b, 

TbenwiU CF=CA+AF=a^y. 

•l.egandKi,10E.3M. 
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kM CWcoto the pardlels CD and PJif, ftad abo the paral- 
lets Ap and FM, the triaDele* CPM and Jlfi>£ are similar. 
Then ^ . 

■1. Bj nmilar triaoglea, 

8. Tberefore, 




3. Squaring both eides, 

4. By Euc. 47. 1 'PE=EM-PM 

6. Mak. 3d and 4th equal, ^ff'-Sw'=£H!L^^ 

6-Tha#i3, J'-j^=^^^ . ,, 

r Or, (o+!,)'x(6'-J^=A*- ", 

539. In these examples, the equalkin is derived from tfie 
deBcription d the- curve. But tnis order may be revenad. 
If the equation is given, the curve maybe desoribed. For 
the elation expresses die relation of every abscissa to the 
correBponding ordioate., The carve is described, therefore^ 
(jf 'd"^ ahici$i(U of'differetU lengthf, and applying ordmaies to 
ejch. The line required, vnll pass through the extremities' of 
these ordinates. 

PnA. 4. To describe the curve whose equatifm Is 

Sr=y', or y=\/2af. 

On the' line •Af, (Fig. 19.) take abscissas of i:^flfereot 
lengths ; 

For instance, AS=4.5, then the ordinate BD=S, (Alt. 530.) 

Aff =8. B'lr = 4, 

JB"=lft.5 B"D"=..5, 

JW"=18. B"fD'"=Q, 

Ac 
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Apply these several ordinates to their ftbsciasas, and con-, 
BMt (he e^remities by the- hne ADUIX', &c. which will be 
the curve required. The description will be more or lem 
accurate, aecording to the nimber of points for which ordi— 
nates are found. 

640. If a pant ia con(?eived to move in such a manner, aq 
to pass through the extremities of all the ordiitates assi^ed 
by an equation ; the line which it describes is called thelocu* 
•f the point, that is the path in which it moves, and in which 
jt may always be found. The line is also called the hcva of 
(Ac equa^on by which the succesdve positions of the point ere 
^determined. Thaa the common parabola (Fig. 19,) iscalled 
the locus of the points, D, U, 27", &c. or of the equation 
■ ax=y'. (Art. 530.) The arc of a circle is the \fi<MM of the 
equatioa %-t^/?^\ (Art 536.) To find the hau^vA 
«fi equation, therefore, is the same, thing, as to find the ' 
'^raigh^line or curve to which the equation belongs. 
* Prob. S. To find the locm of the equation 

«=1f, -or (U=tb 

in which X and y are variable co-ordinates, while a is% deter- 
minate quantity. 

".If the abscissa a; be takenofditlerenf lengths, the ordinate 
y must vary in such a manner as to preserve 4Kr=y ; or con. 
Tertiagjhe equation into a proportion, y : x : : a : 1, There- 
iiare, as a is a determinate quantity, the ratio of x to y will be 
iBvariable ; that is, any one abscissa will be to its ordinate as 
any other abscissa to its ordinate. Let two of the abs::i8saB 
be^^B W AB\ (Fig. 17.) and their ordiuat^ ;Bi> andi 
Biy-, then, 

SB:BD::Jl&:iny. 

The line ADU is, therefore, a tlraight Hne ; (Eiic 38. 6.) . 
antfthis is the locm of the equation. ' ^ 

If the proposed equation is «=E-|-&, the additional term h 

inak«s no difference in the nature of tlie hau. For the only 
e^ect of b, is to lengthen tlie abscissas, so that they must nut 
be measured fmm A, but from some other point,' as J\f, 
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. (Fig. SI.) The ratio tdAB,AW, &c. U Bl^^Tf, fta. UJU 
renniiiB the same. SeaArl 53S. The bciu of ^ «<|uatiiMi 
ie, ttwrtJbn^ a etrai^ ht line. ' 

641. From this it will be easy to prove, that the locaa kA 
■every equatioD.iii which the co-ordinates x aad y are in sepa- 
^t« terms, and do not rise above the firtt pouer, is a stip^ht 
line. Fw may such equalion may be biought to the fona 
s=i*h. AH the leims may be reduced to three^ one cod- 

tahiing z, another u, and a third, the aggregate <^ the /wn- 
' slant quantities which are not co-efficients of x and y ; as will - 
be seen in the following problem. , 

Prob. 6. To find the locus of the equalJcm 

cs-d+hx-y-^-m=n. 
By transposition, cx-{-hx=y-\-n~m-^d. ' 

■ Dividing by c+A ,=^+!^5±.^. ; 

Here tbe constant quantities. In each term, may be ntptg- 
sented by a single letter. (Art. 321.) If, ihen^ we malce 
e-\-ks:a, aod ' ' , ~"'7r .,.=6;the equation will become «=S!-^^ 
whose locus, by 4be last article, is a straight line. - 

54S. But if the srdinates are as the squares, oiAm, or 
higher powers of the abscissas, the locus of the equa^o, in- 
stead ot being a straight line, is a curve. For the ordtnatm 
applied Co a straightHne, have the same ratio to euh ^ther 

'which their abscissas have. But quantities have not the 
same ratio to each other, which their squares, cul^s, or higher 

* Dowers "have. (Art. 354.) Thus, if i^=y, the ordinatea 
will iQcreaae more rapidlj' than the abscissas. ■ If ^e abscis- 

' sas be tal^en, 1, 3, 3, 4, &c. the ordinates will be equ^ to 
their squares, 1, 4, 9, 16, &c, , . * 

543. As.an unlimited variety of equatipns may be produ- 
ced, by different comhinations and powers of [he co-ordi- ' 
uates, apd as each of these has its appropriate locus;' it is 
evident lliat the fomis of curves must be innumerable. Th^y 
may, hewever, be reduted to clxistes. Tlie modem mode of 
. clctBsipg thcyn). is from tlu'' degree of their equatiqps. Tit 
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d^ntK ii¥dert of Kms an £«tingmihed, 6y At grtUUst nulMik 
«r turn «^ the mc&ef of the co-'ortiinafat, in any hn» iff Ibt 
eqtution. 

Thus the equation az=y belong^a to a line of thejiril ot' 
der, because the index of each of the coHwdinates is 1. But 
this order includes no curvei. For, by Art. 541, the loctis of 
fcreiy sacb equation is a straight line. 

The equation ca?~axv=^\ belongs to the iMowf order af 
. lines. Of the first kind of curves, because th« greatest index 
is S. The equation ai/-f-xy=^ also belongs to tbe secood 
order. For, although there is here no itMUX greater thaa 
1, yet tbe nim of the indices gf « and v, in tbe eeeood term^ 
IsS. . 

The etiuationir'-Sax!f=6a^ belongs toUwiAtrd order eS 
lines, or tne second kind of curves, because the greatest in- 
dex of y is S. 

544. In curves of the higher orders, the ordinate belong- 
ing to any given abscissa may have difftrtiU valutt, and may 
therelbre meet the curve in several points. For the lenglk 
of the ordinate is determined by the equation of the^urve, 
and if the equation is above the first degree, it may have two 
or more rooU, (Art. 498.) and may, therefore, give different 
values to the ordinate. 

An equation of the frit degree has but one root; and a 
line of the first order, can be intersected by an ordinate, ia 
one point only. Thus the equation of the line .SH (Fig. ^ 
17.) is ax=y, in which it is evident y has but one value, 
while X lemams the same. , If the abscissa x be taken eaual 
to AB, the ordinate y will be BD, which can meet the line • 
^ffiniJonly. 

But the equation of the parabola }^=<uc (Art. 530.) has 
two roots. For, by extracting both sides, y=:t\^ax. (Art. 
S97.) It is true, that in this case, the two values of 9|are 
eotuM. But one is pontive, and the other negaiiee. This 
shows that the ordinate may extend both vaye from the end 
of the abscissa, and may meet the opposite branches of the 
curve. Thus the ordinate of the abscissa ^B (Fig. 1 9. ) may 
be either BD above the abscissa, or Bi b^on it- 

A cubic equation has three roots ; and an ordinate of the 
curve belonging to this equation, may have three different 
Values, and may meet the curve in three difTerent pomts 
Thus the ordinate of the abscissa^B (Fig. 86.) may be Bl 
or Bjy, or Bd, 
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' MS. f^ien the curve meets the axis oD whidi Uu abscw* 
BBBare measured, the ordinate, after becoming less and leas, 
is reduced to nothing, (Art. 533.) But, in some cases, a 
turve may continual^ approach a line, without ever meeting 
It. Let the distances ^B, BB'i B'B", &c. on the line AF, 
(Fig. 27.) be equal; and let the curve Di>D", &c. be of 
such a nature that of the seTeral ordioutes at the points B,B't 
£", &c. each succeeding one shall be haif the preceding, 
that is, B'D', half BD, B"D" half B'D', &c. It ia evident 
that, however far the straight line be carried, the curve will ' 
become nearer and nearer to it, and yet will never quite reach 
it. A line uhich thus continaaUy ajftroachis a curve witkovt ever 
taeeling U, u caUtd on asymptote of the curve. The axis AP 
is here the asymptote of the curve DD'Ty, Slc. As the ab- 
scissa increases, the ordinate diminishes, so that, when the 
abecissa is mathematically infinite, (Art. 447.) the ordinate 
becomes an iofinitesimaL acd may be expressed by 0. (Art. 
4S6.)» 
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No^ A. Page 1. 

As the teim quantity isnhere used to signify wbaterer is 
the object of mathematictit inquiry, it will be obvious that 
number is meant to be ioctiued ;- so far at least, as it can be 
the subject of mathemaliqAl iaveatigalion. Dugald Stewart 
asserts, indeed, that it mjg'ht bl easily shown, that number 
does not fall under the d^nition of quantity in any sense of 
that word. Philosophy <rf,the Mind, Vol. II. Note G. For 
proof that it is included in the common acceptation of the 
word, it will be sufficient to refer to almost any mathematical 
work in which the term Quantity is explained, and jSbrticu. 
larly to the familiar distillation between continued quantity or 
magnitude, and discrete uiantity or number. 

But does number " falV under the dtpaiHoa of quantity V 
Mr. Stewart after quottnj the observation of Dr. Reid, that 
the object of the matheipatica is commonly said to be quan- 
tity, which ought to be tjefine^ that which may be meatwed, 
adds, " The appropritttM objects of this science are such 
thing;s alone as admit no^only of being increased and dimin- 
ished, but of being multpUed and dimded. In other words, 
the common character gcbicb characterizes all of them, is 
their tnenturaHUty." That niSmber may be multiplied 'and 
divided, will not probably be cjuestioned. But it may per- , 
haps be doubted, whether it is capable of mensuration. ^ 
as Mr. Locke t^erves,^ " number is that which the mind 
makes use of, in mcasuHng all things that are measurable," 
can it measure ittelf, or be measured 1 1t is evident that it can 
not be measured geometrkally, by applying to it a measure of 
length or capacity. But by measuring a quantity mathe- 
matically, what else is^ meant, than determming the ratio 
which it bears to some ether quantity of the same kind ; in 
other words finding how*often one is contained in the other, 
either exactly or with a certain excess 1 And is not this as 
ai^licable lo number as to' magnitude 1' The ratio which a 
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pven number be^rs to may connot, indeed, be the.BuI^t 
of iiKviry ; because H . is Je^prepsed by (he number itself. 
But the nitb which it beara,.to oth^ numbere may be as |ho- 
per an object of mathematy^al ihTestigation, as the mtto of a 
mile to a furlong. 

-For proof that number is not quantity, Mr. Stewart refers 
to BaiTOw'e Mathematical Lectures. Dr. Barrow has start- 
ed an etymological objection to the application of the term 
quantity to number, whi^h he intimates might, with more 
propriety, be called quotUy. He 'bbserves, " The general ob- 
ject of the mathematics has no proper name, eithei in Greek 
or Latin." And adds, " It is plain the mathematics is con- 
versant about two things especiilly, quantity Btrictly taken, 
and quolily ; or magnitude and miiltitude." There is fre- 
quent occasion for a common name, to ezpreas number, diua- 
lion, &c. as well as magnitude ; and the term quantity will 
probably be used for this purpose, till some other word is sub- 
sUtuted in its stead. 

But though Dr. Barrow thus distinguiehes between mag- 
nitude sand nwnber, he afterwards gives it as hie opinion, 
(page 20, 49,) that there is really no quantity in nature dif- 
ferent from what b called magnitude or continued quantity, 
and consequently, that this alone '^ght to be accovnted the 
objeei of the mathematics. He accordilgly devotes a whole lee- 
lure to the purpose of proving thaiidenttfy of arithmetic and 
gtometry. (LecU S.) He is " convinced that number really 
differs nothing from what is cSUed ^ntinued quantity; but 
is only formed to express and declare U ;" that as " the con- 
cepiions of magnitude and numberVould scarcely be separa- 
ted," by the ancients, " in the name, they can hardly be so 
in the mad," and " that number includes in it every conside- 
ration pertaining to geometry." H& admits of OMtop^rieol 
*iM|teber, which is not the object of geometry, or even ^ the 
iiRthematits. But, in his view, magnitude is always inclu- 
ded in malhematical number, as the units of which it is com- 
posed are equal. On the other hand, magnitudes are not 
to be considered as mathematical quantities, except as tliey 
are measured by number. In shoit, quantity it magnitude 
measured by nun^er. 

It would seem, then, that according to Dr. Barrow,-nmn- 
ber considered as separate from mugnitude, has as fair a 
claim to be called quantity, as magnitude considered as sep. 
nrate bora number. ', If arithmetic and geometry are the 
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NOl'ES. 323 

tame; quantity ie aa mucb the object of one, as of the othw. 
How fnr this scheme is applicable to duration, motion, &c. it 
is not necessary', in lliis place to inquire. 

Note B. p. 1. 

It is to be regretted, that the science of Fluxions has re- 
ceived its name from the particular manner in which its in- 
ventor, Sir Isaac Newton, explakud its principles, rather thaa 
from the nature of the science itself. This tias served to 
countenance the opinion, that the doctrine of fluxions, and 
■ the differential and integral calculus, in which a different lan- 
guage, and different mode of explanation have been adopted, 
ore distinct methods of investigation. Whereas the funda- 
mental laws of calculation are tlie same in both. These 
nave no necessary dependence on motion, or even on geo- 
metrical magnitudes. The method of fluxioas has been 
greatly enlarged and modified since Newton's day. Ijut it 
is difficult to change the name, to adapt it to the present 
state of the science, without seeming to derogate from that 
profound regard which is due to the ori^naL inventor. 

Note C. p. 32. t 

It is common to define multiplication, by saying that <iti« 
finding a product which has the same ratio to the multipli- 
cand, that the multi[rfier has to a unit.' This is atriclly and 
universally true. But the objeciion to it, a* a defrntioa^ is, 
that the idea of ratio, as the tcnn is understood in arithmetic 
and algebra, seems to imply a previous knowledge of multi- 
plication, as well as of division. In this work at leodt, the 
expression of geometrical ratio is made to depend on division, 
and division on multiplication. Ratio, therefore, could not 
be properly introduced into the definition of multiplication. 

It is thought, by some, to be absurd to speak of a unit as 
consisting of parts. But whatever may be true with respect 
to number in the abstract, there is certainly no absurdity in 
contjidering an integer, of one denomination, as made up of 
parts of a different denomination. One rod may contain 
eeveml feet : one foot several inches, &c. And in multipli- 
cation, we may be required to repeat the whole, or a part of 
the multiplicand, as many times as lltere aie jnches in a foot, 
or part of afoot * 
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Note D. p. 66. 

It is perhape more philosophically exacr, to consider au 
equation as amrming the equivalence of two diSerent exprea- 
sions of the same quantity, than to apeak of it as expressing , 
an equality between one quantity and another. But ik is 
doubted whether the former definition ie the best adapted to 
the apprehension of the learner; who in this early part of his 
matheraatical course, may be supposed to be very little accus- 
tomed to abstraction. Though he may see clearly, that the 
area of a triangle is equal to the area of a parallelogram of 
the same base and half the height ; yet he may hesitate in 
pronouncing that the two surfaces are precisely the same. 

Note E. p. 86. 

As the direct powers of an integral quantity have potilite 
indices, while the reciprocai powers have negatvie indices ; it 
is common to call the former ponttve powert, and the IfUter 
negaiiee poaeri. But this language is ambiguous, and may 
lead to mistake. For the same terms are applied to powers 
with positive and negative signs prijiaed. Thus -f-So* is 
called a positive power ; while - 8a* is called a negative one. 
^ It nmy occasion perplexity, to speak of the latter as tteing 
both positive and negative at the same time ; positive, be- 
cause it has a positive istdeXf and negative because it ban a 
negative co-efficient. This ambiguity may be avoided, by 
using the terms direct and reciprocal ; meaning, by the for- 
mer, poffen with positive exponents, and by the latter, pow- 
ers with negative exponents. 

Note F. p. 109. 

I have been unwilling to admit into the text the rules of 
calculation which are commonly applied to ima^nary quan. 
dties ; as mathematicians have not yet settled the logic of 
the principles upon which these rules must be founded. It 
appears to be tatcen for granted by Euler and others, that the 
product of the imaginary roots of two quantities, is equal to 
the root o f the pro duct of the quantities ; for instance, that 
V-oxV-i=V-ox-fr. If this principle be odmittecC 
certain limitations must be o bserved in the application. If 
we moke V-ffl)j(V-a=V-aX -o* and lids in coniipr- 
inity with the Common rule for possible quantities ^V^i 
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yet we are not at liberty to conaider the lattei expreBsion as 
equivalent to a. For though V^> ^^^^ taken without re- 
ference to its origin, is ambiguous, and may be either ~\-a or 
- a ; yet when we know that it has been produced by mut- 
ti^yiag>\/ — a into Jtaelf, we are not permitted to give it any 
other value than - a. (Art. 262.) 

On the principle here stated, imaginary expressions may 
De easily prepared for calculation, by reaolomg tlie quantUy 
under thi raaical tign into two factors, one of which u - 1 ; 
thereby reducing the imaginary part of the ex pression t o V-1 . 
As — a=:-}-0X-l> the expresHion ^ -a=^oX ~1=V*X 
V~- So V-o-6=V(i+6xV'^- The first of the 
two factors is a real quantity. After the impossible part of 
imaginary expresdons is thus reduced to V-1, they may be 
multipUea and divided by the rules already givenfor other 
radicals. 



'T hus i n MnlHp lice 

1. V^xV^=V'>xy^xV*xV^=V'»6x-l=' 

2. -j-V-aX-Vrt-_y((6x-I=+V«*- 

3. -vAr9"xVr4=_VS6=-6. 

4. (1+Vm")x(1-'V^I)=2- 

From these examples it will be seen, that according to the 
principle assumed, the product of two ima^nary expressions 
IS a r&il quantity. 

5. V^XV6=V''XV^XV^=VafcxV^. 

6. V^xV>8=6x'V'^. 

Hence, the product of a real quantity and sji imaginaiy 
expression, is iteelf imaginary. 

In Dmsio n, , 

1 ^^ - V°x^^-^ - /t i ^^-1 
' V^ V*xV^ "^ ^ ' V^ 

Hence, the quotient of (me imaginary expresaion divided 
by another is a real quantity. 
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Henc«, the quotteDt of an imaginaiy quantity divided by a 
real oite, or of a real quantity divided by an imagiiiBiy one, 
is itself imaginary. 

By multiplying V - 1 continually into itself we obtain the 
following powers. 

,<V^)'=-1 (Vm)'=-i 

(V-1)'=-Vri (V3T)'=-V^. 

(Vrr)'=+i^ (VrT)'=+i 

&c. &,c 

The even powers being alt«niately - 1 and +1 and the 
odd powers, - V-1 and -j-VM^ 

On the nature and use of imaginaiy expreasicms, see En- 
ter's AJsebra, Rees* Cyclopedia, the Edinburgh Review, VcA. 
I. and the London Philosophical Transactions fw 1801, 180S 
and 1806. 

Note O. p. 146. 

Every afiected quadratic equation may be reducad to om 
of the throe fidlowing foans. 

I. :^+ax= b") 
«.«■-«!= b} 
S.x'~ax=-b) 

Tlttse, ^hen they are reserved, bec<wae 

3. 1= iaiVK-A 

In the two first of these forms, the roots are never imagi 
nary. For tbt terms under the radical sign are both posi 
tive. But in the (bird form, whenever i is greater than f t^, 
the enresBon ia'-b is negative, ^nd therefore its root i> 
impowue.^ 
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NOTE& Hn 

Note H. p. U& 

For the sake of keeping clear of the multiplied antrorer- 
aiea, a great portioD of them verfoal, reapeeting the natare of 
ratio^ I have chosen to define geometrical ratio to be that 
which ig txprtsied by the quotient of one quantity dirided by 
another, rather than to say that it conmtf in this quotient. 
Every ratio which can be mathematically assigned, may be 
expressed ia this way, if we inelode surd quantities among 
those which are to be admitted into the numerator or denomi- 
satar of the frEictioa representiag the quotient. 

Note I. p. 177. 

This definition of compound ratio is more comprehensive 
than the one which is given in Euclid. That is included in 
this, but is limited to a particular case, which is stated in 
Art. S53. It may answer the purposes of geometry, but is 
not sufficiently general for algebra. 

Note K. p. 1 7a 

It Js not denied that very re^ctable wiiters nsa these 
teinli indiscriminately. But it appears to bo without any 
necessity. The ratio of 6 to 2 is 3. There is certainly a 
di^ience between tuice this ratio, and the square of it, that 
ifl, between twice three, and the square of three. All are 
a^eed to call the latter a dvpUcatt ratio. What occasion is 
there, then, to apply to it the term doviHt also 1 This is 
wanted, to dis^nguiah the other ratio. And if it is confined 
to that, it is used according to the common acceplalion of the 
word, in fiuniliar language. 

Note L. p. 185. 

TTie definition here ^ven is meant to be applicable to 
quantities of every description. The subject of proportion as 
it is treated of in Euclid, is embarrassed by the means which 
are taken to provide for the case of in«mnn«uura6Je quanti- 
ties. But ttus difficulty is avoided by the algebmic Dota- 
tion which may repreauil the ratio even of incomraeoBur- 
ablea. 

Thus the ratio of 1 taA/ft'iaJ-. 



Do,l,.cdbyCoO(^lc 



9M ALGEBRA. 

It is impossible, indeed, to eiqpreaB in rational numbers, 
the square root of 2, or the ratio whiiA it bears to 1. But 
this is not necessary, for the purpose of showing its equality 
with another ratio. 

The product 4x3=8- 

Aud, as equal quantities have eqtial root% 

SxVS=V8> therefore, 8 : V^ : : 1 : VS. 

Here the ratio of 8 to \/8, is proved to be the some, as 
that of 1 to \/2 ; although we are unable to find the exact 
value either of V^ or V^- 

It is impossible to determine, with perfect accuracy, the 
ratio which the side of a square has to its diagonal. Yet it 
is easy to prove, that the side of one squ&ie has the tame tbt 
tio to its diagoi^ which the side of any other square has to 
its <Uagonal. When incommensurable quantities are once 
reduced to a proportion, they are subject to the same laws as 
other prt^rtionals. Throug^hout the section on proportion, 
the demonstrations do D(H imply that we know the valueJof 
the terms, or their ratios ; but only that one of the ratios is 
f^Ho/ to the other. 

Note M. p. 190. 

The inversion of the means can be made with strict pro- 
piety in those cases only in which all the terms are quanu- 
ties of the same kind. For, if the two last be diSerent from 
the two first, the antecedent of each couplet, after the inver- 
sion will be dllTerent from the consequent, and therefore, 
there can be no ratio between them. (Art, S55.) 

This distinction, however, is of little importance in prac- 
tice. For, when the several quantities are expressed in num- 
bers, there will always be a ratio between the numbers. And 
when two of them are to be multiplied together, it is imma- 
terial which is the multiplier, and which the mttltj[Jicand. 
Thus in the Rule of Three in arithmetic, a change in the 
order of the two middle terms will make no difference in the 
result. 

NoteN. p. 197.. 

The terms ampoaitioit and dtvtafon are derived from ge- 
ometry, and are introtUiced here, because they ure generally 
used by writers on proportion. But they are calculated rather 
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to perpiex, than to assist the leamei. The objectiwi to the 
word compoiitwn U, that its meaning is liable to be mistaken 
for the ccHnpoeition or compoimdiiig of rotioi. (Ait. 390.) 
The two cases are entirely different, and ought to be csrefiiUy 
dislinguished. In one, the tertfis are tMtd, in the other, 
they are tinlHpiied together. The word compound has a simi- 
lar ambiguity in other parts of the mathematics. The ex- 
pression a-\-b, in which a is added to 6, is called a compound 
quantity. The fraction ^ of f , or i xti in which ^ is mtiJli- 
plitd into f, is called a compound fractioiL 

The term dioitim, as it is used here, is also exceptional*. 
The alteration to which it is applied, is effected hy ntbtraetim, 
and has nothing of the nature of what is called division in 
arithmetic and algebra. But there, is another case, (ArU 
392.) totally distinct from this, in which llie chimge in the 
terms of the proportion is actually produced by divisioi). 

NoTi; O. p. 206. 

The principles stated in this section, are not only expressed 
, m different language, from the corresponding propositions in 
Euclid, but are in several instances more general. Thus the 
first proposition in the fifth book of the Elements, is confined 
lo equbKultipks. But the article referred to, as containing this 
proposition, is applicable to all cases of equal ratiot, whethec 
the antecedents are multiples of the consequents or not. 

Note P. p. 222. 

The solution of one of the cases is omitted in the text, he- 
cause it is performed by hgantkms, with which the learner 
is supposed not to be acquainted, in this part of the course. 
When the first term, the last term, and the ratio are given, 
the number of terms may be found by the formula 

log.L' 



"" log- r ' 

Note Q. p. 227. 



When it is said that a mathematical quaiitity may be sup- 
posed to be increased beyond any determinate Itmit^ it is not 
intended that a quantity-can be specified so great, that no 
limits greater than this can be assigned. The quantity and 
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the lir#U may be rAemaidy extended one beyond the other. 
If a line be conceived to reach to the.most distant point in 
the vieible heavens, a limit may be mentioned beyond this. 
The hne may then be supposed to be extended farther than 
this limit. Another point may be specified slill farther on, 
and yet the line may be conceived to ne. earned beyond it. 

Note R. p. 230. 

The impareni cmitradkHms respecting infinity, are owing 
to the ambiguity of the lenn. It is often thought that the 
proposition, that quantity is infinitely divisible, involves an 
■Surdity. If it can be proved Ijiat a line an inch long can 
be divided into an infinite number of parts, it can, by the 
eame mode of reasoning, be proved, that a line tao mchta 
long may be first divided in the middle, and then each of the 
sections be divided into an infinite number of parts. In this 
■way, we shall obtain one infinite twice as great as another. 

If by infinity, here is meant that which ia beyond any as- 
Eognable limits, one of these infinites may be supposed greater 
than the other, without any absurdity. But if it be meant 
that the number of divisions is so great that it cannot be in- * 
creased, we do not prove this, concerning eilAer of the lines. 
We make out, therefore no contradiction. . The apparent 
absurdity arises from shifting the meaning of the terms. We 
demonstrate that a quantity is, in one sense infinite ; and 
tfien'infer that it is infinite, in a sense widely difierent. 

Note S. p. B33. 
BtricUy speaking, the inquiry to be made is, how often the 
whole divisor is contained in as many terras of the dividend. 
But it is easier to divide by a part only irf the divisor ; and 
this will lead to no error in the result, as the whole divisor is 
multiplied, in obtaining the sevei'al subtrahends. 

Note T. p. 244. " 
The demonstration of this proposition, particularly in its 
application to fractional indices, could not be introduced, with 
advantage, in this part of the course. It does not appear 
that Newton himself demonstrated his theorem, except by 
induction. And though various demonstrations have since 
been given ; yet they are generally founded upon princintes 
Wid methods of investigation not sentained in this mtroduc- 
tion, such as the Jaws of combination, fiuxions, and figurats 
numbers. , 
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Those who vish to examine the inquiries on this object, 
may consult Simpson's Algebra, Section 15, Euler's Algebra, 
Section 2, Chap, II, Vince'i Fluxions, Art. 99, Lacroii's 
Algebra, Art. 138, &c. Do. Comp. Art. 71, Rees' Cyclopedia, 
Manning's Algebra, the London Phil. Trans. Vol, xixv, p. 
298, Woodhouse's Analytical Calculations, Boonycastle's 
Algebra, and Lagrange's Theory of Analytical Functions. - 

Note U. p. 377. 

The very limited extent of this work would admit of no- 
thing more, than a few specimens of the Summation of Se- 
ries. For information on this subject, the learner is referred 
to Emerson's Method of Increments, Sterling's Summation 
of Series, Waring's Fluxions, Maclaujin's Fluxions, Art, 828, 
&c. Wood's Algebra, Art. 410, Lacroix's Corop. Alg. Art, 
81, &o. Euler's Aoal. Infin. C. xiii, Simpson's Essays and 
Dissertations, De Moivre's Miss. Analyt. p. 72, and the Lon- 
don Philosophical IVansactions. 

Note V. p. 291. 

To those who have made any considerable progress in the 
mathematics, this seolion will doubtless appear very defec- 
tive. But it was impossible to do justice to the subject, 
without occupying more rocnn than could be allotted to it 
here. In going through an elementary course of mathema- 
tics and natural philosophy, the student will rarely have oc- 
casion to solve an equation above the second degree. 

Those who wish to examine particularly the diSerent meth- 
ods of solution, will find t'.iem in Newton's Universal Arith- 
metic, Maclaurin's Alg. Part. 2, Eider's Alg. Part 1. Sec. 4, 
Waring's Algebra, Do. Medit. Algeb., Wallis' Algebra, ^mp- 
Boh's Alg. -Sec. 12, Fenn's Alg. Ch. 3 and 4., Saunderaot?fl 
Alg. Bo<^ x, Simpson's Essays and Dissertations, Journal 
De Physique, Mar. 1807, and the Philosophical Transactions. 

Note W. p. 298. 
It will be thought, perhaps, that it was unnecessary to be 
eo particular, in obtfuning the expression for the area of a 
parallelogram, for the use of those who read Playfair's edi- 
tion of Euclid, in whhih "AD.DC is put for the rectangle 
contained by AD Boa DC." It is to be observed, however, 
that he introduces this, merely as an article of notation, 
(Book ti. De£ 1.) And though a point interp(^d betweea 
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the ht^TB, is, in AXgehxa^ a "sigii <^ multit^calion ; yet h« 
doea not here podertake to show how the sioes of a por^elo- 
smm nmy be multiplied tegetber. In the first book of the 
Suf^lement, he has indeed deaumstrated, that "equiangulur 
pacailelograjne ore to one aobtber, as the products of the 
numberB pcoportional to their odea." BtU be has not given 
to the expresaoiH the fonns moit convenient fw the buc- 
ceeding parts of this work. In making the transition from 
pure geometry to algebraic solutions and demonBtrations, it is 
important to have it clearly seen that the geometriccd princi- 
ples are not altered ; but are only expessed in a different 
language. 

Note I. p. SOT. 

This section comprises very little (rf what is commonly 
undeTBtood by the application of algebra to geometry. The 
principal object has been, to prepare the way for the other 
parts of the course, by stating the grou>ds of the aJgebraie 
notation of geometrical quantities, and rendering it familiar 
by a few ezaioplea. 

On the c<»i8tnicuoQ and solution of problems, See New- 
ton's Arithmetic, Simpson's Ale. Sec. 18 and appendix^ La- 
ctolx'b App. Alg. Qcom., Saunderson's Alg. Book xiii, Ana- 
lyt. Inst, of Maiia Agnesi, Book i, Sec. 2, and Emerson's 
Alg Book u, Sec.' 6. 

Note T. p. 330. 

On the equations of cun'es, the geometrical cbnstruclion 
of equation^ the finding of lod, &c. see Maclaurin's' Alg. . 
Part III, and appendix, Newton's Arith., Emerson's Alg, 
Book II, Sec. 9, Do. Prob. of Curves, Euler's AnaJ. Infin., 
Wnring's Prob. Alg. and Mansfield's Essays. 

Among the subjects which, for want of loom, are entirely 
omitted in this introduction, one of the most interesting is the 
indeterminate analysis. No part of Algebra, perhaps, is bet 
ter calculated to exercise the powers of tnten.'iffn. But other 
branches of the mathematics are so Uttle depeodent on this, 
tliat it is not absolutely necessary to give it a place in an ele- 
mentary course. 

See, oa this subject, Euler's Alg. Vol ii, with Lagrange's 
additims, Saunderson's Alg. Book vi, Bonnycastle'a Algc£ra, 
■and the Kdintorgh PhiL Tranmcti(»ts, Vd. it. 
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